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Abstract

These notes are intended for the first year students of the PhD course in Statistics, at
University of Padova. They are not exhaustive, nor complete, but they could serve as a
basis of the study of the arguments presented during the course of Functional Analysis. The
topics are presented in a quite informal way, trying to reach also students without a specific
preparation in mathematics. Only few proofs are provided and for the others bibliographical
references are provided. At the end of each section some exercises are proposed, more or less
simple to solve. In the appendix there are the (sketchy) solutions to the problems.
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1 Measure theory and integration

1.1 Measure space

We fix a set X and we define P(X) the set of all subsets of X.
Definition 1.1. ¥ < P(X) is a o—algebra on X if
— it is closed by complement, that is if A€ X then X\A € X,
— it is closed by countable union, that is if (A;); is a sequence of elements in ¥ then U2 A; € 2.

Let C < P(X), then X(C), the o-algebra generated by C is the smallest c—algebra which contains
all the elements in C (and then all countable intersections and countable unions of elements in C).

The smallest possible o-algebra on X is given by ¥ = {¢J, X}, and the largest possible o-algebra
on X is ¥ = P(X).

Definition 1.2. B(R) is the o-algebra on R generated by all the intervals C = {(a,b) | a,b € R}.
B(RY) is the o-algebra on RY generated by all the pluri-rectangulars C = {11}, (a;, b;) | a;,b; € R}.
Remark 1.3. Note that o(C) = B(R) also when C = {(a,b] | a,b € R}, since (a,b) = Uy, (a,b— 1],
or when C = {[a,b) | a,b € R}, since (a,b) = Uy, [a+ L,b), or when C = {[a,b] | a,b € R} again
because (a,b) = Uy [a+ 1,b— 1] Analogously o(C) = B(R) when C = {(a, +) | a € R}, since
(a,b] = (a,+0) N (—o0,b], and (—o0,b] = R\(b, +00) and so on.

Definition 1.4. Let X be a o-algebra on X. A function p: ¥ — [0,400] is a measure if

- M(@) = 0)

- it is o-additive, that is if (A;); is a sequence of elements in ¥ with A; N A; = & fori # j
then (Ui, 4;) = 377 ().

(X, X, 1) is called a measure space.

If p(X) < +o0, then w is a finite measure (a probability measure if p(X) = 1). Usually measure
spaces with probability measures are denoted with Q (in place of X ), the o-algebra is F (in place
of ¥) and the measure is P (in place of 1).

If X = U A;, with p(A4;) < +00 for all i, p is o-finite.

If X =R", n>=1and ¥ = B(R"™), then u is called a Borel measure.



1 I()EA

Example 1.5. Let zy € R, and define the measure on P(R) as d,,(4) = {0 i A
Lo

Then ¢, is called Dirac measure centered at zy.
Proposition 1.6 (Monotonicity, subadditivity, continuity). Let pu be a measure on X.. Then
(i) if Ac B, A,Be X, then u(A) < u(B) (monotonicity with respect to inclusion);
(i) if (Ai)i is a sequence of elements in 3 then p(UP, A;) < Y7 u(A;);
(iii) if (Ai); is a sequence of elements in 3 with A; € A;j+1 then p(UP,A;) = lim; 1o p(A4;);
)

(iv) if (Ai)i is a sequence of elements in ¥ with A; 2 A;11 and p(A;,) <+ for some iy, then

(N2 Aq) = limy o0 p(A;).
Proof. (i) Observe that B = A u (B\A), so by cg-additivity u(B) = u(A) + u(B\A) = p(A).
(ii) Let By = Ay and B; = A;\ UZ Ay then B; are disjoint and

+o0 +o0
p(Vidi) = p(uiBi) = ) w(Bi) < ) u(A).
i=1 i=1
(111) Let B]_ = a1 and Bz = Ai\Aifl then
+00 n
p(uidi) = p(uiBi) = ) u(Bi) = lim ) u(Bi) = u(An)-
1=1 1=1

(IV) Let Fz = Aio\Ai for i > io. Then /,L(AZO) = /,L(Fl) +/.L(Az), P’Z < Fi+1 and UiFi = Aio\miAi-
Therefore by 1), we get

#(Aig) = p(nidi) +lmp(F) = p(nidi) + lim(u(Ai) — p(4i)

and we cancel p(A4;,) from both sides.
O

Definition 1.7. Let (X,X,u) a measure space. The completion of ¥ with respect to p is the
o-algebra
={Ac X |3B,CeX,u(C)=0,Bc A, A\B c C}.

Definition 1.8. Let (X,X,u) a measure space. A property holds almost everywhere if there
exists N € X with p(N) = 0 such that the property holds for all x € X\N.

Proposition 1.9. Let X be a o-algebra on X and p : X — [0, 4+00] with u(&) = 0. Then they
are equivalent:

(i) p is o-additive: if (A;); is a sequence of elements in ¥ with A, N Aj = & for i # j then
[e¢]
PPy A = 270 (A,

(ii) p is additive: if A,Be X and An B = then u(A n B) = u(A) + u(B)
and
w is countable subadditive: if (A;); is a sequence of elements in X then p(u2 A;) <

D3 (A);

(iii) p is additive: if A,B€ X and An B = then u(A n B) = u(A) + u(B)
and

L is continuous on increasing sequence of sets: if (A;); is a sequence of elements in X with
A; € Aipq then p(UP A;) = lim; 40 u(A;).



Proof. The fact that (i) implies (ii) and that (i) implies (iii) has been proved in Proposition 1.6.
We prove that (ii) implies (i). We consider a sequence (4;); of elements in ¥ with 4, n 4; = &
for i # j. Then by (ii) we get that u(U%,A;) < Y% u(A;). On the other hand by additivity
and monotonicity (which is a consequence of additivity) we get that for every n, p(UP A4 =
(Ul A) = 37 u(A;). Sending n — +o0 we conclude u(UP, A;) = % u(A,).

We prove that (iii) implies (i). We consider a sequence (A) of elements in ¥ with 4;nA4; = &
for i # j. We define B; = uézlAj. Then u;B; = u;A;. Note that by additivity u(B;) =
21 #(Aj) and that By € By € Bs.... Therefore by (iii) and additivity we get

4 +00

0 ) — el ) — — ) = .
U A) = p(UZ1 Bi) = Tim ju(B;) 13%321“(‘4]) j:1u(z4])~

1.2 Borel measures on R and cumulative distribution functions

Let F': R — R be an increasing function which is right continuous, that is lim,_, .+ F(z) = F(a).
We define for all a,b € R,

pr(a,b] = F(b) = F(a)  pr(d) =0.
Then for every set C' = R we define

lnf{ZF (lz | Ccc Uz(azabZ]}

Note that since F' is increasing, we get that for sequences a1 < by < ag < by < -+ < a; < b; <
a;+1 < bjy1 ..., we obtain

g (Viai, bil ZF

Observe that if we define C = {(a,b],a,b € R}, then 3(C) = B(R). Note that if F; = F» + ¢ for
some constant then pf, = pf, . Also the viceversa is true: if ¥, = pf, , then Fy = I + ¢ for some
constant c.

Remark 1.10. Note that F' monotone increasing implies that pp(a,b] = 0, and moreover, since
F is right continuous, then

wr (Un(a+1/n,b]) = pr(a,b] = F(b) — F(a) = F(b) — lirILnF(a +1/n) = lirrlnup(a + 1/n,b].

Reasoning as before, it is possible to see that, at least when restricted to C, there holds that pr has
positive values, is additive and is continuous with respect to increasing sequences of sets (which
is enough to get o-additivity if pr is defined on a o-algebra, see Proposition 1.9).

We recall that F' is monotone increasing and then lim,_, o, F'(z) = sup F' and lim,_, o, F(z) =
inf F' (we say that if F'(R) is unbounded from above, sup F' = +o0 and if F'(R) is unbounded from
below, inf F' = —0).

We may extend p}. to intervals obtained by unions and intersections of elements in C, and



using additivity and continuity. In particular we get
pa(a,+0) = ph(un(a,a+n]) = 117{11F(a +n)— F(a) =sup F — F(a)
ph(—o0.b] = ik (Un(b—n.B]) = m F(b) ~ F(b—n) = F(b) — inf F
pE@D) = uE (Onsng(a,b— 1/n]) = lim F(b — 1/n) ~ F(a) = lm F(z) - F(a)
N?(—Ocab) = y’ﬂ}‘? ((—OO,b—l]U(b—Lb)) =,U,§‘((—007b—1])+M;((b—1,b)>
= lhiliF(x)—F(b—l)—Q—F(b—1)—ian: liriliF(x)—ian
prla,b) = = pplla—1,0)\(a=1,0)] = pp(a—1,b) = pp(a—1,a)
= linb{ F(r) = Fla—1)— lim F(z)+ F(a—1) = lirg F(x) — lim F(x)
ppla,b] = pplla,b+D\(b,b+1)] = pla,b+ 1) — pi(b,b+ 1)
= F(b)— mlggf F(x)
wrla,400) = sup— lim F(z).
F T—a~
Note that
ppR) = ph(un(@a—n,b+n])=lmF(b+n)—F(a—n)=supF —inf F
pp(fa}) = ni((c.a]\(c a))
= ph((c.a) ~ ph((e@) = Fla) ~ F(o) ~ (lim F(z) ~ F(c) = F(a) ~ lim F(x).
Theorem 1.11. (i) There exists a unique Borel measure g which coincides with pk on inter-

(i)

vals (a,b]. This measure is o-finite and it is finite if and only if sup F — inf F' < +o0.

Given a Borel measure on R which is o-finite, there exists ' monotone increasing and right
continuous such that u = pp. F is unique up to addition of constants: that isif p = pr = pc
then there exists ¢ € R such that F(x) = G(z) + ¢ for all z. t

Proof. (i) The proof is based on the Caratheodory criterion, and we refer to [2, Theorem 1.14,

(i)

Theorem 1.16 ]. As for the o- finiteness it is sufficient to observe that pup(—n,n] = F(n) —
F(—n) < 400 and R = u,(—n,n]. Moreover, since pp(R) = sup F' — inf F', we conclude
that F' is finite iff supp —inf F' < 4o0.

We want to construct F. Put F'(0) = 0 and

Flz) - w(0,2] x>0
—u(z,0] = <0.

Observe that if b > a > 0, F(b) — F(a) = p(0,b] — u(0,a] = u(0,b]\(0,a] = p(a,b] = 0, if
0= b> a, then F(b) — F(a) = —pu(b, 0] + u(a,0] = u(a,0]\(b,0] = u(a,b] = 0 and finally if
a <0 <b, then F(b) — F(a) = p(0,b] + p(a,0] = p(a,b] = 0. So F is increasing.

We check that it is right continuous. First of all observe that for a > 0, lim,_,,+ F(z) =
lim, F(a + 1/n) = lim, x(0,a + 1/n] = pu(nn(0,a + 1/n]) = p(0,a] = F(a). If a = 0
lim, ,o+ F(z) = lim, F(1/n) = lim,, u(0,1/n] = p(n,(0,1/n]) = u(&) = 0 = F(0). Finally
ifa <0, then lim, .+ F(z) = lim,, F(a+1/n) = —lim, u(a+1/n,0] = —p(uy(a+1/n,0]) =
—(@,0] = F(a).

Finally we already checked that u(a,b] = F(b) — F(a) and then we conclude that u = pup.

Assume now that there exists a right continuous increasing function G such that u = ug.
Then for x > 0, F(z) = p(0,z] = pe(0,2] = G(z) — G(0) and for x < 0 then F(z) =
—u(z,0] = pg(z,0] = —(G(0) — G(z)) = G(z) — G(0). So, this implies that F(z) =
G(z) — G(0) (for x = 0 this is trivially verified).

O



Definition 1.12. Let p be a finite Borel measure. The function F(x) associated to the measure
w and normalized in order to have inf F' = 0 is called the cumulative distribution function of the
measure . It is easy to check that F(z) := p(—o0,z].

1.3 The Lebesgue measure on R and R".

Definition 1.13. Let F(z) = x for all x, then Tip is called Lebesgue measure. We indicate with
L. We denote with M(R) the completion of B(R) with respect to L, and we call it the X-algebra
of Lebesgue measurable sets.

Proposition 1.14. The Lebesgue measure

(i) associates to each interval its length,
(it

)

) is translation invariant, that is L(A + x) = L(A) for allz e R, Ae M,
(iil) is homogenous, that is LIANA) = AL(A) for all X > 0, Ae M,
)

)

(iv) assigns measure O to points, and so also to countable sets (e.g. Q),

(v) it is o-finite, since R = Upen(—n,n) and L(—n,n) = 2n.

Proof. The proof is immediate by definitions and o-additivity. Exercise. O

Measurable sets in R which contain at least one interval (they are called sets with non empty
interior) have positive measure. On the other hand sets which are given by countable union of
isolated points have measure zero. Nevertheless there are sets with empty interior in R (so that
do not contain any interval) and with positive measure (almost full measure).

Example 1.15 (A set of positive measure which does not contain any interval). Let (r,) be an
enumeration of Q n [0, 1] and fix £ > 0 small.

Set A = Uy (ry, — 27", 1, +€27"). Then by subadditivity, L(A) < ) 227" = 4e. Moreover
B = [0, 1]\A is a set which does not contain any interval (otherwise it should contain some rational
number but Q n [0,1] € A), and moreover £L(B) > 1 —4e > 0.

Not all the subsets of R are contained in M(R), so there are sets which are not measurable.
This is due to the fact that if we want to define a measure p on the intervals of R such that
1([0,1]) =1, p(Au B) = pu(A) + pu(B) if An B = @& and u(A) = pu(B) if B can be obtained
translating and rotating A, then the o- algebra of measurable sets cannot be P(R).

Example 1.16 (A set which is not (Lebesgue) measurable). We say that =,y € [0, 1] are equivalent
ifz—ye Q. Let P € [0,1] aset such that P consists of exactly one representative point from each
equivalence class (this set exists by the axiom of choice). In particular this means that if p, p’ € P,
p # p', then p — p’ ¢ Q. We claim that P provides the required example of a non measurable set.
We prove it by contradiction, showing that it is not possible for P to be measurable.

For each ¢ € Q n [0, 1], define

Py = [(P+q)n[0, D]U[(P+q\[0,1))=1] = {p+q, pe Pn[0,1-q)}u{p+q—1, pe Pn[l—q,1)}.

So P, is obtained by considering P + ¢ and then shifting back of 1 unit the part of P + ¢ which is
outside the interval [0, 1).

First of all we observe that £L(P) = L(P,). Indeed [(P+¢) n[0,1)]n[(P+¢)\[0,1))—1] = &,
since if p+ g € [0,1) for some p € P and p' + ¢ — 1 € [0,1) for some p’ € P, then necessarily
p+q#p +q—1,since p,p’ €[0,1).

Moreover we observe that if r # g€ Q0 [0, 1), then P, n P, = &. Indeed assume it is not true
and = € P, n P,, this means that x = p+r = p’ +¢, for some p,p’ e Porz =p+r=p +¢q—1, or
z=p+r—1=p +q. In any case we get that p — p’ € Q, which implies that p = p’ by definition
of the set P and so r = q.



Finally we observe that Ugegno,1)Py = [0,1). Indeed take x € [0, 1), then there exists p € P
such that z is equivalent to P, which means that there exists ¢ € Q such that z = p+ ¢. In
particular this implies that ¢ € (0,1] and x € P,.

We conclude by g-additivity that

0 ifL(P)=0
L= £(0.1) = LogarpnP) = Y LE)= Y L(P) - { i
q€Qn[0,1) 4€Qn[0,1) +oo if L(P) >0

which is not possible.

It is possible to define the Lebesgue measures on R™ as the product measure of the Lebesgue
measure on R. It is a Borel maesure and we denote with M the Y-algebra of Lebesgue measurable
sets. We refer to [2, Section2.6].

Proposition 1.17. The Lebesgue measure on R™
(i) associates to each set its volume,
(ii) s translation invariant, that is L(A + x) = L(A) for allz e R™, Ae M,

(iii) is n-homogenous, that is LIANA) = A"L(A) for all X\ >0, Ae M, in particular L(B(0,r)) =
r"L(B(0,1)), where B(0,r) is the ball if radius r centered at 0,

(iv) it is o-finite, since R™ = UkenB(0, k) and LB(0,k) = k" L(B(0,1)).

1.4 Measurable functions

Definition 1.18. Let (X, X, u) be a measure space, and let f : X — R be a function. Then f is
measurable if for all t € R,

At):={ze X | f(z) >t} = (t, +o) e X.

In particular we will be interested in the case in which (X, X, u) = (R", M, L). In this case
saying that f : R™ — R is measurable is equivalent to require that for all A € B(R), f~(A) e M.

Example 1.19. Let A € M and define the characteristic function of A as

1 z€ A
Xal@) = {o v ¢ A

Then x4 is measurable. Indeed A(t) = ¢ for ¢t > 1, A(t) = R™ for ¢t < 0 and A(t) = A for
te(0,1).

Example 1.20 (Random variables). If (Q, F,P) is a probability space (that is a measure space
endowed with a probability measure), the measurable functions, that is functions f :  — R such
that for all t € R, A(t) := {we Q| f(w) >t} € F, are called random variables. Usually random
variables are indicated with X instead of f.

There is a notion of convergence of measurable functions which is quite used in probability.

Definition 1.21 (Convergence in measure). Let f,, f be measurable functions defined on the
measure space (X, X, u). Then f, converge to f in measure if for every e > 0

lim jufar € X | |fu(2) — f(2)] > ¢} = 0.

If we are in a probability space, this convergence is called convergence in probability, since
it reads
IimP{we Q| | X, (w) — X(w)] =€} =0.
n



1.5 Integration with respect to the Lebesgue measure

Definition 1.22. Letk > 1, Ay, ... Ak a finite family of disjoint sets in M and cq,...cp > 0. The
function ¢(x) = Zle cixa, () is called simple function. It is a measurable (positive) function
and we define its integral as

k
f Pz)dr = ciL(4;).
RN i=1

Definition 1.23 (Lebesgue integral). Let f : R™ — R be a measurable function such that f(x) = 0
for all x. Then

(z)dx = sup { (z)dz | ¢ simple function with ¢ < f} .

Rn Rn

If f is not positive we define its positve part f*(x) = max(f(z),0) and its negative part
f(x) = max(—f(x),0) and we define

fl@)dx = fH(x)dx — f(z)dx.
R" R™ R"

Note that S, |f(z)|dz = 5, fH(x)dz + 5, f~(x)dz.
Since fT < |f], f~ < |f|, we have that

<+ iff |f(z)|dz < 400.
Rﬂ,

f(z)de
™

We denote

LYR"™) :={f:R" >R | f is measurable and J |f(z)|dx < 400}

R”

If Ae M, then we define

(@) xa(@) = L (@)l < +oo}.

L'(A) = {f :R™ > R |f is measurable and
R‘IL

Proposition 1.24. The following properties hold.

~ If f = 0 almost everywhere then (g, f(x) = 0. If §o, [f(x)|dz = 0 then f = 0 almost
everywhere.

- If f,g are measurable functions such that f = g almost everywhere, then SRn f(x)dx =
SRn g(z)dzx.

- Iff.ge L'(R"), a, BeR, then {5, af(z) + Bg(x)dr = a g, f(z)dx + B g, g(z)dz.
~- If f,ge LY(R™), and f < g then Sgn fz)dz < §g,, g(x)da.
Proof. The proof is obtained by exploiting definitions, see [2, Section 2..2] O

Remark 1.25. [On the definition of L!] Note that due to the previous proposition, in particular
the fact that if f, g are measurable functions such that f = g almost everywhere, then §,,, f(z)dz =
§gn 9(x)dz, we identify functions in L'(R") which coincide almost everywhere. So a
function f in L'(R™) is actually a class of equivalence of functions, we do not distinguish functions
which are different on sets of measure zero.

Theorem 1.26 (Monotone convergence). Let fj, : R™ — R measurables , positive, i.e. fi, =0 for
all k, and such that fr(x) < frr1(x) for all x and for all k. Then

lim
k

lillcn fr(z)dx.

n

fi(@)dx :J

R



Proof. See [2, Theorem 2.14]. O

Proposition 1.27. An equivalent definition of the Lebesgue integral (which can be very useful)
is the following. Let f : R™ — R measurable and positive. Let for everyt > 0 F(t) = L(A(t)) =
L{z | f(z) > t}. F is called the repartition function of f. Then

(x)dx = fﬂo F(t)dt.

R 0

Proof. See [2, Proposition 6.24] O

1.6 Decomposition of measures

Definition 1.28. Let v, p be measures defined on (R™, B(R™)).

v is absolutely continuous with respect to L, and we write v << L if v(A) =0 for all Ae B
such that L(A) = 0.

p is singular with respect to L, and we write p L L, if there exist AABe B, An B = (),
AU B =R", such that L(A) =0 and p(B) = 0.

Example 1.29. Let 2y € R and consider the Dirac measure d,, centered at xo. Then it is singular
with respect to £. Indeed fix A = R\{zo}, B = {z¢}, and observe that £(B) = 0 and §,,(A) = 0.

Proposition 1.30. Let f > 0, measurable and such that S?M f(@)dx < +o0 for all M > 0. Define
the function

vi: M —[0,40] as v¢(A) = JA f(z)dx.

Then vy is a measure on (R™, M), which is o-finite and which is absolutely continuous with respect
to L. If f € LY(R™) the measure is finite.

Proof. First of all we show that it is a measure. Observe that f(z)xg(x) = 0 almost everywhere,

then v;() = 0. Let A; € M which are pairwise disjoint. Define the simple function ¢y (x) =

Zi;l X4, (z). Note that limy ¢r(z) = xou,a,(x). Moreover 0 < f(z)pr(z) < f(z)pr+1(x) and so
by the monotone convergence theorem we get

tim [ 6u(a) () = f i 6y () ()

R

Observe that

k 400
- lilgni; Li flx)dz = lilzn; vi(A) = ; v (A;)

and

Jn liin or(z) f(x)de = J Xusa; (@) f(x)de = vi(uiA,).

RTL
Therefore we get that vy is a measure.
Since v¢(B(0,k)) = SB(O k) f(z)dz < 400 by assumption, then vy is o-finite.
Finally, note that if A € M and £(A) = 0, this implies that ya(z) = 0 almost everywhere.

Therefore also f(z)xa(xz) = 0 almost everywhere, which implies v¢(A4) = 0.
O

Example 1.31. Let f(x) = e~12*. Then f € L*(R™) and the measure vy is called the Gaussian
measure. Note that it is a finite measure, and SR" e~lel’dg = 72, see [2, Prop. 2.53].



Theorem 1.32 (Lebesgue-Radon-Nikodym theorem). Let p a Borelian measure on R™ which is
o—finite. Then there exist a unique v << L (absolutely continuous part) and a unique p L L
(singular part) such that u = v + p.

Moreover there exists f = 0, measurable and such that SBR f(z)dx < 400 for all R > 0, for
which v = vy.
f is called the density of v, or the Radon-Nikodym derivative of v and can be obtained (if the

measure v is reqular) as f(x) = lim,_q %,

Proof. For the proof we refer to [2, Section 3.2]. O

1.7 Distributions of random variables

Let (Q, F,P) be a probability space and X : Q@ — R be a random variable (see Section 2.4). Then
the distribution Py of X is the Borel measure induced on R by X, defined as follows: for every
A e B(R),

Px(4) = P({w | X (@) € A}).

The cumulative distribution function associated to such Borel measure is defined as
Fx(z) = P({w [X(w) < z}).

The distribution identifies the random variable, and often the random variables are described just
in terms of their distributions.

Remark 1.33 (The cumulative distribution function). If X is an (absolutely) continuous random
variable, Px is an absolutely continuous measure and Fx is an absolutely continuous function.
The density of Px with respect to the Lebesgue measure is

F(z+h)— F(x)

— ! — |5
fx(z) = Fx(z) }LLnlo Y for a.e.x € R.

If X is a discrete random variable, Px is a singular measure with respect to the Lebesgue
measure and F'x is a monotone piecewise constant function.

More generally if Fx is the cumulative distribution function associated to a random variable,
then F' a right continuous, monotone increasing function, which we normalize to have inf Fxy =0
(and obviously sup F' = 1). Fx has at most countably many discontinuity points, that are those
for which F(a) > lim,_,,~ F(x), or equivalently for which

P({w | X(w) = a}) > 0.

We define
Fi(z) = ), P({w [X(w) = a}).
ysz
Note that Fj; is a monotone increasing function, which is a.e. constant and has jumps only at
discontinuity points of Fx.

So the function Fx — F' f( is a continuous function, and it is easy to check it is still monotone in-
creasing. A deep result in mathematical analysis (see [2, Thm 3.23]) states that monotone increas-
ing functions F' are differentiable a.e.- that is for a.e. a € R there exists F'(a) = limp_,¢ w
and moreover F’(a) = 0 a.e. So we define the absolutely continuous part of Fx as

T T
@ = [ ey = [ (- FY W)
—00 —0Q0
So, Fx () is the density of the absolutely continuous measure jipge.
It is possible to prove that in general

Fx(z) = F{(z) + F§(2) + Fx ()
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where F'§ is a continuous and increasing function, whose derivative is zero in almost all =, but
it can be not identically zero (a typical example is the devil’s staircase function, or the Cantor
function).

The three functions F'¢, F°, F§ are all increasing, but are of very different nature:

— F{ can only increase by jumps and it is constants between two consecutive jumps,

— F¢° is a “nice” function with the property of being the integral of its derivative, which
coincide with the distribution density,

— F% is quite weird function, indeed quite hard to imagine (continuous, increasing with zero
derivative a.e.).

We typically deal with real random variables such that the singular part F'5 of their distribution
function is identically zero.

Moreover, we see that a real random variable is discrete if and only if Fx = F 5‘2 and it is
absolutely continuous if and only if Fiy = F'§® and in this case fx(z) = Fi ().

Remark 1.34 (Joint distribution). If X, Y are random variables on the same probability space,
that is X,Y : (2, F,P) —» R, we may define the joint cumulative distribution function as
Fxy(z,y) = Pw [X(w) < 7} n{w [Y(w) < y}).

If X,Y are independent then Fx y(z,y) = Fx(z)Fy(y). Two random variables X and Y are
jointly continuous if there exists a nonnegative function fx y : R* — R such that for any measur-
able set A € R? there holds

P({w |(X (@), Y (w)) € 4}) = L fuy (. y)ddy.

The function fx y(z,y) is called the joint probability density function and is obtained as

2
x = —F T a.e..
fX,Y( 7y) dl'dy X,Y( 7y)
Given the joint probability density function it is possible to recover the density functions of X
and Y as the marginals:

+00 +o0
fx(z) = J Ixy(z,y)dy fr(y) = f Ixy(x,y)dz.

[ee] 0

On the other hand, given the marginals fx, fy, there is not a unique associated joint probability
density function (apart from the case in which X,Y are independent, in which case fx y(z,y) =

Ix (@) fy (y)).

Remark 1.35. Some examples of widely used random variables/distributions:

— the Dirac measure 6. centered at c¢ is the distribution associated to the constant random
variable ¢ (so the random variable X such that X (w) = ¢ almost surely).

— the gamma distribution with parameters a,b is an absolutely continuous measure with
density f(z) =T'(a) 7102 1™ X (o 100 (2)

— the chi-square distribution is a gamma distribution with parameters n/2,1/2,

— the normal or Gaussian distribution with parameters u,o is an absolutely continuous
2
1 _ (z—p)

random variable, with density f(z) = Nor A

o

— the standard normal distribution is a normal distribution with parameters 0, 1, that is
w2

an absolutely continuous measure with density f(z) = \/#276 7,

11



— the binomial distribution of parameters n,p is a singular measure, and it is given by
ZZ:O Wik)!pk(l — p)"~*6;, where 6, is the Dirac measure centered at k,

— the Poisson distribution of parameter A is a singular measure, and it is given by

e Z,:;O% 2—?% where ¢, is the Dirac measure centered at k.
Definition 1.36. The nth-moment of a random variable X is given by BE(X™), more precisely

— if X is a (asbsolutely) continuous random variable (whose associated distribution has density

f) then
E(X™) = JR 2" f(z)dx.

— if X is a discrete random variable (taking values on Z),

E(X") = Y E"P(w | X (w) = k).
keZ

Note that E(X™) < +00 if and only if E(|X|™) < +00.
We recall that the moment for n = 1, that is E(X), is called the mean, whereas E(X?) —
(E(X))? is called the variance.

1.8 Problems

(i) Let f: R — R be a monotone function. Show that f is Lebesgue measurable.
(ii) Consider the right continuous increasing function on R

F(I):{x <0

r+1 z>=0.

‘Which is the Borel measure associated to this function?

2 L? spaces and spaces of random variables with finite p-
moment.

2.1 Banach spaces

Let X be a vectorial space on R (this means that it is closed by summation and by multiplication
by scalars, that is if z,y € X, A\, u € R, then Az + py € X).

Definition 2.1. A norm |- | : X — [0, +0) is a function such that
~ ||z|| = 0 for all x € X and |z| =0 iff x = 0 (positivity);
— ||IAz|| = |A\||x| for all x € X, X € R (homogeneity);
—z+yll < |z| + |yl (triangular inequality).
(X, |- ) is a normed space.
Example 2.2. On R” we may define the euclidean norm |z| = 4/2? + - + [2,]2.

A norm induces on X a metric structure on X in the following way.

12



Definition 2.3 (Metric structure and notion of convergence). Let (X, | -||) be a normed space.
We define a distance between elements in X as

d(z,y) = & —yl.

Note that this is a good definition, since it is positive, zero only if x = y, and satisfies the triangular
inequality, that is d(z,z) < d(x,y) + d(y, z) for all x,y, z.
We define the balls associated to this distance as follows: we fix a center xg € X and a radius
r >0 and we set
B(zg,r) ={x e X ||z — zo| <7r}.

A set A € X is open if for all x € A there exists v > 0 such that B(z,r) € A. A set C is
closed is X\C is open.
Let (xn)n a sequence of element in X and x € X. Then

limz, ==z iff lim |z, —z| =0.
n n—+00

Proposition 2.4. The following are equivalent:
i) C is closed

i) for every sequence (xy) of elements in C such that there exists x € X with lim, x,, = z,
there holds that x € C.

Proof. Assume that C is closed and ii) is false. Then there exists (z,) of elements in C' such
that lim, x,, = « ¢ C. This implies that there exists » > 0 such that B(z,r) € X\C. Therefore
Zn ¢ B(zx,r) for all n, which means that ||x,, — z|| = r for all n, in contradiction with the fact that
lim,, z,, = x.

Assume that ii) holds and assume that C' is not closed. So there exists z ¢ C such that for all
7 > 0 there holds that B(z,7) nC + . Let @, € C such that z,, € B(z, 1) nC. So |z, —z| < £
and then lim,, z,, = x. But this would imply = € C.

Definition 2.5 (Banach space).
A sequence (xy)n in X is a Cauchy sequence if limy, ,, |2, — x| = 0.
A normed space is called a Banach space if all the Cauchy sequences have limit in X .

Remark 2.6. Note that if (z,), is a sequence which converge to = € X, then it is also a

Cauchy sequence, since by triangular inequality |z, — zm| < ||z, — 2| + | — 2| and then
0< hmn,m—>+oo ||xn - me < hmm,n—>+®0 Hxn - .Z‘H + H.Z‘ - me =0.

The viceversa is not always true. Let’s think e.g. of the case X = Q and the euclidean

norm. Define (z,) as follows: g = 1, ; = 1,01, 25 = 1,01001, z3 = 1,010010001, z4 =
n

1,01001000100001 and so on, that is x,, = 1,1010010001...1 0...0 1. It is easy to check that
xn € Q for all n, that z,, — x (so (z,)n is a Cauchy sequence, but this can also be checked directly)
and that z ¢ Q. This implies that (Q, | -|) is not a Banach space.

An important theorem in Banach spaces (more generally in complete metric spaces) is the
contraction lemma, or Banach-Caccioppoli theorem:

Theorem 2.7. Let (X, | -|) a Banach space and F : X — X such that there exists 0 < a <1 for
which
|F(z) - Fy)l <allz—y|  Vo,ye X

(F is a contraction) Then the map F admits a unique fixed point, that is a point such that
z = F(Z).

Proof. See problem 1 at the end of the chapter. O
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2.2 Bounded linear operators

Definition 2.8. Let (X, |- |x) and (Y,| - ||y) be two Banach space.

A linear operator is a map T : X — Y such that T(ax + By) = oT'(x) + ST (y) for all
a,BeR, x,ye X.

A bounded operator is a map T : X — Y such that

IT| = sup |Tz| < +oo.
{reX|z|<1}

If this quantity if finite, it is called the norm of T.
A continuous operator is a map T : X — Y such that

limTx, =Tz for all sequences x,, such that limx,, = x.
n

Proposition 2.9. A linear operator T : X — Y is continuous if and only if it is bounded.
Proof. Assume that T is bounded, then

Ty — T
[T — Ta| = [T(en — )] = Jon — o|T () < lon — 2lIT].

|zn — |

Therefore if |z, — x| — 0, then also ||Tx,, — Tz| — 0.
Assume that T is continuous, and we want to prove that T" is bounded. Assume by contradiction

that it is not true. So for every n € N there exists z,, € X such that ||z,| = 1 and |Tz,| = n.
Define y, = “=. Then [y,| = @ = % — 0. This implies that y,, — 0. Observe that by
linearity Ty, = 27T, and then |Ty,| = 1|Tz,| > 2 = 1. Therefore y,, — 0 but T'y,, +> 0, in
contradiction with continuity. O

Theorem 2.10. The set of all bounded linear operators between two Banach spaces X,Y, is a
Banach space B(X,Y), with norm |T|| as defined above.

Proof. See [1, Theorem 2.12]. O

Example 2.11. Let X = R" and Y = R™ both with the euclidean norm. Let A € M,,«,(R) be
a n x m matrix. Then

Tr =Ax = (Z aijxj)izlywm
j=1
is a bounded linear operator from R™ to R™.
Theorem 2.12 (Uniform boundedness principle, or Banach-Steinhaus theorem). Let 1), be a
sequence of bounded linear operators between the Banach spaces X and Y, that is T, € B(X,Y)
for all n. Assume that for all z € X there exists Cy, € R such that sup,, |Tnx| < C,.
Then there exists C € R such that |T,,| < C for all n.

In particular this implies that if the sequence Tpx is convergent for every x € X, then Tx :=
lim,, T,z defines a bounded linear operator.

Proof. See [1, Theorem 4.1]. O

2.3 LP spaces

We consider the LP spaces defined as follows

Definition 2.13 (L? spaces). We define for p = 1,

LP(R™) = {f :R™ > R |f is measurable andf |f (z)|Pdx < +oo} .

n
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Note that also functions in LP which differ on sets of measure zero are identified.
If Ae M, then we define

LP(A) = {f:R" — R |f is measurable andJ |f(z)|Pxalx J |f(z)|Pdx < +oo}

n

We define
L*¥R™) = {f : R"™ - R |f is measurable and there exists ¢ > 0 such that |f(z)| < ¢ for almost every x}
and analogously
L*(A) = {f :R" - R |f is measurable and there exists ¢ > 0 such that |f(z)| < ¢ for almost every x € A}.

Definition 2.14. Let p > 1. Then the conjugate exponent of p is the number ¢ > 1 such that
1/p+ 1/q = 1. In particular the conjugate exponent of 2 is 2.
We say that the conjugate exponent of 1 is +00.

Lemma 2.15 (Young inequality). Let p,q be conjugate exponents. Then xy < zP/p+ y9/q for all
z,y = 0.

Proof. Fix x > 0 and consider sup,>q(zy — y?/q). First of all observe that the supremum is
actually a maximum, since lim,_, y o zy —y?/q = —o0. Differentiating in y, we get that the unique
point where the derivative is 0 is given by y = 2/~ This is the maximum. Therefore for all
y =0, zy —y?/q < a'TVOTD — g9/ g — gP [p, since p = q/(q — 1). O

Theorem 2.16 (Holder inequality). Let O < R™ be an open set (it can also be O = R"™), p €
[1,+0] and q its conjugate exponent. Assume that f € LP(O),g € L4(O). Then f(x)g(z) € L*(O

and
[ @stias < ([ 1ripar) " (], lsoaz) "

Proof. Let f(y) = 1£()| (§, £ (2)dz) """ and (y) = |9 (5 lg(x)|%dz) """, We apply the
Young inequality to f(y) and g(y) and we get

LT A R I 1 |g(y)|?
ol ([ 1@riaz) ([ o) < 2B L I

Integrating in O both sides we conclude

fo |/ (@)g(2)lde !
(§o £ (@)Plda) ™" (o lg(a)) 2dz)* P

Corollary 2.17 (Minkowski inequality). Let f,g e L?(O), then

(], 1760+ ot |pdx) < ([ e |pdx)‘l’+(fo|g<x>|pdx)‘l’

Proof. For p = 1,0, the inequality is straightforward. We consider the case p € (1, +00). First of
all, we observe that if f,g € LP the f + g € LP. This is due to the fact that

[f(x) + g(@)[" ‘f(w) L@ _[f@P | lg@)l”

2p 2 2 2 * 2

by the convexity of the function r — 7P on [0, +00) when p > 1. Now we observe that

[f(2) + g(@)I” = |f(2) + g(@)I|f(2) + g(@)IP7" < [f(@)[|f(2) + g(@)[P~" + [f(@)[|f () + g(a) "~
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and that |f(z) + g(x)|P~! € LY where q = 57 1s the conjugate exponent of p. Moreover

f(\f@:) a(@)P1)? f\f ) + g()|Pde. (2.1)
O

So by Holder inequality applied to f and |f + g|[P~! we get

[ r@iis) + startan < ([ |f<x>pdx)’l’ (], 176+ gtapar) *

and analogously by Holder inequality applied to f and |f + g|P~! we get

L 19(2)[|f (@) + g(2) [P~ da < (L |g(x)|pdx>; (L /() +g(33)19d3;)ppl

Integrating (2.1) and using the previous inequalities we get

p

[ v@ +swrar < (Lu(wwdx)‘l’(Jo|f<x>+g<x>|pdx) '
+(]. |g<x>|pda:); (] 17+ atepras ) B
- ([ 110+ st |pdw) W e |de)’l”+(jo|g<x>|1)dx);]

p—1
from which we deduce the statement by dividing both sides by (§, |f(z) + g(z)[Pdz) 7 . O
Theorem 2.18. Letp>1

The spaces LP(O) are Banach spaces, with norm given by | f|, = (§, |/ (z))?|dz) p,
The space L*(0) is a Banach space with norm given by | f|o = inf{c > 0 [L{z | f(z) = ¢} = 0}.

Proof. Proving that LP is a vectorial space is an easy task only if p = 1,400, otherwise it is a
consequence of Minkowski inequality (which also gives that ||- |, satisfies the triangular inequality),
which is a consequence of the Holder inequality. For the proof see [2, Section 6.1]. O

A direct consequence of the Holder inequality is the following interpolation inequality.

Corollary 2.19 (Interpolation inequality). Let O € R™ be an open set (it can also be O = R™),
p,r € [1,+00] such that p < r. Assume that f € LP(O) n L"(O). Then f € L*(O) for every
€ [p,r] and moreover

1 1—
I£ls = IFISIAIE where ae [0,1] s such that — ~ = = 4 — 2,

S P r
(1—a)s

Proof Take s € (p,7) and o € (0,1) such that 1 = —|— . Since 1 = < + we deduce

that >~ > 1 and ﬁ > 1 are conjugate exponents

Slnce f € LP, we get that |f|** € Las and moreover since f € L” then f1-®)s ¢ [T=a)
Therefore by the Holder inequality we get that |f|**|f|(*=®)* = |f|* € L', which implies that
f € L*(O) and moreover

71z = [ 1o < ([ (re0ydac)

(1—a)s

(fomeymman) " =i

'c‘g
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Another consequence of the Holder inequality is the following:

Corollary 2.20. Let O be an open set with L(O) < +00.Then LP(O) < L"(O) for every1 < r < p,
p—r

and moreover | f|, < ||f[l,£(O) # .

Proof. Fix p > 1 and f € LP(O). We want to prove that f € L'(0O). Note that since £(0O) < 4o,
then xo € LY(R™) for every g, so in particular it is in LZ(O) for ¢ conjugate exponent of p. By
Holder inequality we get

P

1£11 < 1,000V = | £1,£(0)F

which give the conclusion of the theorem for » = 1. The case r € (1,p) is obtained just using the

interpolation inequality, proved in the previous corollary: indeed % = % +1—aq, with a = f E;:B
and then - -
1l < 1A 1A < IFIG 1A L(0) T U= = [ fl,£(0) 7.

O

Finally we present an important example of linear bounded operators from L? to R.

Example 2.21. Let g € L4(R™) with ¢ > 1. Consider the following operator T : LP(R") — R,
where p is the conjugate exponent of ¢, defined as

Tf = | f@)g(a)da.
]Rn

It is immediate to check that it is linear. Moreover, by Holder inequality we get, for all f € LP(R™)
with | f], <1,

T =] [f(x)g(x)dz

R

< [ 1f@g@lde < 17lblgly < Il

Therefore T is a bounded operator, with norm |T'| < |g],-

Define now fo(x) = lg(2)|"?lglly”" 53 Then fy € LP(R") and |yl = lgl§”gls " = 1.

We compute, recalling that ¢/p +1 = ¢

Thy = lol3” | lo@I"7* e = glg” | lat@)l"de = gl = lol,.
Therefore [T = |g|q-

2.4 Convergence in LP spaces

Note that f, — f in L?(O) means that lim, §,, |fn(2) — f(z)|Pdz = 0. Moreover f, — f in L if
lim,, supg | fn — f| = 0.

Definition 2.22. f,, — f almost everywhere if lim,, f,(z) = f(x) for almost every x.

It is not always true that convergence almost everywhere is sufficient for convergence in LP as
the following example shows.

Example 2.23. Let

0 T 2%
n—nz 0<z<4i
n\T) = "
Jnl2) n + nx —% <z<0
1
Then lim,, f,(z) = 0 for almost every z, but §, fn(z)dz =2 # 0
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Theorem 2.24. Let p = 1, (fu)n, f € LP(O) and assume that f, — f almost everywhere.

If there exists g € LP(O) such that | fn(x)| < g(z) for almost every x and every n then lim,, f, =
fin LP(O).

If lim,, f,, = f in LP(O), then up to passing to a subsequence f, — f almost everywhere.

If lim, f, = f in LP(O), then f, — f in measure.

Proof. The first part is the Lebesgue dominated convergence theorem, see [2, Theorem 2.24].
The second part is proven in [2, Corollary 2.32].
The third part is a consequence of the Chebycheff inequality (see Problem ii). Indeed

Ve >0 L({r €B" | |fule) ~ F@)] > NP < Lfa— fl

O

By the Holder inequality we can multiply functions in L? by functions in L9. This gives another
notion of convergence.

Definition 2.25 (Weak convergence). Let 1 < p < +o0. Given (fn)n, f € LP(O), we say that
fo — f (weakly) in LP(O) if for all g € LI(O), with q the conjugate exponent of p, (q = + if
p = 1) there holds

i | fu(@a(@)te = | fa)gla)da.

Given (fu)n, f € L*(0), we say that f,, —* f (weakly star) in L®(O) if for all function g € L*(0),
there holds

i | fu@g(o)ds = | fe)gons
n Jo o
Given (fu)n, f € LY(O), we say that f, — f (weakly) in L*(O) if for all continuous and
bounded functions g : O — R, there holds
tiw | fulog(o)dz = | f)glonds
m Jo o

Given (fn)n, f € LY(O), we say that f, — f (vaguely) in L*(O) if for all continuous functions
g : O = R such that lim, 50 g(z) = 0, there holds

tiw | fu@glods = | f@)g(e)ds,

n Jo o

If f,, are densities of continuous random variables X,,, this convergence is also called convergence
in distribution of X,,.

Proposition 2.26. If f, converge to f in LP then it also converge weakly in LP, whereas the
viceversa s not true.

Proof. The statement is a consequence of Holder inequality: let f,, f € LP and g € L9 (for p > 1)
or g continuous and bounded (if p = 1), then

fmm<mmmm
O

< J [fn(2) = f(zllg(@)ldz < [ fn = Flplgle-
O

Therefore if || f, — fll, — 0, then §,(fn(x) — f(z))g(z)dz — 0. O

The main examples of sequence of functions which are converging weakly but not strongly are
rapidly oscillating functions.
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Example 2.27. [Weak convergence of periodic functions] Let f(z) be a continuous periodic
function (e.g, f(z) = sinz) in R with period T

Define f,(z) = f(nz) (note that this is a periodic function with period T'/n, so as n — +o
this is more and more oscillating).

Then for every O < R"™ borelian bounded set

1 (7T
fn — ?J f(x)dx in LP(0) for all 1 < p < +©
0

and moreover .
1
fn —" —J f(x)dx in L*(0).
T Jo
For the proof see [1, Example 5.16].

Intuitively weak convergence is convergence of mean values.

2.5 Spaces of random variables with finite moments

We fix a probability space (2, F,P) and we consider the random variables X : Q — R. We
introduce the spaces of random variables with finite p-moment (see definition in Section 2.7)

MP = {X random variable E(| X|P) < 400}

ans we [ X[, = (E(|X7))"/*.
First of all we have the following Holder inequality and Minkowski inequality

Proposition 2.28. Let X € MP and Y € M1, with q conjugate exponent of p, then
E(|XY]) < E(IX )P (E(|Y]9)"1.
Moreover if X,Z € MP, then
E(IX + Z|")'? <E(IX|")"? + E(1Z7)"”

Proof. Tt is sufficient to apply the Young inequality to |X|E(|X|?))~Y? and to |YV|E(]Y|9))~ 4
and proceed as for LP spaces (instead of integrating in O one needs to take the average of both
side of the inequality). The proof of Minkowski also follows again as for the case of LP spaces. [

Theorem 2.29. The space MP with the norm |X||, for p € [1,+) is a Banach space.

Similarly as for LP(O) spaces, where £(O) < +o (see Corollary 2.20), the spaces MP are
decreasing as we will show. First of all we recall the Jensen inequality:

Lemma 2.30 (Jensen’s inequality). Let g : R — R be a convex function, then for every random
variable X
E(9(X)) = g(E(X)).
Theorem 2.31. There holds that M* < M™ for every 1 < n < k. Moreover if X € M* then
E(X|™)* < (E(X[*)F for all n < k.
Proof. Let 1 <n <k, g(z) = |z|». Since % > 1, the function g is convex. Let X € M* and we
apply Jensen’s inequality to the random variable | X |, observing that g(|X|") = | X|¥,
k
E(1X[*) = E(g(|X[")) = g(E(IX[")) = (E(X|"))~
O

Example 2.32. T : M* — R such that T(X) = E(X) is a bounded linear operator.
If we consider X € M2, then Tx : M? — R defined as Tx(y) = E(XY) is again a bounded
linear operator.
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2.6 Modes of convergence for random variables

Analogously to the case of measurable functions we have several notion of convergence in the space
of random variables (and in the associated space of distributions).

Definition 2.33. Let X,, be a sequence of real randos variables.
- X,, = X in probability if for every e > 0, lim,, P(|X,, — X| > ¢) = 0.

- X, — X in M if E(|X,, — X|) — 0, that is convergence is mean and X,, — X in M?
M? if E((X,, — X)?) — 0, that is convergence is the mean square convergence.

- X, — X in distribution if E(9(X,)) — E(g9(X)) for every bounded continuous function g.
Note that if X,,, X are absolutely continous random variables with associated densities fn, f,
then this is equivalent to say that f, converges vaguely in L' to f.

Theorem 2.34 (Prokhorov’s theorem). Let X, be a sequence of random variables which are tight
in the following sense: for every e > 0 there exist n. > 0 and a compact set K. (so a bounded
closed set) such that P{w, X, (w) € K.} = 1 —¢ for all n = ne. Then, there exists a random
varitable X such that, up to a subsequence, X,, — X in distribution.

2.7 Problems
(i) Let (X,| -|) a Banach space and F': X — X such that there exists 0 < a < 1 for which
|F(z) = F(y)l <alz—yl|  Vz,yeX.
(F is a contraction)

(a) Show that the map F is continuous.
(b) Let zg € X. Define 1 = F(zy), 2 = F(z1) and so on z,, = F(x,_1). Prove that

|zn = Zni1]| < a™|zo — 21|

Deduce that (z,,), is a Cauchy sequence.

(¢) Let = lim,, x,, where (z,,) has been defined in the previous step. Show that F(Z) = Z.
So, Z is a fixed point of F.

(d) Show that the map F admits a unique fixed point, that is a point such that & = F(Z).
This is called Banach-Caccioppoli theorem.

(ii) Let f € LP(R™) and « > 0. Prove that

Ltz <R [1/@)] > a})? < <]l
This is called Chebycheff inequality.
(iii) Prove that if f € L?(—1,1) then f € L'(—1,1) and moreover
171 < V3l £la.
Provide an example of a function f € L'(—1,1) such that f ¢ L?(—1,1).
(iv) Consider the following operator T : L%(0,2) — L?(0,2) defined as

Tf(x) = K f(y)dy.

Show that this is a bounded continuous operator.

Hint Recall the Jensen inequality:

o ’ o
(b—aL f(sr:)dx) < b—aL f(z)?*dx.
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3 Hilbert spaces

3.1 Hilbert spaces

Hilbert spaces are spaces where it is possible to define the notions of length and orthogonality,
which allow to work with the elements geometrically, as if they were vectors in Euclidean space.
First of all we recalls some basic definitions.

Definition 3.1. A set X is a vector space on R (a real vector space) if it is a set equipped with
two operations, vector addition (which allows to add two vectors x,y € X to obtain another vector
x+y € X ) and scalar multiplication (which allows us to “scale” a vector x € X by a real number ¢
to obtain a vector cx € X ). Moreover we require that X contains a neutral element for the vector
addiction, that is an element 0 € X such that 0+ x = x for every x € X and x —x = 0.

A scalar product on X is a function (-,-) : X x X — R such that

— (z,2) 20 for all x and (z,2) =0 iff x = 0;

— it is symmetric (x,y) = (y,x) for all v,y € X;

— it is linear, that is (ax + By, 2) = a(x, z) + By, 2) for all z,y,z € X, o, B € R.
We associate to a scalar product a norm in this way |z| = +/(z, z).

Proposition 3.2. The function |-| : X — [0,+00) defined as ||x|| = v/(x,x) is a norm. Moreover
the scalar product is continuous, that is if x, — x in X and y € X, then (x,,y) — (z,y) in R.

Proof. Positivity and homogeneity are obvious. To prove the triangle inequality one first need to
to prove the Cauchy Schwartz inequality |(z,y)| < |z|||ly|. See [1, Theorem 5.1].
The continuity is an easy consequence of the Cauchy Schwartz inequality:

|(@n =z, y)| < fzn —2[lly]-
O

Definition 3.3 (Hilbert space). A space X with a scalar product which induces on X a norm
such that X is a Banach space is called Hilbert space.

Proposition 3.4 (Parallelogram identity). For every x,y € H, there holds
lz +y? + [z — y* = 2| + 2y

Proof. By definition and by linearity and symmetry of the scalar product |z +y|? = (z+y,z+y) =
(z,2) +2(z,y) + (y,9) = |2]* +2(z,y) + [y]*, and [z —y|* = (z+y, 2 +y) = |2]* —2(2,y) + |y[*.
It is sufficient to sum. O

Example 3.5. In R™ we define the scalar product (x,y) = x1y1 +x2y2 +- - -+ Zpyn. The euclidean
norm is the norm associated to this scalar product. So R™ with this scalar product is a Hilbert
space. This is the basic example of Hilbert space of finite dimension.

3.2 Orthogonality and projections in Hilbert spaces

Definition 3.6 (Orthogonal space). We say that x,y € X are orthogonal if (z,y) = 0.
If S € X is a subset of X, we define the orthogonal subspace

St={reX|(x,5)=0VseS}
This a vectorial subspace of X.

Example 3.7. If we consider S — M? the subspace of constant random variables, then S+ =
{X e M? |E(X) = 0}.
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Theorem 3.8 (Orthogonal projection). Let V. € H be a closed subspace of a Hilbert space,
V # {0} and let he H.
Then there exists a unique element v € V at minimal distance from h, that is such that
|h —v| = mingey |h — w|. Moreover there exists a unique element s € V* such that h = v + s.
The map Pry : H — V which associate h — v is called the orthogonal projection of H in V'
and it is a bounded linear operator of norm 1.

Proof. We consider the minimization problem minyey |h — w| and we show that it admits a
solution which is unique. Since ||h — w| = 0 we get that inf,ey |h — w| =& = 0. Let v, € V such
that 0 < |v, — k| < 0 + 1/n. Then (vy,), is a Cauchy sequence, since by parallelogram identity
and linearity

v = = 2l|vn—h[?+2]|vm—h)? = (Vn4+vm) —2h]? < 2(5+1/n)2+2(5+1/m)* 4| h—(vn+vim) /2%
We conclude by recalling that since (v, + vp,)/2 € V then ||h — (v, + vim)/2| = 0,
[vn —vm|? < 2(6+1/n)? +2(5+1/m)* —46% = 45 /n+46/m+1/n* +1/m?* — 0 as n, m — +o.

Since H is a Banach space there exists v € H such that lim,, v, = v and since V is closed then
v € V. By continuity, we conclude that ||[v — h| = § = inf,ev |h — w]|. v is the unique minimizer.
Indeed if it were not the case, there would exists v’ € V with ||[v — h|| = |[v' — h|| = §. By
parallelogram identity

o =22 = 2|v —h|? +2|v" — h|? — 4] (v +0')/2 — h|* < 26 +26% —46% =0

which implies |v — o[ = 0.

Let w € V. We claim that (h — v,w) = 0. Since v is the point at minimum distance, then
the function A — |h — v + Aw|? has minimum in A = 0. Differentiating the function in X it
should be that the derivative in 0 is 0. Hh_UL;Z\AwHQ = (h_”H‘“ji’)]f_vH‘w) = 2(h — v,w). Therefore
(h —v,w) = 0. This means that h —v e V*.

Let v = Pry(h),v' = Pry (k') and let a, B € R. Then av + v’ € V and v + v’ — ah — Bh' €
VL. Therefore by uniqueness Pry (ah + Bh') = av + Bv’. Then Pry is linear. Moreover since
(Prvh — h, Prvh) = O,

|n|* = |h — Pryh+ Pryh|? = (h— Pryh+ Pryh,h— Pryh+ Pryh) = |h— Pryh|? + | Pryh|?

This implies that for all h with ||h| < 1, |Pryh|? = |h]|?> — |h — Pryh|? < 1. So Pry is bounded.
Moreover if h € V, then Pryh = h. Therefore |Pry| = 1.
O

Definition 3.9 (Orthonormal set). A set {u;,i € I} of elements in H is an orthonormal set if
[will = 1 for all i and (u;,u;) =0 for all i # j.

Proposition 3.10. Let {u;,i € I} be a orthonormal set. Then the following are equivalent
— if (z,u;) =0 for all i, then x =0
el = () for allze H,
~ forallze H, x =Y (z,u;)u;, (where the convergence is with respect to the norm of H ).

An orthonormal set for which one of the previous conditions hold is called an orthonormal
basis. Fvery Hilbert space admits a orthonormal basis.

Proof. See [2, Proposition 5.28]. O

Definition 3.11 (Separable space). H is separable if it admits a countable orthonormal basis.
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Theorem 3.12 (Computation of the orthogonal projection). Let V be a closed subspace of H and
let {v;,i € I} be an orthonormal basis of V. Then for all he H,

P’r‘v(h) = Z(h, vi)vi.
el
Proof. See [1, Theorem 5.10]. O

Theorem 3.13 (Parseval theorem). Let {u;,i € I} be a countable orthonormal set in H. The
following are equivalent

—if (h,u;) =0 for all i then h =0,
— for each h € H there holds h = Y, (h,u;)u;, which means that lim,, [h — Y7, (h,u;)u;| = 0,
~ for each he H, |h|? =X, |(h,uw;)|*.

In particular {u;,i € I} is an orthonormal basis of H.

3.3 Hilbert space of random variables and conditional expectation

We fix a probability space (2, P, F) and we define the space
M? = {X : (,P,F) > R| X random variable with E(X?) < +o0}.

Recall that X is a random variable if X~1(A) € F for every A € B (so for every A in the
o—algebra of Borel sets. Given X random variable, we define o(X) € F, that is the o-algebra
generated by X, as the minimal o- algebra contained in F which contains all the elements
X HA) ={we Q| X(w) e A} for every A € B. So it is the minimal o-algebra which assures that
X is measurable.

Note that if X is a constant random variable, so X (w) = ¢ for all w € Q, then X ~1(A4) = Q if
ce A, and X7 Y(A) = @ if c¢ A. So in this case o(X) = {F,Q}, which is the minimal possible
o-algebra.

We define on M? the scalar product

(X,Y) =E(XY)
and the induced norm is

| X = VE(X?).
It is possible to prove that M? with this norm and this scalar product is a Hilbert space. Observe
that, as we did for LP spaces, we are actually considering class of equivalence of random variables,
since we are identifying two random variables X, Y such that P(w | X(w) = Y (w)) = L.

We consider a o-algebra G € F, and consider the probability space (£2,P,G). On this space
we may define the space

M ={X:(Q,P,G) >R | X random variable with E(X?) < +o0}.
Note that Mg is a closed subspace of M?.

Definition 3.14 (Conditional expectation). We define the conditional expectation of X given
G as the orthogonal projection of X € M? in the space MS as defined and characterized in Theorem
3.8 that is

E(X|G) = Pryg (X),

or equivalently E(X|G) is the unique random variable in Mg such that

. 2 _ o 2
E(X — E(X|G)) ZIE%E(X 7)2.
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In particular BE(X|G) is the minimum mean squared predictor of X based on the information
contained in G.
Note that X —E(X|G) is orthogonal to every element of M3 that is

E(XY)=EE(X|G)Y) VYeM.
In particular, since constant random variables are in MG for every G, we get E(X) = E(E(X|G)).

Remark 3.15 (Conditioning with respect to a random variable X). A particular case of the
previous definition is the following. Let us consider a random variable X € M2 and let G = o(X)
as before. It is possible to show that in this case every G measurable random variable is a Borel
function of X, which means that

Mg := {h(X), for h: R — R, borelian function}.

h:R — R is a Borel function if for all borelian set B < B(R), the set h~}(B) := {z € R h(x) € B}
is in the Borel o-algebra (Note that this condition is slightly stronger than asking that h is
measurable, since measurable functions satisfies h=1(B) := {z € R h(z) € B} € M, that is are
elements of the o-algebra of measurable sets (given by sets which differs from Borel sets by subsets
of sets of zero Lebesgue measure).

In this case E(Y]o(X)) = E(Y|X) is the best predictor of Y given X. In particular E(Y|X)
the unique Borel function A(X) which minimizes E(Y — h(X))*:

B[(Y ~ E(V[X))] = BIY ~h(X)P] = min B[ - f(X))]

and moreover

E(Yf(X)) =Eh(X)f(X)) Vf:R — R. borelian.

Note that solving this minimization problem can be very difficult, so in general we consider a
reduced problem, adding some conditions on the functions f on which we are minimizing.
The simplest case is the case in which we consider the minimization problem among linear

functions: that is
i E[(Y — f(X))?].
f:R—rfﬂlQl,%near [( f( )> ]
h: R — R is linear if and only if there exists a,b € R such that h(r) = ar + b. So the problem
reduced to a finite dimensional problem: given X € M? we want to find for all Y, a,b € R for
which it is minimal E((Y — a — bX)?). So, the linear least square estimator is given by

L(Y|X) = a + bX,

where a, b are the optimal values which minimize E((Y —a — bX)?). This problem can be restated
exactly as a projection problem: we define S as the space generated by X,1 in M?2, that is
S={Z=aX+be M? acR,beR}and we want to find Prg(Y).

In order to solve the problem, first of all we choose an orthonormal basis of S. A basis
of S is given by {1,X}. Observe that if E(X) = (X,1) # 0, we have that X and 1 are not
orthogonal, so we substitute X with the element X — E(X) which is orthogonal to 1. Moreover
we have to normalize this element by choosing ¢ € R such that ¢?E(X — E(X))? = 1. Since
E(X —E(X))? = E(X?) — (E(X))? = Var(X), it is sufficient to choose ¢ = v/VarX. Therefore

an orthonormal basis of S is given by 1, %. Recalling Theorem 3.12, we get

po - v (32 20) Xt

Y, .
VVar(X) ) A/Var(X)
So the linear least square estimator coincides with

Cou(X,Y)

LY|X)=EY)+ Var(X)

(X — E(X)).
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Finally we compute the average error

Cov*(X,Y) Cov(X,Y)

E(Y — L(Y|X))? = Var(Y) + Var () VarX —2 Var () Cov(X,Y)
VY Cov*(X,Y) Var(Y)Var(X)—Cov?*(XY)
—rart e Var(X) Var(X) '

In general the best linear predictor is different from the general minimum mean squared pre-
dictor. Let Y = X2 + Z with X, Z independent and both normals with mean 0 and variance 1.
Then E(Y|X) = X2, whereas L(Y|X) = 1 (check it!).

Remark 3.16 (Conditioning with respect to a constant random variable). A very simple case to
compute E(Y]o(X)) = E(Y|X) is the case in which X = k (that is X is constant). In this case
o(X) = {,Q) and the space

M§ := {constant random variables}.
So, E(Y'|X) is the unique constant ¢ such that

E[(Y — ¢)?] = minE[(Y — \)?]

AeR

and moreover
AE(Y) = E(YA) = E(c)) = cA VA eR.

It is immediate to verify that ¢ = E(Y|G) = E(Y). Another simple case is the case in which
X = xa, for some A € F which means that ya(w) = 1if we A and ya(w) =0ifw ¢ A. Tt is
simple to see that in this case o(xa) = {F,Q, A, Q\A}. In this case

Mg = {axa +bxoa = (a—b)xa+b a,beR}.
So, E(Y]A) is obtained by solving the finite dimensional minimization problem

. _ _ 2
min E[(Y —axa —b)°].

Since M3 is a finite dimensional space (of dimension 2), we compute a orthonormal basis of it. We
start from the basis given by {1, x4} and we orthonormalize it by Gram-Schmidt procedure. Let

—P(A
X, =1and X, = @T:&A» Note that E[X;|> = 1 = E|X5|? and moreover E(X;X5) = 0.

Therefore by Theorem 3.12 we deduce that
E(Yxa)
P(A)(1-P(A))

XA — E(Y)—P(A) =

E(Y|A) = E(YX1)X1 + E(Y X2) X2 = E(Y) + P(A)(1 — P(A))

E(Yxa) P4
P(A)(1 - P(A) ™ ™ 1_P(A)

E(Y).

3.4 Bounded linear operators in Hilbert spaces

Let H be a Hilbert space. We consider linear bounded operators T': H — H.

Definition 3.17 (Adjoint of an operator). Let T : H — H be a bounded linear operator. The
adjoint of T is the operator T* : H — H such that (Th,k) = (h,T*k) for all hyk € H. T is
symmetric if T = T*.

Proposition 3.18. Let T be a linear bounded symmetric operator. Then |T'| = supy,_1 [(T'z, z)|.
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Proof. By Cauchy Schwartz inequality we get
(T2, 2)| < |Ta||z] < |T)|2? = 7).

On the other hand take x € H with |z| = 1 and Tz # 0 and define y = Tz/|Tz|. Then |y| =1
and by symmetry and linearity of the operator

(T(T2),2) = —— (T, Tx) = |Tx].

(Ty,x)
[T

1
|7z
A simple computation gives that 4(Ty,z) = (T(z+y),z +y) — (T'(x —y),z —y), and then we get

ATa] = 4[(Ty,z) = (T(x +y),z +y) = (T(r—y),z—y) < i (T2, 2)|(Jz + yI* + = = yI*)

= s (T, 2)I(2]=]* + 2]y]*)
where at the end we used the parallelogram identity. So we deduce, recalling that ||z] = 1 = |y|

that |Tz| < supj,j_; [(T'z,2)|. This gives the conclusion taking the supremum with respect to
T. O

Definition 3.19 (Compact operators). Let T : H — H be a linear bounded operator. T is compact
if for every bounded sequence (hy)n, there exists a subsequence such that (Thy), has a limit, that
is lim,, Th,, = v.

Equivalently (it has to be proved though), an operator is compact if for every sequence h, — h
( hy, is weakly converging to h), there holds that lim,, |Th, — Th| = 0, so Th,, converge strongly
to Th.

Definition 3.20 (Point spectrum (eigenvalues) of an operator). The point spectrum o,(T") of
a operator is given by the eigenvalues of T, that is by the elements A € R such that there exists
v € H (called eigenvector) for which Tv = A\v:

op(T):={XeR | Fve H,Tv = Iv}.

Given A € o,(T), every element v € H such that Tv = Av is called eigenvector relative to the
etgenvalue \.

The kernel of an operator is the subspace N of H composed by vectors h € H such that Th =0
(N is the space of eigenvectors relative to the eigenvalue 0).

Theorem 3.21 (Spectral theorem for compact symmetric operators). Let T be a symmetric
compact operator on H, separable Hilbert space.

If H is infinite dimensional, then T is not invertible (even if the kernel of T can be 0).

There exist ¢, € H, A\, € R, such that {x1} is an orthonormal basis of H and Txy = gy
(that is A, are eigenvalues of T with associated eigenvectors xy) and the space {x € H Tx = Ayx}
for every A\, # 0 has finite dimension (so the multiplicity of every non zero eigenvalue is finite).
Moreover the set of all the eigenvalues {\} of T is either finite or countable, and in this case
limk >\k =0:

either o,(T) = {A1,..., AN} or op(T) = {Ag, ke N} and klirf Ar = 0.
—40
Finally, let
= inf  (Th,h) M= sup (Th,h).
{heH|h]=1} {heH|h|=1}
Then m, M € 0,(T) and o,(T) < [m, M].

Proof. For the proof we refer to [1, Theorem 6.3, Lemma 6.5]. O
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Remark 3.22. Let T be a symmetric compact operator and {\x} the set of all eigenvalues of T.
Let Vi, = {x € H,Tx = Mg} for every k, and Py be the projection on Vi.. Then

T = Zxkpk.
k

Definition 3.23 (Hilbert-Schmidt operator). Let H be a separable. Hilbert space and T a compact
symmetric operator. We say that T is an Hilbert Schmidt operator if

SN =3 Top | < +o0
k k

where A, are the eigenvalues of T

Actually it can be proved that if T is a Hilbert Schmidt operator, the value of the sum
Y% ITv|* does not depend on the choice of the orthonormal basis vy.

Proposition 3.24. Let H be a separable metric space with orthonormal basis u; and H be the
space of all Hilbert Schmidt operators. Then this space with the norm

17 = 3 1T i

is a Hilbert space with scalar product given by

3

Example 3.25. [Finite dimensional case] Let H = R™ and Tz = Az for some n X n matrix A
with values in R. The adjoint of T is 7%z = ATz, where A” is the traspose of the matrix A. T
is symmetric if and only if A is symmetric. Moreover the eigenvalues of T' are the eigenvalues of
the matrix A.

Finally the spectral theorem for compact symmetric operators says that if A is a symmetric
matrix, then it can be reduced to diagonal form by a orthogonal transformation.

Remark 3.26. Let T be a Hilbert-Schmidt operator, such that 1 is not an eigenvalue of T'. Then
for all f € H, the equation
h—Th=f

admits a unique solution h € H. Indeed, consider vy an orthonormal basis of H composed by
eigenvectors of T. Then we rewrite the equation as

h—Th= Z(h7’()k)’l}k — Z(h, vk))\kvk = Z(l - )\k)(h,vk)vk = f = 2(f7 vk)vk.
k k

k k

Therefore the equation is satisfied if

(1= Xg)(h,vg) = (f,vk) that is (h,vg) =

Then the solution h to the equation is given by

3.5 Problems
(i) Let X,,,Y,, € H such that X,, - X and Y,, » Y. Show that

- E(Xy) — E(X),
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- (Xp, Yn) = E(X,Y,) - E(XY) = (X,Y),
— Cov(Xn, Yy) = E(X,Y,) — E(X,)E(Y,) — Cou(XY) = E(XY) — E(X)E(Y)
- Var(X,) = Cov(X,, Xpn) = Var(X) = Cov(X, X).

(ii) Consider H = L?(—1,1).

(a) Let V1 = {a+bx |a,be R,z € (—1,1)} (the subspace of polynomials of degree less than
1.) Find the orthogonal projection of 2% on V;.

(b) Let Vo = {a + bx + c2? |a,b,c € R,z € (—1,1)} (the subspace of polynomials of degree
less than 2). Find the orthogonal projection of 2® on Vs.

(iii) Consider X,Y, Z € H and assume X, Z are not constant. Compute the least linear quadratic
estimator L(Y'|X, Z). Show that L(Y|X,Z) = L(Y|X) + L(Y|Z — L(Z|X)) — E(Y). (Hint:
look at Remark 3.15).

(iv) Let T : L?*(0.1) — L?(0,1) defined as T'f(z) = Sg f(y)dy.

Show that this is a compact operator and compute its adjoint.

4 Elements of Fourier Analysis

Fourier Analysis has several important applications in mathematics and statistics, in particular
in data analysis and estimation. Loosely speaking, Fourier analysis refers to the tool used to
compress complex data into exponential functions (or trigonometric functions). So, it permits to
analyze data in terms of their frequency components. Two of the central ingredients of Fourier
Analysis are the convolution operator and the Fourier transform.

In this last chapter we will consider also functions taking complex values, that is f : R — C.
In this case f can be written in terms of 2 real functions f7, fo which correspond to the real and
imaginary part of f, that is f(x) = fi(x) + if2(z).

We recall also the formula for the complex exponential

e = cosx +isinz.

4.1 Convolution operator

Let f,g: R™ — R be measurable functions and we define the convolution between f and g as the
function

feg(x):= JR fx—=y)g(y)dy  (or equivalently = JR fW)gle —y)dy)

for all x such that the integral exists finite. Note that f = ¢ is a function of x!
Intuitively: let € R™ and consider the function y — f(z —y). This is the same as the function f,
but we have to shift the graph of f by x and then flip it around the axis y = x. Assume that f is
a smooth function which is positive only in a neighborhood of 0 and null elsewhere, with integral
1. Computing f = g(z) we are taking a sort of weighted average of the values of g near the point
x (weighted by the values of g)..

Basic properties of the convolution are the following. For the proof we refer to the Section 8.2
in [2].

(i) fxg(x)=g=* f(x)and (f*g)*h(x) = f* (g*h)(z),

(ii) The support of a function h is the closure of the set of points where h # 0. The support of
f # ¢ is contained in the closure of the sum of the support of f and the support of g.

(ili) Young inequality for convolutions. If f € LP(R") for some p € [1, 4] and g € L(R")
then f + g e LP(R™) and moreover [ f + g, < [ f[p[gl-
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One of the main important features of the convolution operator is that it has regularizing properties.

Proposition 4.1. Let f € L?(R") and g € L*(R"), then f % g(x) is a continuous function such
that lim|y) 4o f * g(x) = 0 (so it is also bounded). Moreover | f * gl < || f]2/gll2-

If f € LY(R") and g € C*(R™) bounded and with bounded derivatives up to order k, then
f*geCHR™) and for every i€ {1,...,n} and he {1,...,k}, ot (f * g)(x) = f * (3% g)(x).

Let

1

celsP-1 |z| <1
g(w)={ =

0 elsewhere

where ¢ > 0 is chosen such that {, g(z)dz = 1. Note that g € C*(R) and g(z) = 0 for |z| > 1.
Let t > 0 and consider g;(z) = tg (%) . Then §; g:(z)dz = 1 (by change of variable formulal)
and g;(x) =0 if |z > t.
As t — 0 g; becomes more and more concentrated at x = 0. Observe that by its properties, g,
is the density function of a continuous random variable X;.

Proposition 4.2 (Approximation of the Dirac measure and regularization by convolution). Let X
be the continuous random variable with density given by g; as defined before. Then X; converges
in distribution as t — 0T to the discrete random variable Xy with associated distribution the
Dirac measure 0y (that is X = 0 almost surely).

Let f € LP(R) for p € [1,4®©). Then g; = f(x) is smooth (that is, it is in C*) and moreover
gt = f(x) — f in LP.

Proof. To prove the convergence in distribution we need to show that for every f which is contin-
uous and bounded there holds

iim | f@)(o)ds = 50(£) = F(0)
R

t—0+

By definition and changing the variable posing y = %

[ @@= [ s@awi=c[ s =a,

Sending ¢t — 0 and applying the dominated convergence theorem we conclude.
The second part of the theorem is a consequence of the properties of convolutions. We refer
to [2, Chapt. 8.2]. O

The convolution is also useful to compute density functions of the sum of independent random
variables.

Theorem 4.3. Let X and Y be independent continuous random variables and let f,g the asso-
ciated density functions. So Z = X +Y is a continuous random variable with density function

given by f *g.

Remark 4.4. The same statement holds also with discrete random variables, substituting the
integral with sum and convolution with a discrete convolution. That is if X,Y are discrete inde-
pendent random variables, then X + Y = Z is discrete random variable and the following holds:
for every n € Z,

P(Z =n) = fP(X = k)P(Y =n—k).

The proof of this formula can be checked easily in the case of random variables taking a finite
number of values.
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Proof. Observe that for every a, b, by independence

a b
P(X <a,Y <b)=PX <a)PY <) = J f(a:)dyf g(y)dy.
—o0 —o0
So in particular we get

P(X+Y<t):P(sz,Y<y,x+y<t):f f(x)g(y)ddy
(w,y)eR? x+y<t

where the integral is an integral computed in R%. We change variables to (z,w) where x = 2 and
w==xz+y (soy=w-—z). So we get that z€ R and w < &

MX+Y<ﬂ:J

(z,y)eR?,z+y<t

t ¢

f@owisdy = | [ fegw—2duds = [ feg)a:
-0 JR —0

where in the last equality we use the definition of convolution. O

4.2 Fourier series

Assume that f is 27 periodic and bounded. Then we may reduce to consider it a function in
L?(—m, ). This is a Hilbert space and we may apply the theory discussed in Chapter 4.
Let L?(—m,m). It is possible to show that an orthonormal basis of this space is given by

1 cos(nz) sin(nz)
{ﬁv Jr 0 = € N}
By Parseval theorem every function f € L?(—m, ) can be written as

+®© +00
f(@) =ao+ Z Gy, COSNT + 2 by, sinnz,
n=1 n=1
where
1 g 1 (™ 1 (™ )
o = 5 (@)dz  an = — f(z) cos nzdz, by = — f(x)sinnzdx.
T J—n - ™ J_x

This is called the Fourier serie of f. The equality holds in the sense that

- 0. (4.1)

N N
lij{{n f—ap— Z ap COSNT — Z b, sinnx
2

n=1 n=1

It is possibile to prove that if f is more regular than in L2, then the convergence holds also in
pointwise sense. We refer for the proof to [1].

Proposition 4.5. If f is differentiable at a point T, then the convergence in (4.1) holds also

pointwise in T, that is
+00

f(Z) =ao+ Z Gp COSNT + by, sinnz.
n=1
Some control on the derivatives at a point is necessary to assure the pointwise convergence
(there exists continuous functions such that the Fourier serie does not converge pointwise).
The Parseval identity gives that

I£13 = 2mag + 7> (a2 + 7).

If we consider functions with complex variables the orthonormal basis is given by {i;;} and the

coefficients of the Fourier serie are
1 (7 )
Cn = — (x)e™""dx.
2 J_,
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For a generic function of period 7', the Fourier serie has the form

n=-+0o0

2minx
2, ene T,

n=—0uo

where ¢, = 7 Sg f(z)e=2mm/T dg,

4.3 Fourier transform

The Fourier transform is an isometry among Hilbert spaces as we will see (so a bijection which
maintains the distance) and in some sense it can be interpreted as a generalization of the Fourier
serie in non periodic context.

Let f € L*(R). We define the Fourier transform of f as the complex valued function

f@) = | fevay.
It can be generalized to several dimension: if f € L!(R™) then
flz) = . fly)e'™vdy.

Observe that since |e™¥] = 1 for all 2,y € R, | f(2)| < {5 |F(y)|e*¥dy < §, |f(y)|dy = | f] 1. More
precisely we get the following result (see for the proof [2], Section 8.3), stating that the Fourier
transform sends integrable functions in bounded continuous functions.

Proposition 4.6 (Riemann Lebesgue lemma). Let f € LY(R). Then f € C(R) and moreover
im0 f(2) = 0, [[flloo < [ f]r-

Other important properties of the Fourier transform are stated in the following proposition.

Proposition 4.7. Let f,ge L*(R). Then

(1) (f/Q) = fg So the Fourier transform of a convolution is the product of the Fourier trans-
form.
(i) If [2]“f € L'(R), then f & C*(R) and dif(@) = [(i)*f].
(i) If f € CR(R), dif(2) € LY, limpyy s on d2f(2) = O for n < b, then (d2f)(2) = (—iz)" f()
for alln < k.

Proof. (i) By definition, properties of the exponential and changing at the end variables (from
(y,t) to (s,t) where s =y —t)

—

(f*g)(z) = jR f*g(y)e™dy = JR fRf(t)g(y — t)e™Ydtdy

f f F(D)gly — )@ didy
R JR

f f F(Hg(s)e=e=tdtds = f(x)g(x).
R JR

(ii) We get that
Ao f(x) = d fR fly)evdy = fR Ao f(y)e™Vdy = JR F()iy)e™vdy = (igf) ().

Repeat the argument we conclude with the result for every k € N.
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(iii) We integrate by parts and we have that

&} (x) = f dy F(y)evdy = [f(y)e™v] " — f F(y)iz)e™vdy = —izf(x).

Iterating the procedure we conclude.

The previous proposition has a very important consequence:

let ¢ > 0 and f,(x) = el , then fa (4.2)

a%

More generally in R”, if f,(z) = e—alzl? , for x € R", then fa
We prove (4.2). Observe that by the previous proposition, 1tems (11) (1ii) we get that

€T -

_ —alyl® (0 oiTY 1., _ -t —aly?\ izy :_LA __*
dofulw) = | e ety = | Shay ey - AT @) = —5 (o)

So the function f, = ¢ satisfies ¢/(z) = —5=¢(z), integrating we get that (log¢(x)) = —g +c
and then ¢(z) = ke~ 3% . Finally to compute k we need to compute ¢(0) = f,(0).

fa(0) = fR eI ey \/j

Proposition 4.8. Let f,ge L'(R), then

| @@yt = | r@iteis

Proof. By definition and by changing the order of integration (thanks to Fubini Tonelli theorem)
f dm—fff ””ydydsc—Jf )g(x

For f € L'(R) we may define also the anti transform of f as follows:

fla) = 5= | Sy = o (-a).

Obviously, this operator satisfies the same properties as the Fourier transform.

Theorem 4.9 (Fourier inversion theorem). Let f € L'(R) such that also f € L'(R). Then f is
continuous and bounded (that is, it coincides almost everywhere with a continuous function) and

f=r=7 X
In particular if f,g € L*(R) with f = g, then f = g almost everywhere.

Proof. We give a sketch of the proof, for the rigorous demonstration we refer to [2], Theorem 8.26.
We have that

e—0 e—0

J f(y Ye Y dy = hmJ f(y e~y o=y’ dy = hm‘[ J f(z)eiyzdze_mye_syzdy =
R R

by changing the order of integration

e—0

= lim f(z)f W) eV gy
R R
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Now we observe that
J eWE2) o= gy — e—ev? (2 — 1)
R

and then by (4.2) we conclude
J VD)= gy = =P (5 — ) = Y e—le—2) /e
R Ve

We substitute in the previous integral and we get

2 fia) = [ Fyevay =ty [ 1) Ee o oy [ 1 (o 552 ) e e

=27 f(x) J;R e de = 27 f ().

The last conclusion comes from the fact that (J/"‘—\g) = f—§=0. Therefore f — g € L'(R) is
such that (f/—\g) = 0 € L'(R), which implies by the inversion theorem that f—g = (f/—?) =0. O
Using the inversion theorem, we get also the following result:

Corollary 4.10. Let

S={g:R—->R, geC® Vk sup|lz|*g(z)| < C, |z|*g(x) e L*(R)}.

Then the Fourier transform is a bijection of S into itself.
Note that for all @ > 0, e~2” e S.

Proof. By Proposition 4.7, we get that if ¢ € S then § € C® and moreover z*§ is bounded
continuous and integrable, so in particular § € §. The conclusion comes from the inversion
theorem. O

Lemma 4.11. The set S is dense in the space Co(R) = {g € C(R) | lim,_, 1o g(x) = 0} (with
respect to || - |0 norm) and in the space LP(R) for all p € [1,+00) (with respect to || - |, norm).

For this lemma we refer to [2, Proposition 8.17].

Theorem 4.12 (Plancherel theorem). If f € L'(R) n L%(R) then f € L*(R), and the Fourier
transform extends in a unique way to a isomorphism (so a linear bijection)

F:L*R) -~ L*(R),  F(f)=1f
with 27| f |3 = /13-
Finally we conclude with the following theorem.

Theorem 4.13. Let f,, f € L*(R). Assume that fn — f pointwise and that there exists C > 0
such that ||fn|z1 < C for all n. Then f, — f vaguely in L*(R), that is for all g € Co(R), there
holds limy, §; fr(2)g(x)dz = 5 f(x)g(x)dax.

Proof. Let g € Cyp(R). Then by Lemma 4.11 there exists g € S such that sup,.cx |gr(z)—g(z)| <
Since gi € S then g, = g by Corollary 4.10. Therefore we get

1
%

me P @)gi(x)de = JR(fn P @)i(a)dz = f me P (@)gi (g dyde

exchanging the order of integration

_ f j (Fn — F)(@)gily)e™vdrdy = j (o — D) w)dy.
R JR R
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Since supyep | fa(y) = FW) < Ifa = FIL < Ifall + /1% < C+|f]p and g € L', we get that

\(fn — @) Ge(w)] < C+|f1]ge| € L*. Moreover fn(y) — f(y) — 0 as n — 400 by assumption,
then by the Lebesgue dominated convergence we conclude that

limf (fn— )@)gr(z)de =0
" Jr
for all k > 0. Using the fact that sup,cg |gx(z) — g(2)| < + we get

< +

ij ~ P@)g(e)de me P @)(gh — 9)(@)da ij P @)gi(x)dz

< f Ful@) — £(@)llge() — g(a)|dz +
R

f (o — D) @)gn()da
R

< HC 1)+ | [ (- D)

< Lo flos+ \ [ (= N@nteyis

Therefore we conclude that for all £ € N,

lim
n

<O+ 1fln)

f (fo — f)(@)g(x)da
R

which gives the conclusion sending k — +c0. O

4.4 Characteristic functions of random variables and the Central Limit
theorem

Let X be a random variable, with associated Px probability distribution. The characteristic
function of X is defined as the (complex valued) function

ox(t) = E(e').
More precisely

— if X is a (asbsolutely) continuous random variable (with density f) then

bx(t) = JR e f(x)dx = f(t).

So in this case the characteristic function of X is the Fourier transform of the density function
f associated to X.

— if X is a discrete random variable (taking values on Z),

ox(t) = Y e P(w | X(w) = k).

keZ

Note that ¢x is a continuous function such that ¢(0) = 1.

Proposition 4.14. If X1, X5 are independent random variables, then the characteristic function
of X1 + X5 satisfies
¢X1+X2 (t) = ¢X1 (t)d)Xz (t)

Proof. We consider only the case in which X7, X5 are absolutely continuous random variables (for
the other case the argument is similar). The probability density of the sum of X; and X5 is
given by the convolution between the density of X; and the density of Xs by Theorem 4.3. Then
the Fourier transform of a convolution is the product of the Fourier transforms, see Proposition
4.7. O
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The characteristic function associated to a random variable characterizes completely the ran-
dom variable, and moreover the functional from the spaces of random variables with the conver-
gence in distribution to the space of characteristic functions with the pointwise convergence is
continuous, in the sense that if a sequence of random variables is converging in distribution to a
random variable, then the same holds for the characteristic functions (and viceversa).

Theorem 4.15. Let X,, be a family of random variables.
(i) If X, are converging in distribution to X, then ¢x, (t) — ¢x(t) for every t.

(i) If ¢x,(t) — o(t) for every t, where ¢ is a function continuous at t = 0, then ¢ is the
characteristic function of a random variable X and X,, converge in distribution to X.

Proof. (i) X,, — X in distribution for every bounded continuous function g it holds

E(g9(Xn)) — E(g(X)).

So, taking for every t, g;(y) = e®¥ (which is bounded and continuous), we get ¢x, (t) —
ox ().

(ii) We prove this part theorem only in the case of absolutely continuous random variables X,,,
with associated densities f,,. The general case can be obtained similarly.

We claim that X, are tight. If the claim is true, then by Theorem 2.34, up to a subsequence
we get that X,,, converge in distribution to a random variable X. By (i), we get that
¢x,, (t) = ¢x(t) for every t and so ¢(t) = dx (t). Since the limit is unique (does not depend
on subsequences), we conclude the convergence of the whole sequence of X,.

So to conclude it is sufficient to show that X, are tight. Since we are assuming X, to have
a density f,, we get that ¢x, (t) = f,(t). Fix 6 > 0 and consider

% fi(l — ox, ( =% J ))dt = % f f e fo(y) dydt
%J J V) dt f,(y)dy %JR [26— 251;5‘1’] Faly)dy = fR [1 - Sig;y] Fuly)dy

IJ 1 2
> - fn(ydy=IP’(Xn>>.
2 Jisy>2 ) 2 Xl 5

Poxn>§)<§f:u—¢aumﬁ~§[:a—¢wwt

Since ¢ is continuous and ¢(0) = 1, we get that for every € > 0 there exists § such that
(1—¢(t)) <e/4 for te[-4,6]. So

Hence

3

)
%Lg—mmm<

\]

We ﬁx e > 0, we choose § as above, and K. = {|z| < %} and then we choose 7 such that

3 S (t))dt < ¢ for all n > n. This gives the desired tightness: P (| X,| € K.) > 1—¢
for all n > n.
U

We conclude showing that actually the Central Limit theorem can be interpreted as a result
in Fourier analysis. The theorem says that if we have a sufficiently large sample of observations-
randomly produced in a way that does not depend on the values of the other observations- the
probability distribution of the observed averages will closely approximate a normal distribution.
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Theorem 4.16 (Central Limit theorem). Let X,, be independent identically distributed random
variables with (common) mean p and a variance o. Then W converges in distribution

to the normal random variable with mean 0 and variance 1.

We are not going to prove in full generality this theorem, but we are just giving an idea of
what is going on in the case in which every X; is an absolutely continuous random variable with
density f. Up to a renormalization we may assume that the mean of X; is 0 and the variance is 1.

Proposition 4.17. Let f : R — [0, +00) such that

fR flz)dr =1, JR zf(z)dx =0 -[R 22 f(x)dr = 1.

Let f*" := f % -« [ (the convolution of f by itself n times).
a2
Then fn(x) := /nf**(y/nx) converges vaguely as n — +oo to %

Proof. The first assumption on f implies that f (0) = 1. Moreover, recalling Proposition 4.7, item
ii, we get that the second and third assumption on f imply that f € C2. Moreover

T10) = | )y =0 BFO) = | (=i )y = -1
By Taylor theorem we conclude that for z — 0,
fl@)=1- %xQ + o(x?).
We compute now ﬁ(m) We have that
~ [ ey = [ Varen ey -

changing variable z = y/ny

_ JR f*n(z)euvﬁdz _ JR f*n(z)elﬁzdz _ JT,,;L <\jﬁ)

and recalling by Proposition 4.7, item i, that f*”( ) = (f(z))™ we conclude that

=17 (7)< (7 (ﬁ))

So, we get for x fixed and n — 400

Fae) - (f(ﬁ)) - (- < vo (i)) _ res(1-go(3))

1

Recalling that for z fixed and n — +00, we get log (1 — % +o (%)) =—F + 0( ) we get

Fala) = % Ho)

|

S

x

N

z

and therefore lim,, ﬁL(m) = ¢~ 7. By (4.2) with a = } we have that &= = e~ . Therefore

Bl

—_
—zZ
€ 2

Ver'

Moreover |f,|1 = 1 for all n. So, we may apply Theorem 4.13 to obtain that f,, is converging
2

z

S

lim Folz) =

e 2
vaguely to TR O
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4.5 Problems
(i) Let ¢ > 0, and

0 elsewhere

ha(z) = {1 x| < e

Compute h. = h.. Then compute h, * h. * h.. What we can say about the regularity of these
functions?

(ii) Let X1, Xs,... X, are n independent continuous random variables with the same distribution
(and so with the same density function f). Assume that E(X;) = u and E(X; — pu)? = o2.
Show that the density function of W is given by +/no f*" (z+/no + un), where
f*¥™(x) is the convolution of f with itself repeated n times.

(iii) Let 6 <7 and f : (—m,m) — R defined as

fz) =

1 -d<x<$d
0 7<z<-60 andd<z<m.

(a) Compute the Fourier serie of f.
(b) Show that

(¢) Compute

(iv) (a) Compute the Fourier transform of g(x) = ™" x(0,4-u) ()
Recall the following formulas (obtained by integration by parts):

1

—ﬁe_y(az coszy + sinzy) + ¢
x

fe_y sin(xy)dy =

fe_y cos(zy)dy = poa] e Y(zsinzy — cosxy) + c.

(b) Compute the Fourier transform of f(x) = xe™X(o,1u)(x) (that is the characteristic
function of the Gamma distribution).
Use item (a) and Proposition 4.7.
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A Solutions to problems Section 2

(i) Let f:R — R be a monotone function. Show that f is Lebesgue measurable.
It is sufficient to show that for all ¢ € R the set {x € R | f(x) > ¢} is measurable.

Assume that f is monotone increasing (if it is monotone decreasing the argument is analo-
gous). Let ce R. If f(x) < cfor all z € R then {z € R | f(x) > ¢} is the empty set and we
are done.
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Assume now that there exists & € R such that f(Z) > ¢. By monotonicity we get that
f(y) > cfor all y > . We consider now the set A, = {x € R |f(z) > ¢}. Our aim is to show
that this is a measurable set.

We observed that by monotonicity, if = € A, then [z, +00) € A.. So, if A, is not bounded
from below, this implies that A. = R and so we are done. Assume now that A. is bounded
from below and define z. = inf A.. For all x > z. we get that f(x) > ¢ and f(x) < ¢ for all
x < . This implies that A, = (2., +0) if f(z.) < ¢, and A, = [z, +0) if f(z.) > c. In
both cases, A. € M.

Note that actually we get something more: for all ¢, we get that A. is a Borel set, so the
function f is Borel measurable.

(ii) Consider the right continuous increasing function on R

F(x):{x x<0

z+1 z>=0.

Which is the Borel measure associated to this function?

We define pp(a,b] = F(b) — F(a), and then we extend it to a measure on the Borel o-
algebra. Given F' as in the statement, we get that pup(a,b] =b—aif a <b <0, pr(a,b] =
b+1—(a+1)=b—aif0<a<b, whereasif a <0 = b, then pp(a,b] =b+1—a=b—a+1.
Therefore pp = L + dg.

B Solutions to problems Section 3
(i) Let (X,| -|) a Banach space and F': X — X such that there exists 0 < a < 1 for which
|[F(z) - Fy)l <alz—y|  Vo,ye X

(F is a contraction)

(a) Show that the map F is continuous.
(b) Let xg € X. Define 1 = F(x0), 2 = F(z1) and so on x,, = F(x,_1). Prove that

”xn - xn-&-lH < ClnH.T() — le

Deduce that (), is a Cauchy sequence.

(¢) Let Z = lim,, z,,, where (z,) has been defined in the previous step. Show that F(z) = z.
So, T is a fixed point of F.

(d) Show that the map F admits a unique fixed point, that is a point such that & = F(Z).

This is called Banach-Caccioppoli theorem.

(a) Let (z,,) be a sequence in X which is converging to 2. Then 0 < ||[F(z,) — F(x)| <
al|z, — x|, and so lim,,—, 1o F(2,) = F(z) since limy,_, 4o T = .

(b) By the property of the function F' and the definition of the we get that
|zn1 — zn] = |F(zn) — F(zn-1)| < a|zn —zn-a] =

= a|P(@n1) = F(ea-2)ll < a|@nr — 2nosl < .. < a1 - o],

Let n > m. Then,by using the triangular inequality, we get

|lzn = Zm| < |20 = Tn-1| + | Tn—1 = Tn—2| + - + [Trmg1 — T |-
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1_an+1

l—a

By using the previous inequality and recalling that Z?:o al = we get

m+1 n+1

a
|zo — 21].

—a

|zn — zm| < (@™ +a™ 4+ -+ a™) 2o — 21| <= =

Since 0 < a < 1, we get that a"*! a™*t! — 0 as n,m — +00. So in particular the

previous inequality implies that (z,,) is a Cauchy sequence.

(c) Since (x,) is a Cauchy sequence, and the space is complete, it is converging to some
point z. Using the continuity of F' we have that lim,, F'(z,) = F(z). But we recall that
lim,, F(z,) = lim, ©,—; = . So F(x) = x.

(d) Let «,z such that F(x) =  and F(z) = z. The by the property of F, and recalling
that a < 1,
|z = 2] = |F(x) = F(2)| < afz — 2] <[z - 2.

This is not possible unless |« — z| = 0, which implies z = z.

(ii) Let f e LP(R™) and a > 0. Prove that

Ltz <R [ 1@ > a})? < 2]l

This is called Chebycheff inequality.

Let A, = {x eR" | |f(2z)] > a}. Then R™ = A, n (R™\A,). So we compute, recalling
definitions,

iz = [ e[ @raes [ p@pass [ e,

Aq R\ A, Aq

since |f|P = 0. Now if € A,, then |f(x)|P = of. Therefore in the previous inequality we
get

g = [ 1sepdr > ar [ dr=ar ca)

@ @

This gives the desired inequality,

[e%

£t < (VLY

after extracting the p rooth.
(iii) Prove that if f € L?(—1,1) then f € L'(—1,1) and moreover
Il < V21 f]2-

Provide an example of a function f € L'(—1,1) such that f ¢ L?(—1,1).
Since x(—1,1) € L*(—1,1), then by Holder inequality f = fx(_1,1) € L'(—1,1). Moreover

1 3
Il <15 ([ ac)” = vaila

The function f(z) = —— is in L*(—1,1) but not in L?(—1,1).
Vel
(iv) Consider the following operator T : L%(0,2) — L?(0,2) defined as
Tf(x) :f fy)dy.
0
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Show that this is a bounded continuous operator.
First of all T is linear by linearity of the integral.

Note that, by Jensen, and changing the order of integration (observe that 0 < y < z < 2)
we get

Tf%=f:(f X0, () F(y dy) dr < f f Yo @) |dy—2ff|f ) 2dy

2 2 2
—2| [ 1w)Pdedy =2 [ @ )lr)Pdy < 41513
0 Jy 0
where the last inequality comes from the fact that (2 —y) < 2 for y € (0,2). Therefore

sup |Tfl2< sup 2|fl2 <2
(1<} (1<)

(a) We have to prove that §, |fi(z)gx(z) — f(z)g(z)|dz — 0 as k — +oo.
We observe that, by Holder inequality,

L ()i () — F(2)g(a)|dz = jo (@) (gr(@) — 9(2)) + (falz) — F(2))gn(2)]dz
< | 1f@lono) ~ g(@ldo + | 1)  f@)lon(z)do
O O

< llgr = gllall fllp + 12 = Flplgrle- (B1)

Sending k — 400, and recalling that limy [|gx|q = [lg]lq, We get the conclusion.

(b) Arguing as in (B.1), we get

f | (@)gn(@) — f(@)g(a)|d < j (@) |g0(x) — g(x)|de + f i) — £ ()] gn () e
O O O
< j F@)llgr (@) — 9@z + [ — Flolonla
O

Note that §, |f(z)||gx(z) — g(2)|dz — 0 by weak convergence of g to g, whereas
| fx — flp — 0 by strong convergence of fi to f. Moreover recall that there exists
M > 0 such that |[gx|, < M. So, we conclude, sending k — +c0 that §, | fr(2)gr(z) —
f(@)g(x)|dz — 0.

C Solutions to problems Section 4
(i) - E(X,) = (X,,1) » (X,1) = E(X), by continuity of the scalar product (as a conse-
quence of Cauchy Schwartz inequality).

- (X,,Y,) = (X, - XY, -Y)+ (X,Y,) + (X,,Y) — (X,Y). We conclude observing
that (Xn — X,Y, —Y) — 0, (Xn,Y) — (X,Y) and (X,Y,) — (X,Y).

— the convergence of covariance and variance are immediate consequences of the first two
items.

(i) Consider H = L?(—1,1).

(a) Let V1 = {a+bx |a,be R,z € (—1,1)} (the subspace of polynomials of degree less than
1.) Find the orthogonal projection of 2% on V;.

(b) Let Vo = {a + bx + ca? |a,b,c € R,z € (—1,1)} (the subspace of polynomials of degree
less than 2). Find the orthogonal projection of 2% on V5.
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(a)

We look for an orthonormal basis of Vi. A basis of V; is given by 1,2. Note that
(z,1) = Sl_l xdr = 0, so 1 and x are orthogonal. We have to normalize them. We

compute Sl dxr =2 and Sl_l |z|?dr = % Therefore an orthonormal basis of V7 is given

by <%, Q) By the theorem on orthogonal projection we have that

) V3
Py, (z°) = \f+a1 7
1

where ag = (22, —5) and a; = (22, %) We compute

Therefore
2 1 1

3v2v2 3
Another way to compute the orthogonal projection is just using the definition: we have

to find the point in V; with minimal distance from z2. Every point in V; is defined as
a + bx for some a, b, so we have to solve the minimization problem

PV1 (xQ) =

1
min [z% —a — bz|? = minf |22 — a — bx|*dx
ab J_q

a,beR
! 1
= minJ (z* + a® + b%2? — 202 — 202> + 2abz)dr = min ( + 2a? + -3 >
ab J_q a,b 5
The minimum is 1/5 and there are two minimum couples of points: a = % =0a

a =0, b =0. Therefore the projection is 1/3 + 0z = 1/3.

The previous point implies that z2? — % e Vi-. We have to find a orthonormal basis of

Vo. In order to have three generators which are orthogonal, we consider 1,z,z% — %

Moreover we normalize them to have norm 1. We compute

! 1 2 2
2 2
S P

So an orthonormal basis of V5 is given by (7 % %(IQ — %) Again by theorem on
orthogonal projections we have

L V3z @(2_1)f(t3@)@
vz e e RV ERYG)

where ag = (23, %), a; = (23, ‘(/”) as = (23, %(IQ — %)) Tt is easy to check that

PV2 (33 ) ap

agp = 0 = as. We compute

a—(;vgﬁ)—ﬁ 1x4 V32
RV RRVON V25

Therefore

\/§2\/§x 3
PV2($3) = %gﬁ = 5.17

(iii) Recalling Remark 3.15 we have that

LY|X,Z)=Prs(Y)=a+bX +cZ
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where S is the space with basis 1, X, Z.

Observe that by the same argument L(Z|X) = Prr(Z) where T is the space with a basis
given by 1, X. In particular by Theorem 3.8 we have that Z — L(Z|X) € T+ and arguing as

in Remark 3.15 L(Z|X) = E(Z) + Sa2 (X — E(X)).

An orthonormal basis of S can be therefore obtained by considering an orthonormal basis

of T, which is given by 1 XVL((XX)) as proved in Remark 3.15 and then adding the ele-

ment k(Z — L(Z|X)) where k is such that E(k(Z — L(Z|X))? = 1. Since E((Z — L(Z|X))? =

Var(Z)Var(X)—Cov*(X,Z) B _ VVarX
Var(%) as proved in Remark 3.15, we get that k = JVar @ Var(X)—Cot (X.2)"

So, as in Remark 3.15,

LY|X,Z2) = E(Y)+ (’m(x ~ E(X)))
Var(X)Cov(Z,Y) — Cov(X, Z)Cou(X,Y)
Var(Z)Var(X) — Cov?(X,Z) (Z - L(Z]X))
- EY)
Var(Z)Cov(X,Y) — Cov(Z,Y)Cou(X, Z) (X — E(X)))

Var(Z)Var(X) — Cov?(X, Z)
Var(X)Cov(Z,)Y) — Cov(X, Z)Cov(X,Y)
Var(Z)Var(X) — Cov?(X, Z)

(Z —E(2)).

Observe that
Cov(X,Y)

EY)+ Var(X)

(X —E(X))) = L(Y|X)

and moreover

Var(X)Cov(Z,Y) — Cov(X, Z)Cov(X,Y)
E(Y)+ Var(Z)Var(X) — Cov(X, 2)

(2 - L(ZIX)) = L(Y|Z - L(Z|X)).

This conclude the proof.
Let T : L?(0.1) — L?(0,1) defined as T'f(z) = {; f(

Show that this is a compact operator and compute its adJoint.

To prove that it is compact we have to show that if f,, converge weakly to f, that is
lim,, Sé fu(x)g(z)dz = SO (x)dz for all g, then || T f, —T f|l2 — 0, We compute, reasoning

as above,
2

ITfn—Tfl3 = Ll (Ll X(0,2) (W) (fn(y) — f(y))dy> du.

Now F,( (So X0,2) W) (fn(y) — f(y))d ) is a function such that lim,, Fn( )=0forallx

)
(by weak convergence, since X (g,5) € L?). Moreover by Jensen inequality F,, ( SO | fr(y
F)Pdy < |Ifn — flI3 < (| fall2 + [ f]2)?. Recall that since f,, converge weakly then there
exists C such that |f,|2 < C (see Problem v)). This implies that 0 < F,,(z) < 2C?. Since
constant functions are element in L?(0, 1), we conclude by Lebsegue dominated convergence
that lim,, |[Tf, — Tf]3 = 0.

To compute the adjoint we recall that (T'f,g) = (f,T*g) and so we compute, changing the
order of integration

(Tf,g) Jff dydx_Jf )dz f(y

Therefore T*g S g(y
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D

(i)

(i)

Solutions to problems Section 5

1 |z|<e
0 elsewhere
What we can say about the regularity of these functions?

By definition of h,

Let ¢ > 0, and h.(z) = . Compute h. * h.(x). Then compute h. * h; * he.

he # he() =f

el = )hely)dy = [ " he(e —y)dy = [—erd] A [z — e,z + ]
R —c

where we indicated with |[—c¢,¢] n [z — ¢, + ¢]| the length of the intersection between the
two intervals. Since

[64) x=2corxz<—2
[—c.clnfz—ce+c]=<{[-cx+c] —2c<x<0
[x—c,c] O0<z<2c

we conclude that
0 x =2corx < —2¢
he#he(z) =<a+2c —-2c<x<0
2c—x 0<ux<2c

The graph is a triangular.. Then again by definition

he * he * he(x) =J-

(he * he)(x —y)he(y)dy = f (he * he)(x —y)dy
R —c

-| (e )& = y)dy.
[—c,c]ln[z—2¢,z+2c]

We observe that h.xh.xh.(x) = h.xh.*h.(—z) so it is sufficient to compute the function for

x positive and then symmetrize it (as an even function). If z > 3¢ then h * h¢ * he(z) = 0.

If z € (2¢,3c¢) then [—¢,c] N [z — 2¢,x + 2¢] = [z — 2¢, ¢] with  — 2¢ > 0 and so

c de — )2 2
he * he ® he(x) =J he * he(y)dy = M_g
x—2c 2 2

If x € (¢,2¢) then [—c,c] N [z — 2¢,2 + 2¢] = [z — 2¢, ¢] with  — 2¢ < 0 and so

0 4t — 2% 3,

hewhel)dy + [ hex holu)dy = 5+ 5
0

hc*hc*hc(l‘):J 2 2

r—2c

If x € (0, ¢) then [—c¢,¢] N [z — 2¢,x + 2¢] = [—¢, ¢] and so

he # he = he(x) = J he # he(y)dy = 3c2.

Let X1, X5, ... X, are n independent continuous random variables with the same distribution
(and so with the same density function f). Assume that E(X;) = p and E(X; — p)? = o2
Show that the density function of X1E=tXXn=it ig oiven by A/no f¥7 (za/no + un), where

no
f*™(x) is the convolution of f with itself repeated n times.

By Theorem 4.3 we get that the density function associated to the sum of X, Xs is f = f.
Then again by the theorem, the density function associated to the sum of X; + X5 with X3
is (f = f) = f = f* and so on.
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By linearity E(X; + - -+ X,,) = nu and by independence we get E((X; +---+ X,, — un)?) =
no?. So the sum as Z = W, we get that Z has E(Z) = 0 and E(Z?) = 1 (so it
has mean 0 and variance 1).

f™* is the density associated to X1 +...X,,, we get that \/no f*" (xy/no + pn) is the density
associated to Z. Indeed we compute, changing variable,

- v ey g — L —np) =
fo\/ﬁaf (z+/no + pn) do = 3 \/ﬁof (y)dy \/ﬁaE(X1+ + X, —nu)=0

J z?/no f*" (zy/no + pn) de = J Mf*"(y)dy =1
R R

no?
(iii) Let 6 < m and f: (—m,m) — R defined as
1 —d<zx<d
flz) =
0 —m<zx<—-6 andd<z<m.

(a) Compute the Fourier serie of f.
(b) Show that

(¢) Compute

(a) ap = o= " _f(t)dt = %7 b, = 0 since f is an even function.

m 1(° 2
n = — 4 t)dt = — t)dt = — si d).
a - f(t) cos(nt) - J,(; cos(nt) - sin(nd)

—T

So the Fourier serie of f is

SRS

2 ¢ sin(nd)
+ p Z " cos(nx).

(b) We take 6 = 1. The Fourier serie of f at = 0 is converging to f(0) so

1 2 sinn
-+ — =1.
s 77; n

(c) The Parseval identity reads
1£13 = 2mag + ) w(ap +b7).
We apply Parseval equality for 6 = 1 and we get

2 4 Gsin’?n
S =2

™ ™ n

(iv) (a) Compute the Fourier transform of g(x) = e™%x (0, 400) ()
Recall the following formulas (obtained by integration by parts):

1

jefy sin(zy)dy = e
1

x2+1

“Y(xcoszy + sinzy) + ¢

e Y(rsinzy — cosxy) + c.

fe_y cos(zy)dy =
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(b) Compute the Fourier transform of f(x) = ze™X(0,1x)(7) (that is the characteristic
function of the Gamma distribution).
Use item a. and Proposition 4.7.

(a) By definition and using the primitive of the functions e™¥ cos zy and e~ ¥ sin zy, we get

) +00 ) +0o0 +00
g(z) = f g(y)e™Vdy = f e Ye'"dy = J e Y cosxydy + ZJ e Y sin zydy
R 0 0 0

1 T

+1 .
22 +1 2 +1

(b) By Proposition 4.7,

di(z) = jRuy)g(y)e“ydy i f F(y)eivdy = if(x).

Therefore

TR 1 o \ —2x |
fla) == ($2+1+Zm2+1> _z((a:2+1)2_2(x2+1)2)

R P S 2—(1—m)—2
@2+ 1)2 0 22+ 12 \1+a22)

where the last identity is obtained by using the fact that 1fi1 = 111';33
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