
COMPUTABILITY (28/10/2024

J
Class & of urm-computable functions

* contains the BASIC Functions

/b) successor

1) projections

Cal Zero ⑧* closed under
-

1)generalised) composition
2) primitive recursion 3
(3) cumbounded minimalisation

* Observation : Definition by cases

Let fr , -- . fr : NK-IN functions computable total

Qu) , --
Qm) = INK predicates decidable st . VeIN"11] st .Gl

and we let f : In- In

fatt if Rel

fl) = facer if Qe

i iM
funke r if amb

Them f is computable.
total computable by hyp.

zoof-
L

far = fakl ·Kask)
·

KariKam~
o if Qi) true

-fabira
proved computable

O if Refer is false

F is the composition of computable functions hence it is computable
total T



Example " m= 2 fab)= Va Q1(x) = Free

fz(x)t Va Q2(x) = Folse

fle= fe Va

False

↑Kan Fanta
fese

* Algebra of decidability
Let Q)

,
Q'k) INK be decidable predicates. Them

①Qu

ore decidable .

② Qu) 1Q

③ a) var

of
① Faber 2i = (a()) = 1 = xq()

↑ comportion of computable
Takü = 1

functions -> computable

② Kanga) = Kal) .Kat

↑
③ Kavak) = gal) Ka)

E Bounded Sum/ Product

Let f : N+ 1

-- N f( ,
z total function

define h : ink - In h(
, y) = f(53 , a) + f(5 ,

2) + -- . + f(
, y
- 1)

= fl

↑
ho) = o

h(
, y +a) = h(

, y) + f(e ,y) h is total and computable
/by primitive recursion



# f(x , z) fr , z) = 1

zxy

Eytafrer =tyfrz · Fly

* Bounded Quantification

Q
,
z) e /Nkte decidable predicate

② Pry) = Vzxy . Q(z)
decidable[Exercise]

② Ezxy . Q( , z)

* Bounded Minimalisation

Grem f : Nk+ - IN total

define h : ink - I

h(
, y) = ↓

minimin zy St
. Flazl = 0 , if it exste

y if no such a exists

=

Mey · f
,z)

o (y
- 2

/
a

---

---

freo farzo ....

Istion : If F : Nk-IN is total computable them Mzy · flz

Roof is total computable

We define Grey) = maxy .
flee) by primitive recursion

h,y

#
ho = 0

↑ Ky (

frelo y Ytz

mytes = ↓if
heyi =ym h(

,y

if heg =

ywe dif frey)
= o wo y = hay

if frey) -> y + 1 = hk
,y) + 1



=

hräghyz
=> ↳ computable by primitive recursion.

#

Observation : The following functions are computable

* div : IN - IN

an(e , g)= ifadesy ema,e

* D : N-N

Dres = mumber of divisous of = divye

+ y = x + 1

= Pal =2pie
se

15 prime iff the only direos of es ore es and 1 & 1

iff i has exactly 2 dirrons

Pa(a) = (lD(x) - 2)

where
(- y) = (a = y) + (y = x)

*
Pa

= ath
prime number

Po = 0 Pr = 2 42 = 393 = 844 = 7
...

in fact , by primitive recursion

Po = 0



In

Pete
= "ME?pume & z = pe

-

P2(z) = 1 g(z = px) = 1

=

uzanzg↑ O iff condition is true

letp be a pure factor

them pepi Fi = 1
- c otherwise if p = P

forsome j = 1 .. a

them pdivide pi
anc= +

then p : I

↳
p = 1 not prime

nance p= i
.
e. pete

thes azpei) + 1

· by = exponent of py in the prime factorsation of se

20

In 12011 = expoment of Pe = 2 wa /202 = 2
22

.
30 . 82 . 70 ...

120)2 = 1

( = 3
+ (28z = 0

(20)
z

= - "

T = 5 +> (20z = 1

(20) = 0

(20) = 0

i

bly = max z by divides a

= max z
.

div (pg ,
x) = 1

= min Z div (pyz+ x) = 0

=

ME . div/gyzt')



EXERCISE : All functions which obtained from the bosic functions by

composition and pamitive recursion ore total.

* Fibonacci

f(0) = 1 not o primitive recuzion

f f(2) = 1
fineta) = fimi + finti

g
: Non
gras = (fims , fim + 2)

D = N

I : N2 -- N bijective reffective

it2 : N - N "effective"

Tay) = 2"(2y + 1) = 1 computable

-
1

: IN - In

-2(m) = (Ta(m)
,
Ta(m)) Tata : N = N

M = 2(zy + 1) = 1 T(m) = (m +1)

n + 1 = 2 (2y + 1) Tarmsim =2)zu

Ta
, the computable

Te "effective"

g : N - I

↑ gras= /fim) , finti

gro= /fro) , f(a)) = (2,
2) = 24(2 . 2 + 1) = 1 = -



ginta) = /finta) , fa
↑

Tagiay "Fini + finti) = Talgins) + Ta(g(m)

= )(g(m)) , Tergimy) + Ta(grm)))
↓

g computable

( by primitive recussion)

N

fim) = Telgine) computable by composition


