
COMPUTABILITY (17/12/2024)

-RECURSIONTER computable total extensional

Pf P Fede in ge = fe

↑ fres = ↑ freig

by Mhill-Shepherdson's Theorem there is a lunique

recursive functional : I(I) - Gring
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there by the Ist recursion theorem I has a least fixed point
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& fe)
= fe

-GEN at fo : Te

↳
Te

= Fo = /fe) = Ered = Preo

In summary

if F : N-N total computable extrational T
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and RECURSION TheoreM

Let F : N- N be total computable function

Them there is te it Geo = &free

Proof

let f :N-I total computable

observe x f((, ()) computable

fispe
define

convention

grey = I
free)

(y Tr = T

= Ya/flare) , y
= Yauf(Tara) , y) computable
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.

t.

Paras (y) = gray) = 9
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dea : for h : /N + IN computable
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you can do the above for all computable functions h = 9 dei

Fo &
pros Poras Peoras 9 ----
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Es Peror Parer Tentar Tappe ----

- h() = Ya(e)

in particular if you consider
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Cup to some small detail i .. Im(m) could be undefined



Rice's Theorem

Let AN saturated A =p them A not recursive

A = 1

Doof / alternative(

Let AIN be saturated Ap ,
AEN

·
A + p
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Assume by controdiction that A is exursive. The

f(x) = ↑ lo if x A
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= lo Mal + Re Kal
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TEA lo 1 f e...↑ e ↑E A to. 0 A 1

since a recurove
,
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Ma computable ,
hence f computable

Moreover f is total

but for all etin &efres
· e A them fre) = get Pe Yeo-efre Since A saturated

· et them free-ret deffe, fres
" ---

This controducts the2nd recursion theorem no A not recursive.
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Proposition : The halking set K = <e I grartd not recursive

ofalternative

·

D
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t
. Ye = 1 (constant 1)

leEk

define F : IN - N

free = /to
if cek

= to Xk() + es (x)

if x k

if
,
by contradition , K is recursive

·
X

. An computable

ther f is computable

but f is also total

by construction Fee get Pres in fact

· if eek them frel=80 and gerest - Presses = forest

· if ed a then frel-e , and ferest fresvel =crel
=1

controdiction =o K not recursive



* K is not saturated

k = (xem(((x) + !

We want to show k not saturated there are e
,
e'Ein

&e = Pe

e K e' e

* Assume that there is eeN st.

ge(x) = 0
if x = e

f otherwise

(* /

them

· e K anc deles= o d

· there is e' te de = Ye

· e'eK since Gre) = gret
Te = e

* We want en

Persice↑ otherwise

Kleeme . py

def Plac) :

↓
read /"Keeme

. py"

if e =

"

-> program cre are defining
then return o

else loop

formally define

g(ay) =Si = Mz. ye

computable



by amer theorem there is 5 : -N total computable at.

Xx
,y

Pres (y) = gra , y) = f if y = 0

otherwise

By2nd recursion theorem there is eeN St
. Te = fore

hemc

Gery) = Peres (2) =

grey) =

0 If y = e↑ ↑ otherwise

hence (A) o tree !

=> K 18 Not SATURATED

[

EXERCISE : RANDOM NUMBERS / from carly ages
->meN is Condom if all programs generatingm in output

are "lorger" than n
two points :

-> there are infinitely many candom numbers

-> the property of being zondom is undecidable

Try again

-> size of a program
: IPa) = -

-> define meI Random if

for all ten st
. Gero) = M them e = m



EXERCISE :

Let f : N- > N be a function

and consider Bf = GeeN 1 ge = f3

Are Bf , By recursive/e
.

e. ?

1) f not computable

Bf=f = N recursive

(2
.
e.

2) f computable

Bf saturated

Bf /rince f computable there s e st
. F = ye = etBf)

BFFN of GEF gcomputable e' st
. Ge = g↑

the ef By
↑

↳
by Rice's theosem Bf , I not recursive

What about 2e .?

f = 0 ( p(et fx)

-f =ye(y + 04

=

dei
semidec

.

Sf(x) = 1/lw .
Hi

,
(is

,
(a(a)) computable

complete the exercise !


