
COMPUTABILITY (04/11/2024

* Classofartial recursive functions R

least rich class of functions i
.

e .
least class of functions

-> including the Basic Functions

-> closed under

1. COMPOSITION

2. PRIMITIVE RECURSION

3. UNBOUNDED MINIMALISATION

Theorem : R = C

Proof

(R = e) 2 is rich

(e = a)

Let f : N" - N be a funchon in C

and let P a URM-program for F

Define

& CP
: Nk+ 1-- N

/ ,
t) = content of register Ra after t steps of PC)

Jp : NNK+ -- N

G
Jp( ,

t) = S Instruction
to be executed aften t steps of P()

if Play halts in tor fewer steps

Them

fre)= / , ut . Jpk ,
t))

We conclude by proving <ph , Jp ER



program Prim
sta form

-> Is

-> IzS :

Is

1234

memory #10/0)---
-

>en.... C = pe · pi . p.
i =1 = 22 . 3 . 8 = 20

ri = (0)
: (20)3 = 1

& <p
: Nk+ 1-- N

&( , t) = content of the memory after t steps of PC)

Jp : NNK+ -- N

G
Jp ,

t) = S Instruction tobe elecutedaftenttepof

we define <p , jp by primitive recession

= -Sulo-
# [p( , 0) = 1

recursion cases

we defineprätte
Jp( , t+ 1)

by using Cp( , t) wo

Jp( ,
t)
+ 5



and Fj = z(m)

C(
,

+ + 1) = ↑
gt/ pr if 1 = j = e(p)

Pri C if 1 =31 e(p)
and Iy = 5 (m)

prm . pe pe, if 1 = Je(p)
and Ig = Tim ,

m)

otherwise
C

(3 = 0 01=y = /p)
and In = Jimin, uf

1--
C = p..- --p em = (c)

M

J+1 f 1 = j = ep)
and Ig = S(m)

, zim)
,

Tim
,
me

de Iy = Jim ,Mus & (mF (cm

U If 1EJECP) ama

Jp( ,
t +1) = f

O

and wee/p)
Ij = Jim , m ,4) and (4m = /Pn

dherwise

Hence Cp ,sper /obtained by composition/primitive recursion

from functions inR

and

free) = (p( , ut . Jp( , t)))

hence feR



Primitive Recursive Funchons

PR = least class of functions which

-> includes bosic functions
-> closed under

② composition

② primitive recursion - for loop

③ minimalisatom - while loop
-

PR E & n Tot
-

↑
3. ↑

Ifor Efor , while

Ackermann's Fundion Y

4 : N= N ↑fTo
y( , y) = y + 1

↑ Y (a + a ,
0) = 4(1) +1

,
0) Tex 1,

1

Peyta) =P+1
Tex(x , u)

/N
,
Fent Key) Feedy') if bakes') as kac and yey'

(1000000
,
1000 000 000 Tex (1000 00 1

,
0

(2000000
,
1000 000 0od) (1000 000, o

sex

f : z + 2 fl - 1)
↑

fr - 2)

fizr=( fris)
"



* partially ordered set/posetf

(D
,
e) X reflexive xx

antisymmetriceya yea = x + y
transitive x =ydy = z => x = z

* Well-founded poset

(DE) is well-founded if XXID X#G X has a minimal

element

↑··Vi

!·.1
↑

dex minimal Vd'ed then d'= d

D = 2 (pear , m) , /apple , m/1 meINY (a
,y)E(x) , y

, )

i

:
If x = x & yzy

rear
, 2) a rapple , 2

spear , 1) · ropple ,
19

↑ ↑
plar ,of appese

Z not well founded

N well founded

TE : (D
,
K) well-founded if there is no infinite descending chaim

-

↑

up
to do = da = dzx ----

foundational
roetals"

* (IN? E) well-founded

let xeN x+ x = min(x((y . (xy) = x)
yo

= min (y /(ay) => x)

↳
Kyo = minx



* Induction Prm) men =
↓
Pro) and assuming Prm: you prove prm +a

N

Pim) for all m

A binary tree with heigth m has at most am leaves

(n=0) - number of leaves =1

(m -= m+ 1)

9 Ma
,
Mz M

I Anna Tat One needs the inductive

hypothesis on me & M2

*

templatenoluci
e se

If for all MEN , assuming Pim') for all me

I com deduce Prm
I

H

for all meIN Prm) holds

·Wefounded inducon

(D
,
E) well-founded order

Prest property of se D

If for all deD
, ossuming Vola Pro'

I com conclude Pray

↑

N
VoleD Pro



1 4 10 total

Vegyet p(x ,y)t

by well-founded induction on (N&E

Proof

let KyleI
,
assume Flay's Feulay) Playst

we want to show 4, y) d
P(ay) = y + 1

dPrata) = P(x,
1)

3 coses P(x+ a, y+ 1) = 4(x ,p(x + 1
, y)

(x = d Pro , y) = y +1t

pao
, yed) p(x+1

,
0) = y(a ,

1)

(1) sex(ect1
,
6) by ind

= P(x ,
2)d hyp

laya) Play) = Pla-2, ) =

PTex (ay by ind.

=> Play -2)t
hyp

= U

by ind.
hyp

D

(N2 ex)

araut-
-

N N N

↓
-

② per = 2

Pra , 1)
= Pro,

Pross

!

11
,
1

,
3) (0

,
2

, 3) (20
,
2) (0

.
1

,
2)



valid set of triples S : informally
(

,y ,
z) = N3 -> z = P(x , y)

-> S includes all triples needed to

compute 4 on (a
, y)

P(ay) = y + 1

formally : SIN3 valid if dPrata) = P(x,
1)

② 10
, 4 ,
2) es = z = y+1

Pretay+ ) = y(,y

(2) (a + 1
,
0
, z)es = ( , 1,

z) =

(3) (+ a
, y + 1 , z)es = Even at (a+ 1

, y , u) es

(x , u , z) = S

you can prove Flesy ,
z)e

Pay) = z iff ESCIN3 a Fate valid set of triples s
.

t.

( , y ,
z) = S

thes

Tresyl = "M))Nvaldfmite set of tapef
↑
encode os anumber

- = ((x4y ,
z)

, (2, y2, zz) ,
---

,
(xm

, ym ,
zm)]

(m(( ,ya) , z), - --T((m , ym) ,7}
4

-

-
km

p

n 4 = R = 2



③ YEPR

successo

x + 0 = x E successor iteratad y times(ect(y+) = (+ y) +1

(xxy) +
↓

"
+

" iterated y times

(exx F "
* x" iterated y times

i

Idea : I brings the above to the "amit"

#
4(0, y =

y + 1 ↑
Yo(y) = y + 1

Tata ,
d) = 4(x ,

1) Yat(0) = Ya(1)

P(x +1, y + 1) = 4(x , p(x+ 1 , y)) Yaty (y+ ) = Tx) Tati(y))

consider s as fixed parameter --
-

Yx(y) = 4(xy)

Yty (y +1) = Tx)Tati(y)

= Tes Tor (Tot (y-1)

= Ta Te Te (Tot (y-2)) -.

i

-E
=p

roughly : Increasing a
to e +1 requires iterating the funchom Yo

=~ increases the number of rested primitive recursion



=> the full function would require infinitely many
mested primitive recursions

Some more ideas...

concretely :

Yo(y) =

y + 2

Ya(y) = yy
+

+(1) = y+ 2

Na(y) = 4
+ (2) = 2(y + 1) + 1 = 2y + 3 vzy

2
es : 40 (1) = 2

42(2) = 5

Pa (1) = 13

Y4(1) = 21

Y4(2) =22 E 206400

One CANPROVE : Given a funchon FINAN E PR and a program P

computingf using only "For-loops" (primitive recursion

If J is the moximum level of resting of for-loops

f() Yeta/moxbocib)

Now
,
ossume PEPR ,

let I be the level of mesting of
for-loops(of primitive recessive deft)
for computingY

f(ay)

Play) Yatz (maxkyd



let x = y = j + 1

↑ (j +1 , j +2)
= 4j+2(j +1)

= y(j + 13+2)

controdiction

=> pePR


