FuNcTIONAL ANALYSIS, A.A. 2019-2020

ExAM- NOVEMBER 27- TIME 2 HOURS

Problem 1.

(1) Give the definition of absolutely continuous measure and of singular measure
(with respect to the Lebesgue measure in R).

(2) Consider the measure p defined in M (the o-algebra of Lebesgue measurable
sets) as follows: for every A C R, measurable,

p(A) = number of elements z € Z, such that z € A.

Check that it is a measure, and write if p is either absolutely continuous with
respect to £ (Lebesgue measure) or singular with respect to £ or none of them.

Hint: recall that £(Z) = 0.

Problem 2.

(1) State the Holder inequality for f € LP(R), g € LY(R).
(2) Let g > 0 such that g € L'(R). Let f : R — R a measurable function. Show
that if for some p > 1

/R 1f(z)Pg(z)dz < +00  thatis f(z)[g(z)]7 € LP(R)
then
/R F(2)]g(x)dz < +o0,  that is f(z)g(z) € LL(R).

Problem 3. Let H be a Hilbert space on R.
(1) Let V C H. Define the orthogonal subspace V+.
(2) State the orthogonal projection theorem.
(3) Let H = L*(—m, ). Let
ei(x) = \/%, eo() = Si;l;.
Check that {e;,es} is a orthonormal set in L*(—, 7).
b

a

Hint: recall that fab sin? xdr = [%]

(4) Compute the orthogonal projection of x and of 22 on the subspace V C L?(—m, )
which has orthonormal basis {e1, es}.

Hint: recall that f; zsinzdr = [~z cosz + sinz)’.



SKETCH OF SOLUTIONS

Solution 1. (1) p << L (p is absolutely continuous with respect to Lebesgue) if
for any £ € M such that L(E) = 0 there holds that u(E) = 0.
L L (uis singular with respect to Lebesgue) if there exist A, B € M such
that R=AUB, AN B =10 and u(A) =0, £L(B) = 0.

(2) Note that () = 0. Moreover, If (A;); is a sequence of pairwise disjoint mea-
surable sets then by definition u(U;A;) =number of z € Z such that z € U;A;.
But z € U;A; if and only if z € A; for exactly one i (since the sets are disjoint).
Therefore p(U;A;) = Y .number of z € Z such that z € A; = >, u(A;). This
implies that p is a measure.

Note that R = (R \ Z) UZ and L(Z) = 0, whereas u(R \ Z) = 0. Therefore
wl L.

Solution 2.

(1) Let f € LP(R), g € LY(R) with % —l—% = 1. Then f(z)g(z) € L'(R) and there

holds [ fglls < [ fllsllgle-
(2) Let p > 1 and fix ¢ = ;55 the conjugate exponent of p (so that zlo + % =1).

Since g > 0 and g € L'(R), we get that

1
[g(x))e]* = g(x) € L'(R)
€ LY(R). So by Holder inequality we get

F(@)lg()]7[g(x)]7 = f(z)g(x) € L'(R).

Q=

and so [g(z)]

Solution 3.

(1) Vt={heH, | (v,h)=0Vv eV}

(2) Let V C H be a closed subspace in H. Then for all h € H there exists a unique
element v € V and a unique element w € V* such that h = v +w. Moreover v
is called the orthogonal projection of h in V, since h —v € V.

(3) It is sufficient to check that (e, es) = 0 and that ||e1||s =1 = ||le2|]1. So,

T 1 sinx 1 i
e1,€e3) = — dor = —— sinxdr =0
e = [ umr= |

since sin z is a odd function. Moreover
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(4) By the theorem on the computation of the orthogonal projection we have that

Py(x) = ajei(z) + agea(x) Py (2%) = creq(z) + caeq(w)

—T



where

1
a; = (x,e1) = / \/?xdx =0
. T

since x is a odd function,

1
as = (z,e9) = —axsinzdr = —[ zcosx + sinx]”
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since z%sinz is a odd function. Therefore the orthogonal projections of x and
2?2 in V are given by

Py(z) = 0ey(z) + 2y/me1(z) = 2¢/m—=sinz = 2sinx
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