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RICE's THEOREM

every property of the I
property

?programp
? Yeano

behaviour of programs is undecidable
-

"P is terminating for every imput"

I"P has some fixed meN as an output"
undecidable

"P computer a function f"

i

"the
program P hos size = er" Y decidable

number of instructional

What is a behavioural property of programs
?

A = N
↑

Set of programs = program property

T = &n/Pm is halting on every imput !

= Im / Yo is total ?

One = Se1 in is a sound implementation of function 1)
= (m/ (m = 1}

AN program property) is a behavioral property :

given meN /program) the met or n A

only depereds on Or



Let / saturated /extensional set) : AGIN is saturated (extensional (

if for all m ,
men

if me A and Im = In then ret

#

A = (EN) In satisfes some property of functions)
= ImENI In E a Y

where at?G
I set of all

property functions
of functions

Examples :

- T = (n) In halts on every imput ? SATURATED

=Im / Im 10 totally

= (m) ge 5) where E= f 1 f is totals

* ONE = (m) In is sound implementation of 13 SATURATED

= (m) qu
= 1y = (m)4m = (1))

* LEN10 = Se ( in has length = 104 Not Saturated

me LEN10

Ten = Or
ME LEN10

28
m = se(1)) e Lenzo

Yo =

Yo = Successo

n= j Fryzotime



* k = (mEN1f(m) + )

= (mem)4n = k)

k = ( + 1 fr ? ) + 4

apparently not saturated.

formally we must find m.neN

mek ie . Im(m)t
and Im = Tor

mek i
.

e. On(n)T

if there exists a program meN S
.

t.

x = m

Im() = Ga otherwise

them we conclude easily that K is not saturated

① mek since Imimst

② for a computable functions there are infinitely many programs

herce there no m st
. In = Im

③ nek

In(m) = Ym(m) +
↑ E

Im= In m= M

Es (A ) true ?

x if x = P then I
↓ P X

if c= P T

fP(x) :

If e = "def P(ac) :

If ...



Rice's Theorem :

Let AIN if A is saturated
,
A ,

AFN

them A is not recutive

of

we show that Kem A /since KI not recursive
This will imply that A not recursive

N reduction function-
~mi2

S

-
E~

Ä

Let to EN St
. GolaT Ve /program for the function alwaysundefined

② Assume ee

let eset it ests since A =/

Define

grey)=
)

i
= G Pes(y

if sek Elle

↑ if cek EgT]

=

ge1y)t
saret

↑ if(x(a)t

= gen (y) . /Pala)

computable !



By the omn theorem there S : N- N total and computable St.

Va
,y ↑ det /y) if sek

Fras (4) = gresy) =

desly ife k

- Is the Reduction function : Ves sek iff Gree A

* if cek men SA

if cek them Pro (y) = Grey) = Gely) Vy

hence Pros-Tes ·

Since eset and A saturated them steA.

* if cek mearA

if cek then gory) = gray) = Peoly) Vy

nence for=ge .
Since to A and A saturated

,
SA

Hence s is the reduction function for KEMA
,
ance K is not recursive

we deduce that A is not recessive.

② if instead lo A

if we let B=

· B is Saturated /Since A is saturated(

· e B by (2)

· B +P lance AN I B is not recurare

· BEN (ance A + /

Since B = I not recursive
,
neither A is .

[



Example: Outputprobere for come input
= (x)me Ex] /not recusive since =m Bm

· Bm is saturated, in fact

Bm = (c14EB) where Bm = (f1 me cdf)}

· Bmp

eg
.
let eseN St . Gen (y) = y Fy = Fz = N

ex es E Bm
· Bm = N

e . g .

let 22 EN at Gerly) = m by wo me Fez = (m)
(with mem)

~ Bm = N

Hence by Rice's theorem
,

Bm is not excursive.

EMPLE :

I = SEN 1 B is halting on infinitely many imputs !
= Sem) Wes is infinite 3

* saturated

I =Gem((e2}

where I = (fl domf) is infrate 4
* I = 0

if es is os above /identity) => Wes = Ninfinite = del =

* I = N

if to is st . Yeryst by => We = * finite=

Ne by Rice's Theorem I is not recursive.
I



ample : A = (c) We Ex]

saturated ?

A = (x)( = d)

a = (f) dom/f) e co(f)]

probably not saturated , hence we do not use Rice's Theorem.

We show Kim A /henc A not recuraive

S. t .

xek iff sess e a

Su e Webst Tras (reas) t

Sere Espr Cores (y) = Spos

for some ye

we define

f Y
if sek Efaked

gregy) =
↑ If ceK E4x(x)]

=

y . 1((x)
=

y . 1/Yok)) computable

by sure theorem ,
there is S : N-N total and computable st.

Fary Eras (3) = g(x , y) = 24 I se

- is the reduction function for KEm A

* if sek them Co (y) = y Vy

hence Sere

Wor & Ese
=Note



* if cek them

Pros (y) + Vy

henc Sar Ware n Essa =

↓ F


