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The fundamental solution of the advection dispersion equation is (Taylor):
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Measured in x,
A = cross-sectional area

Measured in x,
M = injected mass (mg)

K, = coefficient of diffusion
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Time-Concentration

Measured in x,
A = cross-sectional area

Measured in x,
M = injected mass (mq)
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Chatwin Method

Chatwin method is based on the rewriting of the fundamental solution proposed by Taylor for 1D
Fickian type process.

Manipulated solution gives the Fictitious Concentration as: SECTION1

U j \\f
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and U are calculated from
. U X
C" = Nk =ay+ B the slope and the intercept

of the dashed line
4 — To obtain a and  (and
O .
C* o ° ¢ thus the red line) use the
2T AL function polyfit
D -
p = polyfit(time,concentration,l)
21
result: [a,[3]
4t
B ( U
a = T
d 3 - xK ----+ result: [U,K]
| b= ——=
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Exercise 3

Create a new folder chatwin_method;

Open matlab;

Create a new M-file: chatwin.m;

Load data for each section (function load);

Extract the time and the concentration for each section;

Plot for each section the time vs concentration (figure);.

Define Cypqx for each section (function max).
Define t¢, . . (function find),

Define C* (for cycle and if function);

Plot C* vs time for each section;

Use the function polyfit to evaluate o and 3;

Plot the line y = a-x + B together with the plot of C*
Define U and K for each section;
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For the Moments method the solution was obtained by Fisher and it is based on
the variance of temporal distribution of concentration.

1 0? (Xi41) — G% (x;)

K==
2° teiv1) — e

* U, is the mean velocity of the flow between two sections
« 0%(x;) is the time variance of the distribution
* L. is the time of passage of the centroid of the cloud

* X;is the position at which the distribution of concentration is measured
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2 O-t2 (xi+1) _ O-tz (xi)

1
K=EUO

teii+1) —|Le)

(0]
Mass (M,, moment of 0 order) M = j C(x;, t)dt
—00

trapz

Trapezoidal numerical integration collaps

Syntax

Q = trapz(Y)
Q = trapz(X,Y)
Q = trapz(__,dim)

Description

Q = trapz(Y) computes the approximate integral of ¥ via the trapezoidal method

with unit spacing. The size of Y determines the dimension to integrate along:

« IfY is a vector, then trapz(Y) is the approximate integral of Y.

« If Y is a matrix, then trapz(Y) integrates over each column and returns a row
vector of integration values.

» If Y is a multidimensional array, then trapz(Y) integrates over the first dimension
whose size does not equal 1. The size of this dimension becomes 1, and the
sizes of other dimensions remain unchanged.

Q = trapz(X,Y) integrates Y with respect to the coordinates or scalar spacing
specified by X.

+ If X is a vector of coordinates, then length(X) must be equal to the size of the
first dimension of Y whose size does not equal 1.

« If X is a scalar spacing, then trapz(X,Y) is equivalent to X*trapz(Y).

Q = trapz(__ ,dim) integrates along the dimension dim using any of the previous
syntaxes. You must specify Y, and optionally can specify X. If you specify X, then it
can be a scalar or a vector with length equal to size(Y,dim). For example, if Yis a
matrix, then trapz(X,Y,2) integrates each row of Y.

function trapz:
M=trapz(time,concentration);

v Trapezoidal Method

trapz performs numerical integration via the trapezoidal method. This method approximates
the integration over an interval by breaking the area down into trapezoids with more easily
computable areas. For example, here is a trapezoidal integration of the sine function using
eight evenly-spaced trapezoids:

-Trapuaids
©  Data Points
Exact Function

For an integration with N+1 evenly spaced points, the approximation is

b N
[ oo = B> (750 + fr)
n=1

DB )+ 2/ () + o4 2f (o) + S o)) -

where the spacing between each point is equal to the scalar value b;la_ By default
MATLAB® uses a spacing of 1.

If the spacing between the N+1 points is not constant, then the formula generalizes to

b

N
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consecutive pair of points.




Moments Method

Lo of (xi41) —|of (x;)
K = EUO

teiv) —|ted)

function trapz:

(0]
Mass (Mo, moment of O order) M = j C(x;, t)dt M=trapz(time,concentration);
—00

[Z tC(x, t)dt

[Z Cx;, t)dt

Time of passage of the centroid of the cloud across a section (M;): T(l) =

[Z (= t)2C(x;, t)dt
f_oooo C(.X'i, t)dt

Time variance of the distribution (M;): 0'% (x;) =

Xi+1 — Xi

Velocity: =

teii+1) — te(d)
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MatLab script: longitudinalDISP_routingSIMPL.m

| longitudinal DISP_routingSIMPL_SabineRiver CD.m |+

@ This file can be published to a formatted document. For more information, see the publishing video or help.

1 $Clear all wariables, globals, functions and MEX links from memory.
2z — clear all
3 $closes all the open figure windows
at|= close all
5 $Clear the command window and homes the cursor.
6 — clc
7
a8 R o o L I o o o N e o i N I
9 % Routing methods to determine the Longitudinal Dispersion Coefficient
10 $++++++++++ 4+ AR
11
12 % Load and plot observed data.
13 $ Carica i walori misurati della concentrazicone nel tempo nelle sezioni 1 = Th is SC ri pt plots
14 2
15 % Sezione 1=C
16 — dataC=lcad('casel7_sectionl.txt'); data of tWo
17 — t_dataC=dataC(:,1)*3600; . .
18 — C_datac=datacC(:,2)/1000000; Sectlons and flnds
19
20 % Sezione 2=D . .
2 o dataD=load('casel? section2.txt'): the best flt Solutlon
22 — t_dataD=dataD(:,1)*3600; .
23 — €_dataD=dataD(:,2)/1000000; adoptlng Frozen
24
EE|= figure(1); hold on .
26 $Plot Observed data cloud and Hayaml
27 — prlot(t_datac/3600,C_datac,'——b','linewidth',1.5,...
28 'Marker','o', 'MarkerSize',6,... methods.
29 'MarkerEdgeColor', [0 O 1],...
30 'MarkerFaceColor',[1 1 1]);
31 — plot (t_dataD/3600,C_dataD, '--k', 'linewidth',1.5,...
32 'Marker','d', 'MarkerSize',6,...
33 'MarkerEdgeColer', [1 0 11,...
34 '"MarkerFaceColor',[1 1 1]);
35 — title('C(x,t)"',"FontSize',12, 'FontWeight', 'bold')
36 — set (gca, 'PlotBoxAspectRatio', [2 1 11);
37 — axis ([min(t_datacC) /3600 max(t_dataD) /3600 0 1.3*max(C_datacC)])
38 — xlabel ('time [hours]', "FontSize',12, 'FontWeight', 'bold");
I|= ylabel ('c(x,t) [mg/l]','FontSize',12, 'FontWeight', 'bold');
40 — set (gca, "FontSize',12, '"FontWeight', 'beld') ;
41 — legend('sectionl', 'sectionZ')
4% — box on
43 — grid on
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MatLab script: longitudinalDISP_routingSIMPL.m

| longitudinal DISP_routingSIMPL_SabineRiver CD.m |+

@ This file can be published to a formatted document. For more information, see the publishing video or help.

1 $Clear all wariables, globals, functions and MEX links from memory.
2z — clear all
3 $closes all the open figure windows
at|= close all
5 $Clear the command window and homes the cursor.
6 — clc
7
a8 R o o L I o o o N e o i N I
9 % Routing methods to determine the Longitudinal Dispersion Coefficient
10 $++++++++++ 4+ AR
11
12 % Load and plot observed data.
13 $ Carica i walori misurati della concentrazicone nel tempo nelle sezioni 1 =
14 z 2
15 % Sezione 1=C
16 — dataC=load('casel 7_section1 .txt");
17 — t_dataC=dataC(:,1)*3600;
18 — C_dataC=dataC(:,2)/1000000;
19
20 % Sezione 2=D
21 — dataD=load('casel? section2.txt'):
22 — t dataD=dataD(:,1)*3600; i
23— \_ C_dataD=dataD(:,2)/1000000; x10° . . Cx.t) . .
24 L 4
o, Plot of observed data ’ o sectiont
26 $Plot Observed data - .o_ - section2
27 — prlot(t_datac/3600,C_datac,'——b','linewidth',1.5,... — 4 g N
28 'Marker','o', 'MarkerSize',6,... —_
29 'MarkerEdgeColor', [0 O 1],... oy lb
30 'MarkerFaceColor',[1 1 1]); .E, 3 bo 1
31 — plot (t_dataD/3600,C_dataD, '--k', 'linewidth',1.5,... = : 6
32 'Marker','d', 'MarkerSize',6,... x" 2 k4 i
33 'MarkerEdgeColer', [1 0 11,... ‘a’ Qo
34 '"MarkerFaceColor',[1 1 1]); 1] ¢
35 — title('C(x,t)"',"FontSize',12, 'FontWeight', 'bold') 1F [o] b
36 — set (gca, 'PlotBoxAspectRatio', [2 1 11);
37 — axis ([min(t_datacC) /3600 max(t_dataD) /3600 0 1.3*max(C_datacC)]) 0 | | |
38 — xlabel ('time [hours]', "FontSize',12, 'FontWeight', 'bold");
I|= ylabel ('c(x,t) [mg/l]','FontSize',12, 'FontWeight', 'bold'); 0-5 1 1-5 2
40 — set (gca, "FontSize',12, '"FontWeight', 'beld') ; tlme [hol"-s]
41 — legend('sectionl', 'sectionZ')
4% — box on
43 — rid on
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Matlab script: Calibration Method

MatLab script: longitudinalDISP_routingSIMPL.m

43 —
44

| longitudinal DISP_routingSIMPL_SabineRiver_CD.m I+
@ This file can be published to a formatted document. For more information, see the publishing video or helo.
grid on
% pause
% close (1)

45
46
47
48
45
50
51 —
52 —
53 —
54 —
55 —
56 —
57
58
59 —
60
61
62
63
64
s
113
&7
€8
69 —
70
71 —
72
73 —
74 —
75
76
77 —
78
79
80 —
81 —
82
83
84

O O e N S r
% Definition and initialization of parameters and wvariables
% Sabine River LA

$ mass of dve dnjected, kg
—

% longitudinal dispersion coefficient, m"2/s
% mean current wvelocity, m/s;

i_f= 17.7e-003; Echannel slope

Do = 0.85; % mean depth, m
——

Bo = 13.7; % Average width, m
—————————

% Longitudinal Coordinates of sections 1 and 2

xfix=[1130 5950]; % xcoordinate of sites along the Sabine river, m

%*WW\I’*W\I’*W\l’\l’*\&\l’*WW**WW*WW*WWW*WW*WWW*WW*W\l’**\iW*WW**WW*WW*WWW*WW*W\I’**W\I’*W\I’*W
%*JtiJr*JtJr*JtJrJr*Jt&*JJ{**J’Jr*JtJr*JtJtJr*JtJr*JtJrJr*JtJr*Jt&**JtJr*JtJr*JrJt&*i&*ii&*i&*i&i*i&*i&**
%Calcola la soluzione al variare di Kx e U, cercando i valori ottimi di

$Fx e U

%

$Definisce la function che calceola la scluzione

fun=@simpl_CD;

%

input_par=[Ex;U];

&

figure (2)

hold on

% [res,fval,exitflag,output] = fminsearch (fun,input_par);
% [res,fval] = fminsearch (fun,input_par);

[res] = fminsearch(fun,input_par);

%

% Valori ottimi calcolati di Rx e U

Kx =res(1); % longitudinal dispersion coefficient, m"2/s
U = res(2); % mean current velocity, m/s;

R R T

R R T

c(x,t) [mg/l]

45 510-5 T T C(X‘,t) T T =
4 o sectionz
'? . . . computed
i This solution is I
s find  with the i
250 ! . \
.l ¢ values of K and U ]
[ 1 of first attempt :
14 j
&SE b
lI[l.‘z 0.‘4 (liG O.IS 1‘ 1.‘2 1.‘4 7 1.8 ; )
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MatLab script: longitudinalDISP_routingSIMPL.m

| longitudinal DISP_routingSIMPL_SabineRiver_CD.m I+
@ This file can be published to a formatted document. For more information, see the publishing video or helo.
43 — grid on
44 % pause
45 % close (1)
46
47 %++++++++ A A A R RPN
48 % Definition and initialization of parameters and wvariables
45 % Sabine River LA
50
51 — M= 0.1; % mass of dye injected, kg
53 (= Ex =9%.0; % longitudinal dispersion coefficient, m"2/s
53 — U=10.7; % mean current wvelocity, m/s;
54 — i_f= 17.7e-003; % channel slope
55 |= Do = 0.85; % mean depth, m
56 — Bo = 13.7; % Average width, m
27
58 % Longitudinal Coordinates of sections 1 and 2
59 — xfix=[1130 5950]; % xcoordinate of sites along the Sabine river, m
60
el
62
3 R A AR A A A A A A A A A A A A A AN A A A A A A A A A A A A A A A A A A A A A A A AN A AN A AT AR T AN T AN ANAA N AN
64 %*JtJtJr*JtJr*JtJrJr*JtJr*Jt&**JtJr*JtJr*JtJtJr*JtJr*JtJrJr*Jt&*i&**i&*iJr*JrJt&*i&*ii&*i&*i&i*i&*i&**
65 %Calcola la soluzione al variare di Kx e U, cercando i valori ottimi di
66 $Fx e U
67 =3
4] $Definisce la function che calceola la scluzione
€5 — fun=@simpl_cCD;
70 5
71— input_par=[Ex;U];
72 &
73 — figure (2)
T4 — hold on
75 % [res,fval,exitflag,output] = fminsearch (fun,input_par);
76 % [res,fval] = fminsearch (fun,input_par);
77 = [res] = fminsearch(fun,input_par);
78 %
79 % Valori ottimi calcolati di BRx e U
80 — Kx =res(1l); % longitudinal dispersion coefficient, m"2/s
81 — U = res(2); % mean current velocity, m/s;
B2 %*WW\I’*W\l’*\N\l’\l’*W\I’*W\I’**\N\I’*W\l’*\N\N\l’*W\I’*W\I’\l’*\N\I’*W\l’**W\l’*W\I’*\I’WW*WW*WWW*WW*WW**WW*WW*W
B3 %*WW\I’*W\l’*\N\l’\l’*W\I’*W\I’**\N\I’*W\l’*\N\N\l’*W\I’*W\I’\l’*\N\I’*W\l’**W\l’*W\I’*\I’WW*WW*WWW*WW*WW**WW*WW*W
84
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MatLab script: longitudinalDISP_routingSIMPL.m

| longitudinal DISP_routingSIMPL_SabineRiver_CD.m I+
@ This file can be published to a formatted document. For more information, see the publishing video or helo.
43 — grid on
44 % pause
45 % close (1)
46
47 %+++++++++HH+H A A A A R R
48 % Definition and initialization of parameters and wvariables
45 % Sabine River LA
50
51 — M= 0.1; % mass of dye injected, kg
53 (= Ex =9%.0; % longitudinal dispersion coefficient, m"2/s
53 — U=10.7; % mean current wvelocity, m/s;
54 — i_f= 17.7e-003; % channel slope
55 |= Do = 0.85; % mean depth, m
56 — Bo = 13.7; % Average width, m
27
58 % Longitudinal Coordinates of sections 1 and 2
59 — xfix=[1130 5950]; % xcoordinate of sites along the Sabine river, m
60
el
62
3 R A AR A A A A A A A A A A A A A AN A A A A A A A A A A A A A A A A A A A A A A A AN A AN A AT AR T AN T AN ANAA N AN
64 %*JtJtJr*JtJr*JtJrJr*JtJr*Jt&**JtJr*JtJr*JtJtJr*JtJr*JtJrJr*JtJr*Jt&**JtJr*JtJr*JrJt&*i&*ii&*i&*i&i*i&*i&**
65 %Calcola la soluzione al variare di Kx e U, cercando i valori ottimi di
66 $Fx e U
67 =3
4] $Definisce la function che calceola la scluzione
€5 — fun=@simpl_cCD;
70 e p————r——
71 —
72
73 — figure (2)
T4 hold on
75 S res. fyal exitflag. oout] = fminsearch{fun . input pa
76 % [res,fwval] = fminsea i _par);
77 [res] = fminsearch (funf input par);
7 % Valori ottimi calcolati di BRx e U
al Ex =res(1l); % longitudinal dispersicn coeff
81 — U = res(2); % mean current velocity, m/s;
B2 B W A W R R R A A A A R A A A A A A RN AN A IR AN ARG AR RN RAA A I A AN RN N RN
B3 %*WW\I’*W\I’*W\I’

s * Calibrated parameters Kx and U
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MatLab script: function simpl_ CD.m

% Sezione 1 = C
dataC=load('casel] sectionl.txt');
t_dataC=dataC(:,1)%3600;
C_datac=datac(:,2)/1000000;

% Sezione 2 = D
dataD=load('casel7_sectionZ.txt');
t_dataD=dataD(:,1)%3600;
C_dataD=dataD(:,2)/1000000;

$Calcola i tempi medi di passaggic in 1 e 2
tmean = xfix/U + 2*Ex/U"2;

$Intervallo di integrazione

t_rout = Lmin{t_datac):lS:max(t_dataD)]';

$Calcola l'integrale di convoluzione
for tt=l:1length(t_rout)
t=t_rout(tt);
$Calcola C(x2,t_rout(tt));
for ttt=l:length(t_dataC)
tau=t_dataC (ttt);
%

$Routing a Temporal Concentration Profile with the "Frozen Cloud Method™

Crouting(ttt)=C_dataC(ttt) *U/sgrt (4*pi*Ex* (tmean (2) -tmean(1)))...

*eyp (-U"2* ((tmean (2) —tmean (1) -t+tau) *2)/ (4*Ex* (tmean (2) —tmean (1)) ) ) ;
%
$Routing a Temporal Concentration Profile with the "Hayami Solution™
%
$if t>tau
% Crouting (ttt)=C_datac(ttt) * (xfix(2)-xfix (1)) / (t-tau)/sqgrt (4*pi*Ex* (t-tau)) *e
telse
% Crouting (ttt)=0;

%enﬂ

+00
end C(xz,t) =f

gggggggg(ttJZtrapz{t_dataC,Crouting);
end

Coyn) [Pt

4K(t2_t1) ]dT
2\/ 47TK(t2 - tl)
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MatLab script: function simpl_CD.m

% Seleziona la funzione cobilettivo da minimizzare
$choice=1 $Minimizza la somma dei gquadrati delle distanze tra la C calcolata e la
$C misuratz nella sezione 2
tchoice=2 §Minimizza la distanza tra 11 picco di concentrazione
$misurato in 2 ed 1l picco calcolato
choice =1;
%
if choice==
il zza e somma dei quadrati delle distanze tra la C calcolata e M
% misurata nella sezione 2
for ttt=1l:length(t_dataD)
tau=t_datalD(ttt) s
$Calcolo il punto della griglia t rout piun

[delta t,index]=min (abs(t_rout-tau));
t_routCONFR (ttt)= t_rout (index);
CroutedD CONFER (ttt)=CroutedD (index);
end
tDefinisce la funzione obiettive

f_obiettivo = sum((CroutedD CONFR-C_dataD')."2)
end

5
if choice==2

$Individua il massimo di Concentrazione misurato

T e * CHOICE 1: the concentration
distribution is used.

$Individua il massimo di Concentrazione calcolate
[maxCroutedD,index_max]=max{CroutedD);

timeCroutedD=t_rout (index_max) ;

« CHOICE 2: the peak of
concentration is used.

tDefinisce la funzione obiettivo:

f _obiettivo = sgrt((maxC_dataD-maxCroutedD) “2+..
(timeC_dataD-timeCroutedD) "2)
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MatLab script: longitudinalDISP_routingSIMPL.m

$Calcola i tempi medi di passaggio in 1 e 2
tmean=xfix/U + Z¥*Rx/U"2;
t_rout=[min(t_dataC):15:max(t_dataD)]';
for tt=1:1length(t_rout)

t=t_rout (tt)s

% Calcola C(x2,t_rout(tt));

for ttt=l:length(t_datac)

tau=t_dataC(ttt) s

$Routing a Temporal Concentration Profile withfthe "Hayami Solution"

%
if t>tau
Crouting(ttt)=C datacC(ttt) * (xfix(2)-xfix(1))/(t-tau)/...
sgrt (4*pi*Rx* (t—tau) ) *exp (- (xfix(2)-—=xfix(1)-U*...
(t—tau)) "2/ (4*Kx* (t-tau)));
else
Crouting (ttt)=0;
end
end

T e (61) moraps (6 cmsac, Sronting) s Last part of the script plots the calculated C
ST — distribution by and Hayami

methods adopting calibrated parameters

$Calcola i tempi medi di passaggio in 1 e 2
tmean=xfix/U + 2%Rx/U"Z;
t_rout=[min(t_dataC):15:max(t_dataD)]';
for tt=1:length(t_rout)

t=t_rout (tt);

$Calcola C(x2,t_rout (tt)):

for ttt=l:length(t_datacC)

tau=t_dataC(ttt) -

%
$Routing a Temporal Concentration Profile with thk "Frozen Cloud Method"
Crouting (ttt)=C_dataC (ttt) *U/sgrt (4*pi*Ex* (tmean (}) —tmean(1)))*...
exp (-U"2* ( (tmean (2)-tmean (1) —t+tau) ~2) /...
(4*Ex* (tmean (2) —tmean (1)) )} ;
%

end
CroutedD (tt)=trapz (t_datac,Crouting);
end

CroutedDplot=CroutedD';

UNIVERSITA

DEGLI STUDI




Matlab script: Calibration Method : prts St

DI PADOVA

MatLab script: longitudinalDISP_routingSIMPL.m

$Calcola i tempi medi di passaggio in 1 e 2
tmean=xfix/U + Z¥*Rx/U"2;
t_rout=[min(t_dataC):15:max(t_dataD)]';
for tt=1:1length(t_rout)

t=t_rout (tt)s

$ Calcola C(x2.t rout(tt)):

%10 Cix,t)
T ' T T T
: 1 - O~ - section1
1 : = ¢~ ' section2
1 H i = Hayami
1 6 == Nuovola Congelata
’
1 )
1 1
]
081
1 1
= 1 ! .
o
Eoep ¢ ni
1
= 1
20 rs
T o
A 1
04l ¢
L
]
Q
0.2 10
0 | % | | | | |
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

time [hours]

CroutedD (tt)=trapz (t_datac,Crouting);
end

CroutedDplot=CroutedD';
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