
Tracterizationof BV function in dimension I

I interval in IR- (NON INCREASING Sand
BASIC OBSERVATION : ↑ MONOTONE NON DECREASING = fEL'2

,
CIR)

morover (Tel' is a positive zero order distribution

-> Telp) = Sadi where pe is a positive Radon measureIon IR
. (that is feBVe(Ir) , fu BV(e,b) (a ,b) < IR) ·

A

Fix (a ,b) t + (0 ,b) E, p(0 , t) => g is montone => Igi = (t)= M
=

-

&

b b
Since [p'() duly) = CFrbenitorielli) =S d'Hdtduly)= - P . (ydry)

p

=> FCEI rich Heat f(t)= < +ule ,t) 0 . e .

++ (a
,b)

M S

Recoll : f monrou => 7 fit) = live f(x) f(t -= lu-f(x),
X+ ++ e

I
g A(f) = atoms of f =G ++ R 1 f(tt) + f(t))]
*if) one at MOST COUNTABLE

&( f(at) +M(a ,t) V (f
.
(a ,b)) = M(a , b) = f(b) - f(at)



Definition (POINTWISE VARIATION) -

Let f-l'le ,b) pVlf , (a , b)) = sp. 1f(x) - E(Xi +)
among all possible fruite subdivisions
a <XX2 ... <Xin+1 < by

observation : pV(f , le , b) < VIfa , (e ,b) Ifa is the piecewise
constant approx off)

PV/f , (a ,b) depends on the representative !

-> pV1f , (a ,b)) = Essential pointwise vanation =
&

= inf[pV(E, (a ,b) , E= Fa .
e in leb)]

&mondlow => PV((a ,b) = 17 (b) - f(a)) = V (f ,( ,b)

EpV(f ,(b)
-

su



Pop If pVf , (e ,b)) < to ther fe (8/eb) and

F = g ,-92 where gare mordone oudecredye
proof I bold is immediate by pr(f , a , b)1 < +o.

⑨(x) : = Sup{i/f(xi) - f(xi+1) acX
.
<
.
X2 ..

(Xm+=X Y

I , is increasing . gr(x) : = ge(x) -f(x) .
Toke y(X . 92y) -ge(x) = g. (y) - [g ,(x) + f(y) - f(x)] = 0

&

Since g.(x) + f(y) - f(x)(g , (x) + (f(y) - f(x)) =
= <p 5 . IfHint-f(ti) 1+ (f(y) - f(x))

,

act
.
Ktyctr= XY

↓ up 3. Etiti-fi)) act , c .. <tu =Xcteizyl
1 g , (y) -



Theorer (Characterization of RV) Let E-BVle ,b),
-

then 7 such tat T = fa .e
. Such that

epV(f , (a ,b) = pV(E ,( , b)) = VIF ,
(a

,b)=V(f,(b)

-> I is theoffence of I montone non decreasing
frections .

Every f in BV(a ,
b) has a right continuous Fr and a

left continuous representative Fe
& (t) = c + M(a ,t] fe(t) = c + u(a ,t) (m =Ty)
"I
these representative are continuous up too
set which is at most countable
set of ATOMS of f A(f) = S + /MStyF0Y



idea of proof
=lab) =1 (Te) = m => M = ut-a- ut

,
m
+

Rodo

measures-

gi t -> p
+ (a

,t) - u
- (a ,t)

&

(To' = (Tf)) = 1 c f = g + c = c + u(a ,t) =
Q . E -

= c + u
+ (0

,
t) -u

- ( , t)

A is the difference of 2 moustone non decreasing

I functions (up
to a set ofmeasure 0). -

-

V(,(b)) = m
+ (a

,b) + m
- ( , b) = pV(g ,

(a ,b)) = V(g, (b)
= epV(f ,

(a ,b) B



O Letf woudove non decreasing function in 10 , b)
= feBvla ,b) (Tf)=M uRadou measure

VIf
, (epb)) = f (b) - flat) = M(a ,

b) =

= 97'(t) olt t Z f(t+) -f(t) + m( ,b) .

~ teAlf)
a ↓ &

almost everywhere I

desivative

M has an absolutely continuous port w . r
.

to Leb.

With density givea by the ae derivative f'(t)
and a singular pert with respect to Lebesgue

-

& ECtt) - f(t)) OgtY
->

⑦ Atomic PART : teAlf)
-



Q CANTORIAN PART

M is the deviative in the sense of
distribution of a continuaes function which

has ae derivative equal to 0

(main example : M is the deviative on the

scuse of distribution of the Cantar function)

&fot + EF-flt Enty
feSBV(a ,b) Es Cautorian part is 0.
(special BV).

V


