
COMPUTABILITY /18/10/2024)

* Generation of computable functions
I

C sed under

-> composition

-> primitive recursion

-> unbounded minimalisation ⑳
* BASIC Functions

I constant Zero z : (Nk -> N z) = 0 V = (1) ENk

② successor 5 : N - N S(x) = x + 1

③ projection : N = N U() = xy

Theyore in I since they ore computed by

① z(1)

② -(1)

⑧ T1 ,
1)

* Notation

given a program P

-

pip) = mox (m/ register Rm s referred im p)

- erp) = length of P

- P is in standard form if wherever it terminates it does atlimeep+1

concatenation of P
,
Q program

P This mneoms P
~

Q Q'a update of a replacing Jim ,
mit

-> Jim ,
m

, t + e(p))



- given P
program ,

we wate

Pis
... in - i)

program taking the input from Ris,Ris and puts the output in Ri

without ossuming that the memory different from imput is

T(is
,
2)

"

Trik
,
k

Eri↑ z(k+ 2)

what I expect
z(p(p))
P

T(1
,
i) :

problem
P12 ,

1
-+ 1) what I get T/2

,
1

T(1
,
2) (y(y) --

P

Ecise : solve the live with (

* COMPOSITION

Given F : NK- N
, ga gr

: Ne N

define h : Nm - N for se
M

figaret
,

-

, graf) if gebärt , - gut)t
h) = & and Flgak)

, -gate) /
↑ otherwie

Eg .
z(x) = 0 fa

* (x)T Va z(f(x) ↑ Ve

=Se Fley U(xb(y)) Vey
+ x



Proposition : I is closed undergeneralized) composition

proof
Grem fineN gr , 18k :-I in e

and consider

hini h = fig) - ge b)

We want to "construct" a program for h wing the programs

for f 81-- - gK

call such programs
F G2-

.

GK

mm+ 1

...n (1 ...ethm
m = max(p(f) , p(az) , -

, p(an) ,
k

, m)

T(1
,
m + 1)

"im
,
ment

program computing h
GIN + 1

...
m + m + m+ n + 1)

↓
i

he 2

Gn[m + 1
--
-m + n = m + m + k)

↑ (m + n + 1
. - m + n + k = 1)

A

Example F : In In
e C

f(x1
,
(2) = x + c

we want to durive

-E
8 : I - /N grage ,

(3) = s + xz + x

im fact gla,) = E(fl
,
a), 5 = 84 ,

x2
, xz)

↑ T T

-(f(V) Vir
, Uk

--e3- N

=- /N



* Emple : Let f : N-N be computable & Total and consider

Quey) = "f(x) = y" Is this decidable ?

if f(x) = y
Tap (y) = ! oherwise

computable

We know that

Te( , y) = (2 if x =

y

otherwise

Them

Tag ky) = Kalfles , y) computable by composition

* Primitive recursion

0 ! = 1

d= (n+ 1) n !
m

G Fibros
= 1

fib (1) = 1

Am+ 2) = e) brete

Def .

Given f : Ik- In

g
: NkIN

define h : INK+ 1
- in ho) = fl)

& h(
, y +2) = g(e , y ,

nay))
takest. = Esogee -> is there a solution ?

- is it unique
?

(F
, 2) complete partial order

↑ -continuous operator
S - existenceofa

solutione S
uniquemen follows by inducton



Example

-> h : (2 = N

h(x
, y) = x + y

f(x) = x

+ y) + 1 g(a , y ,
z) = z + 1

- h : N2 - N

h(y) = xxy

G
xx0 = 0 f(x) = 0

( * (y+1) = baxy) + x g(x , y ,
z) = z + x

Proposition : I is closed by primitive recursion

prof Let Fink-IN
, g : NK-N be in e

and let F
,
G
programs for fig sta fam).

Define 4 :
NK+

-> N

hlsor = fles

h(
, y + 1) = g( , y , hky)

Hea : for computing h( , y)

had = Fr use F

h
,
1) = g(o ,h use G

i

h(
,
i) = gl , i ,

h(
,
i - 1)

check i = y
?
yes

-> output hi)

no
,
itt and continue



... mmyetkmkMiSe
m = max(p(f) , p(f) ,

k+2) ↑mi
Se

↑ (1
, m+ 1)

"

T(k ,
m + k)

T(k+ 1
,
m + k + 3)

F[n + 2
,-m + k -=m + k + 2)

Loop : J (m + k + 1
,
m + k + 3

, RE = / ri = y ?

GIm+1
, - ,

m+k +2 -am + k + 2) ~ h(
,
i + 1) = g( ,

i
, hk,
i)

5(m + k + 2) Xi ++

5/1
,
1

,
2004)

RES : T/m+ + 2
,
1)

#

Example

-> h : n = N

h(x
, y) = x + y

f(x) = x

+ y) + 1 g(a , y ,
z) = z + 1

- h : N2 - N

h(y) = xxy

xx0 = 0 f(x) = 0

(xx(y+ 1) = bxy) + x g(x , y ,
z) = z + x

-> exponential %

xo = 1

xy+ = (7) + x



-> predecessor y : 1

0 = 1 = 0

(y + 1) = 1 = y

- difference = y=10
y) = 1

-sign sign(y)=
=

y = 0

g(0) = 0

sg(y+1) = 1

SOLUTION
-> Gry) = Gif y = exercise /gr = 1= Sg())If y = 0

T

-> minek
,y) = y Yz

x - (xy) =

yyxx

exercise SOLUTION
-> max ky ↑ max(e

,y) =
x + y =
x

-> REMAINDER

em(ey) = remainder ofy divided by

=by
mod a if

if x = 0

em/3
, yh
2

-
·.1 ⑧

- -
·

↑

i3 4567 &

em( ,
0) = o

am(y + 2) = emy)
+ 1 if em(y) + 1 = x

↑ otherwise



= (em(y) + 2) = Sg(x = (em(y) + 1))

empy) + 1 = x

something<
serys + 1 =

* QUOTIENT

gt(y) =

y divx(convention ato , y) = 0

Sexercise SOLUTION :

↳ at(0) = 0

at(y +1) = ja1 ifemt
=

atkayl +g) em( , y +1)


