
COMPUTABILITY 118112/2024

A typical exam..

definitions
- proofs

Small variations

constructions of PR/R

↓ diagonabisation
smm

classify sets /rective ,
saturatednese

↑

ORAL EXAM : Optional , needed for distinction (lod)

focused on theory/proofs
range: 4



a) A set AIN is recursive if the characteristic function

: N = N

Zak)= if et
15 computable

if e A

b) A set AEN 1s
.

2
. e . if semi-characteristic function

Sca : N => N

Sa(e) = GI If
A

computable
otherwise

or Let AEN be recursive set
,
P = Smei (m is eveny

There we want show that B = An P 1s recursive

In fact

I is recessive in fact <ple) =g(zm/2 ,x)

Is computable

and thus B = An i intersechon of two recursive sets

15 recutive

explicitly , (a) = Rape . Xp(x)

computable since it is the

composition of computable functions



* Does the converte hold ? I
.
e .

Is it the cose that

AnD recutive => A recursive ? No

↑ ↑ ↑ ↑

O &-

A = (2x + 1/xk} is intutively "equivalent" to K

more precisely R Em A

the reduction functionF : -N total computablet

Va ek iff fleA

cam be f(x) = 2x + 1

Since K is not recursive ,
A is notsecurive

However

Anp = 0 is recursive



by
(a)

Cat -men theorem : For m ,
n = 1 there is Smim : Nm

+
-N

total and computable such that Fee Ven Vene

imms = Gej

Define g : In In

g(oe , y)=y
if y is even

& otherwise

= + at(2y) +Mz

.
-
o if y even
- if y odd

g is computable (composition and minimalisation of computable

functions

Hence
, by the crollary off the sma theorm there w

S : -IN total and computable such that V
, y

Pres (y) = grey) = (
+ y if y1s even

oherwise

Now we argue that s is the desized function

-> total and computable



-> Wor = P by construction

- Esser = 4s(y) / ye Werer]
I

= (x + z /y = P)

= (x + =/zem)
= (x + z1zem)
= (zz =x)

as desired
.



Conjecture : A not ze .
We

,
Es infinite
= Vy if Gry)v

the Ez C(E) = y

I not z.e .

We observe that A is saturated

A = (x)(x = c)

withct = (f) dom(f) = cod(f)]

We use Rice-shapizo for showing that A andt ore not ze.

· A not 2
.

e.

I contantone then dom (1) = N + (1} = ad(e)
I() = 1- hence Ie A
Vx

and 5 = 0 Finite
,
De

,
Dest

↑

always
umdefined

im fact dom(1) = 0 = cod (0)

hence by Rice-shapico A not ze.



· I is not 2e.

= (f) domifs + coff)]

we look for a function fect with Jef
,

A finite
,

De

consider pred : IN -N predlea=1

· prede it (ie . piede /

Since dom(pred) = N = cod /in

· define
Pred(x) = 1

Gras =
+ otherwise = o iSe

Se pred
, finite

Se F dom() = 90. 13 = Cod = cod/e

hence by Rice-Shapico A not se.

Since A
,
I not ze . They are neither recursive.



conjecture :
· B 2

. e.,
not recursive

↳ i not ze. Es not recurive

· B not saturated

t B 15 Re .

The semi-charastic function

sare = "E urz , y ,
t)

. Staz , y , t) & (y = c))"↑
T

y =
x + 1 + y

(w(z (w/z(w)3

=E (agit.,e
= /Ma .

Ske
, (wis

,

x + 1 + (a(z
,
(w())
-

decidable

= /Ma.casa,+ 2 + (a(2 ,
((g) - 21)

computable

computable by composition and minimalisation.

(show BK is on alternative
, typically not conveniente



( B is not recursive

we show the above by orguing that k Em B

and since k w not recursive ,
B is not recessive.

Define
g(ag, y) = (a

ifeek

↑ if K

=

y + S(x)

computable ,
hence by amm theorem

,
there s S : IN +N

total and computable such that Very

gb(y) = grey) = (difekotherwise
We claim that s is the reduction function for KEm B

* CEk una Se eB

if cek them 4se(y) = gropy) = y Vy

in particular forall zxSb) eg .

z = Sta + 1

Teres (2) = zasta) hence Se e B

* sek me spe B

If cek them forly) = grey) ↑ by hence

#z S
.
t
. Ques (E) = Gross

.

Thus scont B

Thus KEB ,
hence B is not recusive

Since B is Ze
. and not recusive

,
i is not ze.

Lotherwise if B ,
5 were r

.
e .

B would be recursive).

Since i is not ze . then it is not recusive.



(f Is B saturated? No

We show that there is eein st

Ge(e) = e + 1 Va (A)

This is sufficient to conclude that B is not vaturated

* eB Ge(o) = e+2 +e

* there are infinitely many e' s
.

t
. Ye

=

Ye

Take e' = e S
.

t
. Ye =le

*ef kelafede a fel Ve

We show #)
. Define

gropy) = x + 1 computable

By smn theorem there is S : -I total computable st. Ey

95r (y) = greyy) = x+ 1

Since s is total computable ,
by2nd recursion theoum

there is et IN S .
t
. He = fores . Thus

Ye(y) = Gere(y) = g(e , y) = e + 1 Vy

Hence B not saturated.


