
(2 , F ,
1) probability space

X rondow variable X : 1-IR men wrote fuct,

* AEBIR) X-(A) =GweL XwitA -F

X induces on IR a Bol measure #X La Baral au
R)

#(A) = 1 (WER 1 X(0)tAy = (X-A)
↑ Dy is a Finite Borel measure (IPX((R) = 11 (X-CIRI)(V
I

=

IP(r) = 1
it is associated to a cumulative distribution function

G(x) = 1, (0 ,x] = 1(W) X (W) [u)
↓

right continuous line G(x) = G(a) ,
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we may define the notice of integral with

respect to any pe Bools-finite or fute meae

I

f : IR-IR continuous,

sparvouySf(x)dRx(x) = spf(x) (Gx(xu) -vx(Xm -1)] all possible3b
I subdivision

X <X... (Xn+1= b

take a subolivision of (a b) Xoa(X , < X2C .. (Xn(Xk+ 1 = b
-

k+1

2 f(xm) - 1x(n -1,Yn]
N= 1
--

1k +|
=
2 f(xm) . [G(xu) - G(Xu- 1)]#
n=1



f(dy) = up-Gx(xn-1)] ,
↑ C- M ,M]

- among all possible &-

Im1111111Il

(
- M =X LX ,

< *2
---

[ Xx+1 = M

Vij (i - Xii) = (xj - Xj- 1)

If X is an absolutely fontea
se

viele

Gy(x) = (x) for a .e
. X

-E#10density(ad()=f



If X is a discrete rondom vailable

↓
X takes values only or a discrete set

Gy(x) = S
O=Co X (2 Sp .... pub

~ S
CI

Pi 2X/P2
0/C (21 .. I

2 Pi =
X < 43

Px(x)= i (Ci-(i) pis (

2
I I aX< +o
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eg f(x) = Xk 4 >1 cont.

Sd(n) X)
if it exists

>mean of X random variete

:=Se d
K-moment of X random vovable is

E(IXIE) : = SRP dey()
~

#C+ EX E(IXIR) <+o



It is not completely brious but it is true

That if
xkdP(a)
-

tenS IPdPy(a) to

andals the viceverse is true-

M = Space of all landom variables on (R, 11)

↓ X :R-Ir meas

M= EXEM X roudou varable
S

sch that,BladPx(a) < +o]



My = Grandous variables which have firte
man y

Mz = &rouda variables which have frente

" I E(XY) = (dPy(x)( +a]
Im

I 2
----

Il Il

Jensen inequality : if f(x) : IR-IR Convex

(mooth and convex &"(x) *0XX)
↓ X rondowI Er f(x)dPy(x) = f[(xdPx(n)]&variable



Rot . we have to use that Sap(x) = 1

A convex and mooth.

#) . (x - No- - -

=

&
live taugent to thegroph of f pessing in the
point (Xo , f(x) has equation y = f(x)

+ f(x)(x-yz)

CSzdPy() &

---

L

f(x) = f(
,(zdPx(z)) + A'((zdPy(z)) -[- ,+dPy(z)]



+f) (ASZm
- IR

dPx(x
R d(x(x)
-m

mu

↓

in f(x)olDy(x) f(SzdP)In
I

+CRES)- (2)
-

=O



Take f(x) = 1x1* K1 A convex

Sf(x)dx(x) zf/SudS

Ry()= 1S())
*

if SIPol() sto = Soly(t
M M1 (if X tes bold K-moment ter

it has bod mean)



CONVEXITY of &

(ro)+ f'(nd) (X- Xo) Ex

↓ apply the convenity inequality to

& (xk) = f (xd) + f(x)(XY- yo)
⑪

= -

↓ *=Szdy(z) cousteut

i f(x)(rD2 f(zndP(z)
↓ ↑ fl((zdP()) . [SXdPyb-g
#alP(x) 2 f (SENdPy(z)



(some egument gives that Fh : IR-ID

(h(n) decx()2 [Sh(z)dEx1]-
- -

-

Econver if<(2)+o
(in the convexity insquality I substitute
X with h(x) and Xo With Ph(zoIPxE
-=I convex e(x) = Xi2McK
-
-

to > IxI
*

dx(x) =SEh()dPD
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he want to put some "differential" structure
on these speces (which are infinite
dimensional -> the "points" ore the rondow[ variables . )
-

X be au infinite dimensional) VECTORIAL
SPACE On IR (x2 ,

x- X xx
,+MXztX

- I
-↓ I Fa
,meIR) -

X is a METRIC SPACE if 7 a function
-

d) :(distance) : XXX->o , ta)



· d(x1
,
22) 10 Xx,2EX

9) (x
, x2)=0 ESx ,

= 22

· d(x
, n) = d(xz , x1) # SyMMETY COND.

· d(x
,,
2) = d(x

,, xz) + d(x3, 42)
CTRIANGULAR INEQUALITY
-

We say that the distance is associated to a

ORMIf d(X1
,
X2) = xall

Il Il :Ver Norm.=3) 11 x1+ x21l =11 xill + 11xz) -



distance= length of

P = (xy
,

y ,)
·- I

The seguent (P.,P2)

X2

Pz= (Xz
, yz)

d(p
. 42) .

=N+ 12k
(P
,
- P) =↑



Def I rectorial spece on IR
is a NORMED SPACE If there existe

a new 11 . 11 X To ,+a)
1) ((xIl = 0 c) x=0 11 x1120X

2)II X vll = W Ilall X- IR ((x . - xz)F1lx2-Xill
-↓ Patazll= 11x . 11 + 11 X2/
-

the nom is associated to a distence

d) (X1 ,xz) = 1(x1- Xel)L
y ,-y3

= X
, Xz = yy -yz 1(x

,1) + ((x2))

1(X ,+ xz)) = ((y ,-yst 3
-yzl= ((y- yall = 11y"-ysll + 11yz- yall



⑪.
X = Ef : ] -IR CONTINUOus]

fr
,
f2eX => Xf + ME2 is antimous

: to
,
13 - IR

#MEIR
NORM
-

(L* NORM) Ilflla=0 Vf
Il flla-max (f(x)

[ Ilfllo =0 #) max (f(x)) = 0
- 201]

- X+[0 , 1] 114Allo =1) IlElla
d

&o (f ,g)=oY (f(-g(x) la glo =mexlfl
=maxe(x)(+ (g(x))]
=>max (f(x)) +max(g(x))



Il=/dx it is also a Normax
-

Il f 11120 62/f(x)(dx=0 E f(x) = 0 vx

1) x fllz = St(f(x))dx = (. S'f(x)) bx = (x)18112

(lf+ glly=21_x +(10x ->S If(x)) + (g(x))dx =
= S'1f(x)(dx +5 (g(x)(dy

g)=(2(f(x) - g(x)(dx



↑(f , g) 28 E (f(x) -g(x)) = Ey
-

:- f(x) = g(x) +5 XxEo]

d (f ig) 20 Es 1f(x) -g(x)/dX20

Soixdx -(E) 'A(x)dx Soxidx +



0X1 - th

n(x- 1 + 2)
Ex fn(x) = & ig(x)= 0 FX

ds (fu , 0) = - (fu(x) -0)dX =

= S2m(X-1 + +(0)x = 2-1
do (fn , 0) = max (f(x) - Ol = 1 Un

X+ [0
, 17



live ds (fu , 0) = 0 fu is "going" to
-u+ +o the constant function-

O in the

lin da (fu ,0 = 1 sense of te da
Meteo- distance

, but not

in the sense of the
da distence

icommer
soci

and XIX we say that

⑫u= X ECxn-x1)= 0me tro en+fa

Xn+ X iff DISTANCE Between Am ,
X GOES to 0

.



Definition Let X be a vectorial space or IR
-
-

and a nome I . Il on it-

We say that the nored space (X, 11 : 11)
Is complete if
X(xn) Sequence in X such that

livr 1(Xn - Xm))=0 ( such sequences ore called
M
,
m++a CAUCHY SEQUENCES)
it holds that there exists XEX such that

live 11xn-x11 = 0
1

(So Carchy sequences are converging to sareelement in the space X).

A nored complete pe ce is called a BANACH SPACE



obs

Notall the nored spece are complete-

X = {f : To , 1 - IR contrously

Ilf(la = S1(f(x))dx
O XIt

(x) = E~)Ent2
↓ 1

X = 1 + tu

⑭Couchysequence
PFm(x-fu(x)/dx +>



⑮
-

1

~
-

- 1-m(x[+h] - Em = Em-in =

= -[m- ]+0
as m

,
n+ +0



In is Corchy /In-full =Elt-
-

&

e

-Nevertheless fr is NOT CONVERGINIG im

11 Il2 to , a finction f in X -

we coin fn- . f =[0X in 11 . 112
E-tu

: (fn ,
f) = Il fr-f(li= (t(f(x) - f(x)(dx = 11 - m(x z) =

&

== 0 as M+ to
I

2n
S

S

&Xsince a is Not continuous !
=

# , Il . Ila) 13
.

Not complete



Observe that fu is NOT CAUCHY WITH RESPECT to

II . 110 !
u > m

1Ifn-fully = ap /fr(X)-Em(X))7 fr (E +h) - fm(+
To , 17

M - # 0
-Mcv

-

live e

-

Ilfm-fullo = I
= 1 - m =

n- m

=M
,
m+ + o

= line
S

n
,m +
+

Ctake m = Iltn-Fallo = E Un
m= Ilf - fello ==

S



One car prove that

(X = 2f : To , 1] + IR continuousb , 11 . 110)
is COMPLETE

In Couchy IIfn-fullo = up/fr(x) -fm(x)) - 0
Xt(01]

So #X-TOM (fu(X)-fm(x)) +0 = F live fr (x)=f(x)

One care also mole that I is continuous


