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Conditional expectation with respect to a roudour

variable

#(X(4) = #(X(((7)) where 5(y) is the Gallest
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In particular if g(r) = c
E(XX - E(X (Y) /c) = 0 =- E(X) = E(E(X(y)

if g(r) = e

E((X- E(x(y)) Y) = 0 => E(XY) =E((X(y) . 4)

so if X and Y are independent E(X(Y) =EX) constant

#(X(4) is the best predictor of X givee Y.

Ince it isdfficult in generat to Lind E(X(7) (= &(4)
we consider an easer problem :

Let V = Gay + b
,
a
,
b+Ry <M20(4)
-

V is a finite dimensional subspace of MS(4) , given by



the linear functions of 4.

V = IR2 R - V
ay + b++ (a , b) (a , b)-+ ay+b

Vis 2-dimensual since it is isomaphic as a

vecherial space to IR2

& Y+5 is the best LINEAR MEAN SQUARE ESTIMATOR

of X givenY if ↑

Y +5 is the othogonal projection of X on V.

1) Y +5 = V

2) E (X - Y-5)2 = min E(X -aY-b)2
(a

,
b) < IR2

3) E[)X -a Y -5) (aY+b)] =0 F( .b +IR



How to compute the attogonal projection on V ?
#InST METHOD
1) we minimi ce wire E(X -aY- b)2 and find

(a
,
b)t IRz T
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SECOND METHOD
orthorannal bass2) general wetflead based eu-
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and Io be a subspace of I of FIREDIMENSION

sot-v has a finite basis <V .. Vm].
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as a linear combination of elements of the besis)-
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FGtH the attogonal projection of h int
Y

is given by 2 (9 , li)e i where ei is an
i= 1

athororal bess of V.

so Let v = (aY + b , a ,
belRy & M20) M2
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vi = 1 52= Y er=-(52 ,
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the athomamal basis of V is

21 , Ey)3 Von (4) = E(4- E(y)))) =

↓
Tan(y)

= E(42) - (E(y))
2

.

the attogonal projection of Xin. I
is given by

(X ,(2) e , + (X , e)ez =
-

= E(X - 1) . 1 + E(X .M) =
= E(x) + #(4)- EE(Y)]( -E()) =[ Von (4) Cov (X ,Y)= E(XY)-ENEly)
= [E(X) - CXX,Y) E(Y) + CoYYVor(Y)



PRODUCT OF CONVOLUTION

not HilbertL' (IR) = Ef : IR + IR SIf(x))dXty (just Bewech (

ECI)= 4f : IR-IR SIf(PoXcy Hilbert

-

By#deInequality

wedovealf -

g
+ (1(IR)

be define another ration of product of functions
PRODUCT Of CONVOLUTION :

(f * g)(x) = Sf(x- y) g(y)dy = Sf(y)g(x-y(uy
Ex--



TO UNDERSTAND HOW CONVOLUTION WORKS :

Let #20
, f Smooth
,
Stud = 1 (f(x=

for KEN fu(x) : = kf(kx) *
(

the fr 20 Fr
=
Sk(kx)dx = Le

#= flylly = 2



geLCR) gafu(x)=Sg(x-y) fuly)by
= Sg(x-y) Kf(kydy = change vaiebee E

vz = ky
dz = kdy

= (g(X- z) f(z)dz- g(x))f()dz = g(x)k++0

g * fr(x)
+

g(x)
g4fr is an "approximation" of g by thing
at every x the average of the values of g -

around X
->

g4fm is as regular as fin



since d (gkfnD(x) = Sg(y) fr(X
-y)dy

dX

In particular if f isdifferentiable n-times
= gaf is differentiable i times.

Proposition : If f . geE(IR) then Exg + C(IR)
and live fxg(x) =0

#I+ to

(NO PROOFYconvolation of C L functions is

Continuous and bounded - even if the starting
frectuos were not continuous)



O X 0
-

I 0X(1Execeple f(x) = g(x) = E
O * -

If is the density of a unifer random variable).

there fxf is CONTINUOUs and lim fXf(x)=0.
#-> + a

leven if f is NOT CONTINUOUS)
.

-

↑

=
O↳

proof fxf(x) = Sf(x -y) f(y)oy = jo(xy(f(y)dy +
to

~0

+ S' f(x-y)Ey + 1 y)f(y) dy =
1

= 6'f(x-y)dy = (tX y)= (
=f(t) at



faf(x) = f(t)at &

1) if xco(x - 1 , x) - (- 0 ,0) = S f(t)dt = 0
X-1

2) if <X11 X-Ko and X > 0

X X

& Eltolt=d+ + fot =(dt = X-

110 "I
3) if 1 < XC2 X-k0xx)

X

& tut=S d=1

= 2 - X

4) xx2X-k)(X - 1
,
x) = (

,
+o) = (f(t)b =0



O X0

fxf(x) = E X 0 X1 #2 - X 1 X2

O XI 2

faf is continuous !

fxfxf .. becomes wore end mar regular
↓

I~ --



Prop If X
,Y are absolutely continuous

-

independent roudam variables,

with densityf andg the↓ XY is an absolutely cant. rondov

variable with density fag
-

seis the durity of X Coenity-derivative of the
cumulative dist. f)

#(a) = (af(x)+ x = 1(w+2(X(w)2a]
- Q

P(w(y(w) <b) = Sg()dx =Fy(b)



I want to compute the dunity of X+Y

- EIR IP (2) (+ y) (r) = +By =

=I(c) 2,Yuy x +
y + +Y

= Ayady= E gl
- a

xt IR

t
y = t -x + z= y +xEt

- f(x)g(z-x) dzd = S Alg
E= x+ y

= (z)dz
- aL

x =x



(if X
,
4 are discute roudou variables

and independent

↑ ((x++(1 =+) = nExX(XR) (Y(=+-())



FOURIER TRANSFORM

f : (R -> & f(x) = fz(x) + ifz(x) i immaginarywit.

ix
e-cosX + isinx for XER le") = 1

z + (E) z = x + iy(z) =-+ yh

Toke -L'CIR)

E(x) = Founder transform of F :=Sfly)
~

= Scos(xy)fly)dy +Sexy flylya
a

f : R+ C .

XX + IR
&

- is bounded : -1f()) = 1
,S flyl oly1 =

=(f(yi/leigdy = Syly =El



↑

a

It is continuous : E(u +h) =
S

-

=((y)dy
+i((x+2)y) dy

Sfy) cosky) dy + i fly) Lu (xy) dy=

ffU' (IR) - F :-D is a continuaboundedfraction

up l()) = Il fli
XtIR



Other important properties of FOURIER TRANSFORM :

(1) f ,+L'(R) (E)( = fix. Gf(x)
(Forner transferr of a convolation of 2 furchom
Ha

is a product of the Fowier transferer)-

proof : -ixy-gix(y-z)pixz
&

(+g) (2) = S(y)·pixy dy = ...

IR
⑤

&

=> In Sf(y-z) g(z)dzgixi =2+ z
= Sr &m f(y-z)e x(y

-

z)g(z)pixz ded -y
- w = y-z



= Inwixweidzdu =

=Sf(weidwgz=
--

(2) Set +L' (IR) rich that Xf(x) + L'IIR)

=> (E)'(x) = 1 () = live EhdX h-0

= [y]"(x)
prof
↓ f(x)= Sfy) exdy=ydX



=I flyling edy=Siy)e la
= (if(y))"(x)

2) =Sf(yidy = Sf(y) - (iy) (iy)e
x

yyy

= (- y)f(y)eixy = (- y f(y))"(x)

( = (i) f(y)"(x)



3) if t is differentiable anda f(x) = 0
Ixl+ too

(f) (x) = (ix)f(x)

noo)"(n) = (y)e
=
integration by part= ixyyformula

- Sf(y)· eixYdy = -ixfly)e



(3/f is differentiable - imes and

line q()(x) = 0 = m2k - 1
Ixl+ to! = (n)(x) = f(x)

( f(y)"(x) = (- ix)*. (x)
dak



Ex f(x) = e
- x2

(x) = Je
- 4 exydy=Cos(xy)dy + ijxyy

IR
How to compute explicity I ?

(E(u) =Seixdy(
=(i

L

=- pixYdy
=-e

e p
- yz

dy
= Elleixyjady-



= [ixSeidy]
=- Le
-(a)

(x) = -() f(yy) =p
- yz

=
& (n) =Si

(f(x)) = ( = )
=P



eg(f(x) = - +
- X2

-
eg(f(x))

= f(x) = en
+ c

-

x
= e

C
&

↑ (n) = e- e
↑

=e d=
f(x) =mx- 24 f(x) = e

-

-


