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S is a 5-algebra if -E ,
it is closed by

pessage to the complement if A +E = X***,
it is clased by Countable union
-

AitE ieN ViAitE
. h
In GENERAL

Gallest d -algebra 48 , XY If At E andBEA
it is not True

legest 5-algebra P(x) that BEE.

C = P(X) Ca set oflubsets of X
E = V-algebra generated by C =

unollst
-- algebre which contains. all elements inC



X= IR C = 2 (a,b) , acb a
, bepRY

L

(a
,
b) =Gx+ Iracxb]

Ec = r-algebra generated by C = B(IR) = Barel
e- algebra
-

B(IR) contains (a
,b) (a , +al ( - 0, b)

· (0 , b] , 20 +s)
+8"(a

,
b +m)corn ,b)n = 1

[a , b] = IR- [Fm(b,tro]
to

,b) , (0 ,
b]...



B(R) = Folghbe generated by h ,33
,
ach

byG ,
b] aby

-([2,b) aby
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Toset where there is a LISTANCE

di to, to)
x
, y + d( ,y) = distance be tweenE

X , y

d(,
)=

,
d (n

,y) 10 and )(x , y) =0() X
=y

d(x
,y) = d(y ,X) I is a distence if

3) d(x , y) = b(X ,z) + d(z , y)(12)27 Cold .



e(X) = Volgebra generated by
the family C= (Ir(x)

= Y

, fax= X 2 0]
-

2 xx= (y +Xd(y ,
x) <2]

if X= IR d(x
,y) = (x- y)[In(x) = (X- r , x+ r) = Gy + (R(x-y( +]

(a
,
b) = (X-r, X +1) X = a + b r = b -a

Z Z

i



B(IR) my) (R4d(x
,y) = (x - y) =
-

J =Nxiy,)2+... +(xn-yn)"
- algebre in IR" generated by1 In(x) = (y +1 + (xn- yn)- ]

I (x - y ,)2 + - + (xn -Yur2
= B(X , r) = open bell in IRM

Centered at X and

with radius 2
-

BIRK = BXB(IR)
u times



BCR") is the cullest E-elgbra
-

↓ generated by B(xr) YER
-

270

it is also the mallest E-algebra
generated by rechengulars
~bi) x(92 ,b2) X ... X(an , bu)

#X (2

92



[ = Suplex number = IRXIR = IR

B(K)- --

-

I Six
VX a set

/
E a 5-algebra on X

M : 2 -> To ,
+8]

* +o M(A) = 0 (possibly MCA)=+a)
is called a measure

f M(q)=0I

[andi is -addictive (V = countable)
that is if AieE AinAj = a M(i) = M(i)S

if(



If me is a measure defined on E , Galghbao X
we by that (X, E, M) is ameeue poe

-
sett r-algbramassa

Properties of measures :

2) monotonicity with respect to inclusion.

ALB ABEE u(A) [M(B)
B = AU (BA) M(B) = u(A) +u((t)

2) continuity Bi= A)

famly AitE Ai Ait fi ⑭Bz= A2lA ,

#Aline M (An)
B3= A3Az

n ++ --



Anti *
M(Aid) = +&

M(An) = liv ↑e (Au) Bi = Ai lAz
n++

Bc = A2Ay

· 3) i-wbaddiching
HitE # possibly with intersection

D g
M(Vitil E M(Ai) ⑭-

i=1
-

--



&

X a space with a distance B(X)

I sey theat u is a Bord meaure if it is

defined on B(X) .
M

(in IR Bol meatines will be defined on B (IBY
-se

-

Let's fix (X , E,u) a metric spece M : 2-to
,to]

a measure

E = completion of E with respect to pe
S

↓ EuXIE ,
such that JBEE

,
MB0

I will extend M
↓ and ALBY

Patting M(A) = 0 M : E -> to , too]



(pessage to the completion is an obstract

procedure , I'm odding "negligible sets",
subsets of sets of measure Zero

if AEE M(A) = 0 how the point of view

of the measure , the information we have on A

one the same the the information
We have on &

I we ney that a property on elements of (X,E,M)Golds ALMOSTEVERYWHERE if It holds[ExeXIA where M/A) =0.



Def X, , M) we by thatIsfinite M(X) <+o

(XEXv-algbra)

↑ is -finite if X= An + E
-

M(X)= + a -

sch thatpe(Au) < +o

F: IR-IR
,
I monotour mon-decreating
XXy x

,yEIR
F(x) = = (y) (immagine

↑

recessorly
F right continuous strickly incras)

-
oeim (x =FlaXeat

XeaXxa -



I defina

M=,b] : = F (b) - F(a) .

-

Proposition MF can be extended to a Bal

wease · (a measure an all the

- [
Ball sete)

.

MF() =Me[(a, b - )) = em MF (a ,
b-tr]

n + +x

= lim F(b-1) - F(a) b-t In EN
N

I
-
#-Ab b -1t la,b-]

= liv F(X) - F(a) M

X+ b be.-D



Obs

M= (a ,b) - ME (a, b) = M= [(a ,b) - 10 ,b)] =
= MF(hby) = F(b) - line F(x) 20

X+ b-

Of # is continuous in 5b (limF(x)=F(b)
X+b

= M+ (by =0

If has a jump in b M+Sby=height of the
jump

E

MF (IR) = MET(n , u]) =
= liver MF ( -u

,n = Sve F(x)-F( x)
=

M++o Xeta



-live F(x) - Une FlyX-ta

Mi is finite E) live #ta
XStor

liner F(x)) - a
X- - D

#tisalways -giritenutiit is -finite

IR (- n
, n]

in all the
other cases)

-

MF ( - n ,n] = F(n) - F(- m) 20
EIR



Theoreve

Every pe finite or 5-finite Borel measure

S
&

on R is actally MF for some
F : IR -IR right contenevous and

monotone non-decreating
. It is unique up to addicon of contents
VCEIR M F(x)+c

= MF(x)-

*

↑F(x) + c(a ,b) =F(b)
+x- (()()

F is called the "cumulative" distribution
function



Le viteBena
O X = 0

&

( = (u(X , o3 X0

E nov
monotinicity ofpe w . r . to incluso =>

decring
continuity of Me > right continuity of F

as0

livr F(x) = live F(a +1)= lM(0 ,aX- at M++o

T = M((0 , a + 1]) =M= (0 ,a)
= F(a) .



M(-00 , +a]1 + a

If risfinite we may
also define

< to inandecreasingM(-0, x] I right cont
> O

e

F(x) + M (0,0= m(0 , x] + 47-0, 0] = G(x)
nu

X=0

F(0) +M(- 0 ,0) = 0 + M) - 0 ,0] = G(0)
(-a,0) =(- 0,x]u(x,0]

XLO

F(x) +m( 0 ,0] = xo] + ↑(0, 03 = m( s,x]
u
~ = G(x)F + M( 0 , 0] = G MF =MG



Ex
.

F(x) = X

↓ #
MF is called the Lebesgue measureL
-

Cit is ameaure which asso notes to

intervals their length-
MF (a ,b) = MF (a , bj = b - a (bxa)

MFGay = O because FIS continuous

& L is -finte (finite)



B(CR) completon of BCIR) with respect to I

↓
- M bebeeue wearable sets

C it il Not all the PCR) !)
Fumar ubsets of IR whichone NOT MEAS

by Lebesque (it is not possible to define a
votion of leighth which is coherent and

applicable to all possible wheets f IR).



1 X20

0 X10 ·

F(x) = 2 -
&

ME = No (Dirac measure

Go(a ,b) = F (b) -F(a))
o Tis alb

#03= 1 doday =o ↳ acob
ACB(IR) Fafa 1

1 if OtA
Jo(A) = E o if OfA

BTIR) = P(IR)
= nu



IRISOY is a set of measure o

↓ to (IR1402)
=0

BCIR) contains all subsets of 1 boy
it contains also boy

5 : (IR) -+> Fo , tro]

(=4CEIR Gn = MFc
↓Dirac mostre centered at c.

&c(A) =45 EA-



ht
cont

F(x) = [X] = integer part of X increasing

[x]EY [x] = Ebiggest ZEI sich
-
tot zX

.)
-

[3 ,371] = 3 - 4
,
32

3
,

2
..

1134
[- 4 , 32] = -5

m

50 ,3] = - 1 I
-

-o
-y



Me "counting measure"

M= (A) = (zX , ztAY
Till11y

number

ACBCIR) MF (A) = number of intege which

RE4
one in A

MERY= 1 MF (xy =0 Xy*.
-

E) =PR)
·

MF (m , n +1) =0 kne])
un



ex
2 set

F = 5-algebra on h

P : -> to
, 17 is a probability

measure

(if it is a measure

only taking values a in to , 17

I(r) = 1
...


