
Back to theexample of calcules of roriations
Let ge("/V) given .

Ubold of class 22 .

7) E minimizer of E(A) = / IDAP + 17-g/dx
j

E is obtained by the direct method in the calculus

of raviation .

obs E in unique = (f)+ = SF(x , f ,Df)bx

with F(X
,

0

.) STRICTLY CONVEX

anime FI . & mininizess E(f) = E(F2) = c = min E(f)
X+ (0 ,1)
22 E(XE . + (1-1)E2) > XECE) + (1 -x) E(Ez) = c

impossible



CHARACTERIZATION of the MINIMIZER.(AS socin of a
DIFFERENTIAL

Equation
P = 2 ELE) =mi IDAE + -gl

↓ pte(U) E(E+>d) = Ele Ve+0

= (E+zP) - ECEl = 323 . DE . DP + E IDPR + 23 (E) · P +22/P

line EEd-EE) 2 DED +2(
2-5

=> I solves in the sense of DISTRIBUTIONS -D +-g
HILBERT XIX problem : from regularity of g
deduce regularity of F

,

distributional sol of -AF = g-F
(SOLVED By DE GIORGI

-> gt ((u) = f -wit(0)NAS
-



Note Meet ↑te(IR") (30Pei))

EtEdEWYD(u) =
-

#EP-El = IDE . DO + 21E-g) pdx =

= S-TEDP + 2(E -g)p + SDa -Tro
+2 (y)=0

j
1 No

- NORMAL
DERIVATIVE of

- Trdr(yl=0 fa + eP(Y)

Chris is a sent of very weak bounday
condition)↓

im very weak sense
"normal deviative of F=



THE SPACE
d
Of FUNCTIONSd BOUNDED VARIATION

IMPORTANT : CONSERVATION LAUS GOLIM1)
,

·

CALCULUS of VARIATIONS problems With

·

WITH LINEAR GROwTH , ISOPERIMERIC PROBLEMS/GEOMETRIC PROBLEMS -

ObsftLP(U) VIIR" opein . pe[1
.I to]

Ret : Ambrosio-Fusco-Pellara

few"P(0) =>70 ↓E (U ,
(RM)

(Scim)f) =15 f=C
C = ↳illi (Hölder inequality) .

When the viceverse is
I

true ? peCh ,+0 ↓ i is cont
.
with

-[ profeti respect toe(u)
.

Ti(d) = ScPX come
-

L'nover
I

extended to a linear continuous functional
Ti : (P-> IR

=> by iesz) CLP pt (1 ,
+s)

Tit((P) ·loval) p = to



=> 7 git( such that Ti(P)= Sopg= d

-dte(r)

-> gi = -- ftwP(

-for p= 1 NOT FRUE

BVIVI = Get('(V) 3 . th. -C Sfolimoxl
= ft('(0) 3 .

th
· Sfolivdy-C IteN, h) ,Hello1}

= hfeL'(V) Vi + : : Pr If is a zero order distributionly
-

wht(0) [BV(U) (f-w" (4 = C =Eill()
wil (v) = BV(U) [exfEL'(0 .1) CANTOR Function3

·

(Te) is a zens ader distribution
-



Let fEBV(V)
Ti :-S is a distribution of order 0 :

#(P) =CIdllo) = T : can be extended to Co(V) , 11 . 116) a aS

2

linear continuous functional

· obs 1

every lima continuous frectional
Tor (Cod , Il . 110)

S

can be written on the difference between two positive
-

functionals T = T + - T
-

-

-
&

- p20dted) +
+
(a) = <p(T(4) 44 cp)

T+ (d)z0 + (d)2T(d)
T+(p) = T

+

(p+) - + +(4) P = d+- q-
I = max(0

,
%10

T-(d) :=T
*(P) -T(P P- max(-9

,
d =0

(NOTE THAT 20 T+(a)<T(a)) .



Obbyriesz there every T positive l mas

Auctional on C(V) is associated to a

Radou meaure re /Positive measure)

T(a) = Gar v Pt E(u)
-)T LINEAR POSITIVE -

T sotusfies : EKCCU FCp > 0 such theat

[ 1Tel = Cellul -P-(0) with uppo-K .

If the previous inequality is sotsfied for
independent of K (IT(b)) = (Il lo -Peec(U))·

I can be extended to a positive linear functional
on Co(V)

,

and M(V) <+o esse rade



by Obs1 + obs 2 we get that very linear continuas

practional T on Co(U) is ASSOCIATED to a

SIGNED : FINITE RADON MEASURE on U
-

T = T
+
- T

- +
+

(x) = Spo
+

m+0

T
- (4) = /por

-

m
-(V) +o

=> TEpl= (Pdr= S port- (par
-

mam
+

a
-

Let f-> BV/U) .

So FEL'(0) and Ti = E If is a

linear contemous functional or 218)2Xi Vi= 1
...
n

=



Mit-Mi
= Mi

T
signed (finite) Rodon measure on it such

that Ti(a) = 1 Pqui(x) = & port-S PoiU

BV/U) = (f-(110) wich that the distributional

derivatives of f or ed Radon unawresy
-
Let f EBU(O) . Ther f-W"'(U) IF AND ONLY IF

Fi=...m Mi = Mit-Mi- (rigned finite Madon meaure

woh that S7dx=),Pari) is ABSOLUTELY
CONTINUOUS

With respect to Lebrague (Mi < 2) andI
↓ i If (weak deviative of f) is the density of

e Xi

Mi (dmi = dx)
S


