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ExaM- DECEMBER 7- TIME 2 HOURS

Problem 1.

(1) Let 2 C R™ be a open bounded set and p > 1. Let f € LP(Q2) and (fx)r be a
sequence of functions in LP(Q)) such that fi, — f strongly in LP(Q).
Prove that fi — f strongly in L'(Q).

Show that
liin/gfk(x)dx:/ﬂf(a:)dx.

(2) Write the definition of open set and of closed sets in a metric space and also
the equivalent characterization of closed sets. Show that the set

E= {g e LP(Q) | /Qg(x)dx > o}

is a open set in (LP(Q2), || - ||,)-
(3) Let p > 1, g € LP(2) and (gx)x be a sequence of functions in LP(Q2) such that
gr — g weakly in LP(€2). Show that for all measurable sets A C 2 such that

pu(A) < +oo
li?Agk(x)dx:Ag(x)dx.

Problem 2.

(1) Let v be the Gaussian measure, (defined as v(A) = [, e~ 17’ dzx). Show that it
is absolutely continuous with respect to the Lebesgue measure.

(2) Let 0y be the Dirac measure (defined as do(A) = 1if 0 € A and §o(A) = 0 if
0 ¢ A). Show that it is singular with respect to the Lebesgue measure.

(3) Define the sequence of functions, for k € N,
fr(x) = ke )’ . R — R.
Prove that f; — 0 in measure in R, and that f; 4 0 in LP(R) for any p > 1.
(4) Let a,b € R with a < b. Show that
v(R) ifa<Oandb>0
0 otherwise.

i | X (@)fio)de = il ) (R) = {



SKETCH OF SOLUTIONS

Solution 1.

(1)

Since € si bounded, by Holder inequality we get that
Ife = Fll < N = Fllpp()' .

Therefore strong LP convergence implies strong L' convergence. Moreover

(o) = fa))a / fol@) — @)z = || i — Fl

which 1mphes that [, fu(z)de — [, f(

A is an open set if for all z € A there eX1sts r > 0 such that B(x,r) C A. C'is
closed if its complement is open, or equivalently if for all (x,) sequences such
that z,, € C for all n and x,, — =, we get that x € C'. To prove that E is open,
it is sufficient to prove that the complement of £ which is given by

F= {g e LP(Q) | /Qg(:v)dx < o}

is closed. We take a sequence of functions g, such that gn € Fand g, — ¢
in L7(Q2). Then by the previous item 0 > limy, [, gx(z)dz = [, g(x)dz. This
implies that ¢ € F'. So, by the characterization of closed set this implies that
F is closed.

If A C Qis a measurable set such that u(A) < 400, then x4 € L%(£2) for all
q > 1 Therefore by definition of weak convergence limy, [, fi(z)xa(z)dz =
Jo f( x)dx, which is the statement.

Solution 2.

(1)

(2) R =

(3)

If A C R is a measurable set with u(A) = 0, then e Py (z) = 0 almost
everywhere. This implies that [ e 1"’y 4(x)dz = 0 = v(A). This implies that
v << .

(R\ {0}) U {0}, and 6p(R \ {0}) = 0 whereas u({0}) = 0.

Fix € > 0 and let

7k2\x|2 9 log g log g
—{z €R| file) >} = {o | 1T > oy = [ S22 I

Then p(A*%) = %\ /logg — 0 as k — +o00. This implies that f; — 0 in measure.
Moreover for every p > 1, making the change of variable y = kx,/p,

kp—1
/ ke PRl gy = 2 / e"y‘Qdy 40 as k — +o0.
R \/ﬁ R



Therefore fi, /4 0 in LP(R).
Finally || fx]lco = k # 0 as k — 400. So fi # 0 in L>(R).
(4) We compute, making the change of variable y = kz,

b kb
/X(a,b)(x)fk($)d$=/ ke"“2|f”|2dx:/ e_|y|2dy:/X(ka,kb)(y)6_|y|2dy.
R a ka R

Let y € R fixed, observe that X (k) (y) — 0 if either @ > 0 or b < 0, whereas
X(kakt)(y) — 1 if @ < 0 and b > 0. Therefore X(ka’;d,)(y)e_m2 — X(a,b)(O)e_m2
and moreover )((,m;,d,)(y)e_‘?/'2 < e W e LY(R). Then we conclude by Lebesgue
dominated convergence theorem that

liyAx(a,b)(x)fk(x)dx = /RX(a,b)(O)e_y|2dy = X(a0) (0)V(R).



