
X rectorial space on IR (also on K)

( tclosed by wer and multiplication with rol contents

distance d(x , y)

Xn - X in the metric speceX if
[ lim d (Xn ,X) =0
me to

X is complete with respect to the distence a

if xu sequence in X which is a corchy sequence
(d(Xm, Xm) -0 as n ,m++o)

-X such thatd (Xn
,X) - 0.



Among metric spaces (X , d)
actorial distente

we fined ARMEDSPACES

X is a nared space if F a NORM 11 . 11 : X +To
, to)

auch that

-d(X
,y)= 1(X- yl)

11. (1) isCOMPLETE with respect to the

distance associated to the nom

-> (X, 11 . 1) is a BANACH SPACE
-

Ym -> X in 9 (xn
,
X) = 11xm-* Il + 0

.



Examples

MTX= IR" = G(X2 , Xz, .. (n) XitIRY
-

|x)=2+.. Ex -y =+..

+Grig
X
, Y E IRh d

/D leught of the↑
:

seguent goining youdy

CIR", 1 . 1) is a Barack space



2) [a ,b]CR =Sf : [b] + IR continuously

Ilflla = wax (f(x)
XiTab]

#, Il . 1) is a Barach space -

fu : [0
,
5] - IR&by (fu(x) - fu(x) - 0XFu

Ex+ 10 ,b7 f(x) : = live fu(x)
I is continuous in 10 ,3

(fr is converging urfamily to 1).



3) X =4f :I + IR
,
sitect ICIRyinterval

( If(x)(dx < tomnotaskingf to be continuous

=(d X= L'(I)
XER

11x flz = ( (xf(x)(dx = (Il f1z

(1f +g()z = C f(x+g(x)(dx = S(f(x)) + 1g(x))dy

=IIf1l2 + 11 g/ls



Il f /l=0<f(x)dx =0

=> (f(x)) =0#EAwith·

L(A)=0

( x + [0 ,b) -S]

1X=C↑fo
1 = 0

X (2) = 47 : I+ 12 such that Sfldx cal
F =gouX() f(x) =g(x) FORALMOSTEVERY XEI .



feL'(E) E E is an equivalence dal

of function

f = [g: IR sch that

FACT J g(x) =f(x) Ex- IAY-

& 2(A)=0

In L'CI) I identify functions
⑳

-=> which an equal#b ALMOST EVERYWHERE



Calso for roudom variables we have that
# if WEw) WeRER

(P(r) =1

-

(L'CI) , 11 . (12) is a Barach spec

fu -f in C) Es Ilfm-Allyffd- 0



⑫(2) = Sf : -IR wel that

↓ 1 (f(x)P dx +ro 3
-

Iidentify functions which are equal
almost every where

SA(x)(PdX = 0 ( f(x) = 0 FxIA
I for some ACI

with /Al =0
I = (1

,
+m)

f(x) = 1, f((2 1 +o) (totdx = Tegx]+
f(x) = 1 = 22(1 , + 0)S (dx = E f7 =

1t



= t((1 ,
to) EpicStoqPov=

↓

2 tox-Pdx xPyt
1 + L'(0 ,1) 'Fox to

UX

* * &(0 , 1) S'= t



11 fllp = [](e()(Pax] IElk = (SIE(Pax)
~ Ilfllp = 0 E) f(x) = 0 almost everywhere

4xfllp = [](x7(Pax] = [IMPIE(x] =
= [MPSICIdx =Il

Ilf +gllp 11711p + 118/1
= (x)(1f1l

p

FELP
,
gELP(I) => figELP (1) ?



feLP(I) (f(x) x +

g) LP(I) & (g(x) /Pdx +o
⑮
S(f(x)+ g(x))Pdx iI
[o ,+D +To , + a)

H : r+rPp1 H(r) = rP n

#(2)+P



(+rz)Pc[rP + r] r
,
4230

⑭
Fr
,
22 EIR

(r . 1 + (2)
*
= &P + [12 . /P + 1)P]

I

S1f(x) +g(x)(
P

dx[S(f(x) (+(g(x))o
I

-

> &P -1S(f(x)(P + (g(x)(Pdx
-

--

f , g + (P(1) = f +g) (P(I) -



Now I want to
prove that

Ilf +gllp = ((f(x) +g(x)(Pdx] - (1f((p + 11g/p =

=C ((Pax] + [ - lo()10(x] =

⑫ +( Fo+
to
prove this we need to pass through the

HOLDERINEQUALITY
. (which will be

importants on its own)



YOUNG INEQUALITY 421 -> q = conjugate ofp .

p conjugate of9 * + 5 = 1

19 conjugate of p) 9=
#

+ E = 1 p=2 -> Conjugate q=2

E + 1 = 1

p=3 - coringate q = 3z
1
+2 = 1
3 3

·
p =1 -> Conjugate =to

-



* a
,
ber a ,

b201 < p , to

a .b where p , q al
-

(E +1 = 1)1.
Conjugale

p= q = 2 ⑮the (a-b

0 = a + b2- 20b -

⑮o⑳x= xb-
fix p , i conjugate



g(x) = X - b - * X20

g(d) = 0 I--gDiver g(x) = live P

X+ to xe to4
to

TN

g has apoint of MAXIMUM im To ,+o)

g'(x) = b -m
-

b - xp
-

&
POINT Of

MAXIM
.

P ↓

g(x)= 0 Eyh
+
= bE) bp+



g(x) = x - b - [g(x) = x - b- =

Xx- To ,to) 1 I

-b - 1
.
bp +

P

9 +t = 2
= b [] =
= b . 1

P

tazo ab-
9

⑮. Kabo



HöLDER INEQUALITY

FELP(I) geLich) d

=> figtL'(F)

If(xllg(x))dx = 11fgll -> lellp · lloglo
e

E*N
CIMMEDIATE CONSEQUENCE

ftE(I)
, ge2(l) = f-gt) (I).



Roof a =

1 20
b
= (0)) 20
Il glla

I apply MOUNG INEP .

a .
b+XXI

. 9

(1g(x)(dx = (1 (f(x)/P↳
I

-dy tIIlfIlp Ilglla .. P Il fllp Ilg/la

>Ta+ a#



(x(lg(x))dx = P + 5 = 1
IlfllpIlg/la

↓

SAgdx = 11fg = IEly lIglla



Now :

# ,geLP(I) =gllp = /Elo + 11g1p.

Pe((I)=ELP(I)
HÖLDER

↓ + og(x)(Polx = (1f+g((p()((x) +g(x)(
*-

(a

E(f(x) + (x)) = (x(+g(x)) . (f(x)+g(x)(p
-2

CI (1) =1

& [17(x) +g(x)(p-= Gf(x+(x)g()



(8( +g(x)) =1xEr
= (f(x)) + (g(x))) (f(x) +g(x))b

-

1

= (f(x))(f(x) +g(x)(p
+

+ (g(x))(f(x)+g(x)(p
+

Ep ↑e p Ye

J (f(x) +g(x)(Pdy [S1f(x))(f(x) + g(x)(P
-

xx + ((())(og
2 Ti Ta ↳ te



↓
S(f(x) +g(x)(Pdx Sf(x))(f(x +g(y)(

*

dx+ )(*/E
2

= /Ifllp(g(x)(** (1 p + 11 g11p (((f(x)+ g(x)
P-lo
,

Elf(p + 11g11p] /1 (E + g(x) *
+

Ila
Il

9= p, [f[f(x) + g(x)(p
-1Jdx] =

= (f (f(x) +g(x)(
# Edx]P



#Le(x)+g(x)ax]=[Ile+ 11p][g]
[Elf(x)+g(x)(dx] TSM+ g(x)Polx]P

*
[S((((Pdx) = (1f + g11p = ( Ellp + 1y))p

1 - (P) = t
Il . Ilp is a ware.
[ (F) , Il . Ilp) is a Barrach space

An -fin (P => CIfm(x) - f(x)(Pdx -0



-In((I) , 11 . 112) is a Barack space

but I havedos that F
,ge = fgetLSax= IlEllallg/lz (Holdens.

↓ ALSO HERE I define A SCALAR PRODUCT

-> fog = Sfxgx
IR2 (X2

,
X2) (y

,
Yz)

SCALAR PRODUCT (.x2) · (y ,Yz) = X , y ,+ X -YzfIR
IR3xIR2- IR
X y + X- YEIR.



SE (1)x((I) - IR
7
, g r (f ,g) = (f , g) =

=Sf(x)dX
+a

CONTINUOUS if fu-f in E llfe-fllp-0
-

↓ -

line (fu, g) = (f ,g) im IR

+ to



⑰g)= Sfr(x)g(x)dx =
=I[fm(x) - f(x) + f(x)]g(x) =

= Sm(-)]g(x)dx + Sf(xg(x)dy-t
IS(fu(x) - f(x)g(x)dx)[1f(x) - E(x))(g(x))ax

Hilde Ilfm-Elle. le ->&



(X, Il . 11) Benach space with a SCAR

PRODUCT

XXX- IR

X
, y +- (x , y)

such that (X
,
X) = 11x1P

ther (X , I . 11) is called Hilbert space-
-

· IR= X (x
, y) = X ,y1 +Xzy2 + - -

+XnYm

(X , X) = x + x2 + .. +x = (x)
-



X =E(2) ( ,g)= fg(x) dX

(f ,f) = Sf(x) - f(x)bx =

= ERdx = 11 fli

Among infinite dimensional speces ther

modHilbert speces or "the trimlarEt- dimensional casethe finile



X
,

11 . 11 Hilbert spece with

scolar product (X , y)

X
, y EX o ORTHOGONAL one to te

other

X +yE)X , y) =0 IR2

S2X I subset -
St= orthogonal spell =
= ExtX

,
(x , 5) =0 FSESY



X = IR3 S = &(1 , 0 , 0) xER] [R3

St
= &(0 , 32 ,43) for yo , Y3t1RY

·
(st)

+

= S



X = L (0, 1) S=( constant fuctieus]
= {fel(0 , 1 such that

St
=FEE10 ,

D f(x)=c fara .
ex + z)

Such that b-2dx = c 1+o .G1o f(x) · Cdx=0
Ly to Y F
(f(x) ,C

St =<fE(0 ,
1) S'(dx=0]



COGONALPROTECTION THEOREM

I
X Hilbert space

X has a nome 11 . Il
is complete
N has a scolar product
(X , y) (De

,
x) = 1112 -

-IXspace
↓ X-IR

(v2
,
02 Et => vitizeT XNEV

EEN in- X-XIINn-XIl- 0

=>V (T contains all the
limite of its converging
sequences)



The ExeX there existe a UNIQUE

elment veI (called the athognal

projection of Ximt) and a UNIQUE

Element we+ such that

+so Iwert- X -v

vis characterized as the element of I
at minimal distance from X

mind(X ,y)/9(x ,w)=min d (X,z)d(x
,
0) =

yet
ZeVt



v= [(x1 ,
0) X ,ERRY

= 20, vi

↓ xEIR
2 7 ! (X2,0) EV F ! (0, X2tut

-
X = , (,d) + (0 , xz)

P((X ,% , x) = min ((X , (d)
YEIR


