
COMPUTABILITY /16/12/2024

1 RECURSION THEOREM

type T = fumo (int) int

fumc succ (f : +) +

res = fumc / : int) int

returne f(x) + 1

return zes

* functionals /operators

: gink) guar g = Inten

total

What is a comptable funchonal ?

recursive

Example : successor

Pro : E/IN) -/

f te succif)

defined by Gf() = f(x) + 1 Va

Example : factorial

fact : NeIN

fact(r=
if x = 0

f
* fact /e-1) ifx



Foot : J /2) -- Z/N2

F tefactif
ifx = 0

defined /f) br = Macefiss ifato
them the factorial is a fixed point of foet
ip . a funchom fact

Ifact /fact) = fact

I im this cose

the fix point rists
and itts unique

Example :

fin = N

if =0

flas = Perta if ato

flo) = o

f(2) = ?

functional : Zine)-E/n2

if = 0

Elf) las =
o

frate if eto

there ore many fixed points for
WE

fless = fo
if =o F

MEAN

THIS

otherwise WHr ?

if x = 0
farest = o otherwise

Fr



* Ackermann's function

4 : /2 - N

Y(0 , y) =

y + 1

f P(x+ 1 ,
0) = 4( , 1)

P(a + 2 , y + 2)
= 4( , p(x + 2 , y))

functional

Tok : /2) - I /in

an(f((0,
y) = y + 1

#Takf((x + 1 ,
0) = flec ,

2)

Gff)(e + 1 , y+ 2)
= f(x , f(x+ 1 , y))

↳ Ackermann's function t a "special" fixed point. --

What is a recursive(computable) functional

da : Given a funchonal :G (Nk) = =(N")

we ok that for each Felink) Ven

&f) k Is computable

PariNh)

1) by using a finite amount of information about f
ie . we use the value of f over a finite set of imputs T

2) and this finite amount of information is used in am

"effective way
S

we look only
at a fimite
subfunchon def



more precisely ,
in order to computef) ki

-> we can refer only to a finite subfunction F

in a computable way

ie . There is a computable function o such that

↑ im the old sense

& (f)() = "p(a ,
5) "

= /,

: we can encode a finite function o as a number

-EN

if x=

Share if x = xm↑ I
otherwise

=
given the encoding

se dom(e) iff /(
+ 1

+ 0

↑ if cedom(e) then Al = /te-1

f /recursive functional

A functional : /NK) - I (IN) is recursive if

there is a computable function : Nht-N such that

for all Felink) Veinh VyEi

& (f)() = y iff p( , ) = y

for somef
All functionals considered above ore recursive.



Observation : Let : Gink) - Gh) be a recuraive functional
and fefk) computable them Eff) eblink) is computable

OBSERVATION : Let : FIN) - F/1) be a recursive funchonal

IfFiN-IN Antable then /f) is contable
- -

f = Pe for en Elf) = Pa for aein

Il

Tel "Ta'

hema induces a function over programs

ho : N - N
P

e to heres st /4) = 4
nore

-tensional :
Ve

,
e' St

. Ce= ge them

Theres = Therek

Myhill-Shepherdson's Theorem

1) Let : /N*) - /N be a recursive functional

Ther there is a total computable extensional function

ne : N = 1

such that Vee N

Trek) = aies
Morel

2) Let U : N- N be a total computable extensional funchon.

Them there is a unique recursive funcional I : SN) - fine)

st
.
Ven Esk) = giane



* extensional program transformation
h : N + N

P - e n

pl

~ a

Z/Na

Zind

D : :
4 a 04

U ·
& 3

2. · 2

⑧ 1

6 0 · D

I RECURSION THEOREM

Let : /K) -> /NK) be a recursive funchonal.

them I has a least fixed point fo : NY-N is computable

il

s Effer = Fe

(ii) Vg : Ne St
. Egig then Fog

fii) fo is computable.



* Ackermann's function

4 : /2 - N

Y(0 , y) =

y + 1

f P(x+ 1 ,
0) = 4( , 1)

P(a + 2 , y + 2)
= 4( , p(x + 2 , y))

functional

Tok : /2) - I /in

#
an(f((0,

y) = y + 1

recursive

Takf((x + 1 ,
0) = flec ,

2) functional

Gff)(e + 1 , y+ 2)
= f(x , f(x+ 1 , y))

the Ackermann function is the least fixpoint of Back ,
which

exots and is computable since Pack Is recursive .

(BV Ist recursionfunique fixpoint since it is total theorm

Example :

fin-i

if =0

flas = Perta if ato

flo) = o

f(2) = ?

RECORDE
functional : Zine)-E/n2

if = 0

Elf) las =
o

frate if eto



there ore many fixed points for
WE

MEAN

fless = fo
if =o This
otherwise WHj

if x = 0
Frfarest = o otherwise :

because it is the

feast fix point

(Fefk Freing

Exercise : Find a recursive funchoral with mon-computable fix pants
-

Example : minimalisation

f : (Nk + 1 = In

my . Fk ,y) : IN- In

cam be seem os a least fix point

I : Grink) - &(INk+

& (g)( , y) = #
Y if fre ,y) = 0

gre , y+1) if fre ,yd

↑ if fr , y)T

↑ is recursive functional , hence its least fix point is computable

m( ,y) = Mzy - fkz)
/by I Recensionse

hema

m(a) = Mz . f( ,
0


