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Time-Concentration

The fundamental solution of the advection dispersion equation is (Taylor): 

𝐴 = cross-sectional area

𝑀 = injected mass (mg)

𝐾𝑥 = coefficient of diffusion

𝐶 𝑥, 𝑡 =
𝑀

𝐴 4𝜋𝐾𝑥𝑡
exp −

𝑥 − 𝑈0𝑡
2

4𝐾𝑥𝑡
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CHATWIN METHOD



Chatwin Method

Chatwin method is based on the rewriting of the fundamental solution proposed by Taylor for 1D
Fickian type process.

Manipulated solution gives the Fictitious Concentration as:

𝐶∗ = −
𝑈

2 𝐾
𝑡 +

𝑥

2 𝐾

K and U are calculated from
the slope and the intercept
of the dashed line

K U

𝐶∗ =

− 𝒕 ∙ 𝑙𝑛
𝐶𝑚𝑎𝑥 𝑡𝐶𝑚𝑎𝑥

𝐶 𝑡
𝑖𝑓 𝒕 > 𝒕𝑪𝒎𝒂𝒙

𝒕 ∙ 𝑙𝑛
𝐶𝑚𝑎𝑥 𝑡𝐶𝑚𝑎𝑥

𝐶 𝑡
𝑖𝑓 𝒕 ≤ 𝒕𝑪𝒎𝒂𝒙
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Chatwin Method
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Chatwin Method

To implement this function, 
we need to define: 

• 𝑪𝒎𝒂𝒙 (function max);

• 𝒕𝑪𝒎𝒂𝒙 (function 

find/max);

• for cycle; 

• if function; 
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𝐶∗

time 

𝒕 ≤ 𝒕𝑪𝒎𝒂𝒙

𝒕 > 𝒕𝑪𝒎𝒂𝒙

𝐶∗ (𝑖) =

− 𝒕(𝒊) ∙ 𝑙𝑛
𝑪𝒎𝒂𝒙 𝒕𝑪𝒎𝒂𝒙

𝐶 𝑖 𝑡 𝑖
𝑖𝑓 𝒕(𝒊) > 𝒕𝑪𝒎𝒂𝒙

𝒕(𝒊) ∙ 𝑙𝑛
𝑪𝒎𝒂𝒙 𝒕𝑪𝒎𝒂𝒙

𝐶(𝑖) 𝑡(𝑖)
𝑖𝑓 𝒕(𝒊) ≤ 𝒕𝑪𝒎𝒂𝒙



𝐶∗ = −
𝑈

2 𝐾
𝑡 +

𝑥

2 𝐾
= 𝜶𝒚 + 𝜷

Linear Regression

To obtain α and β (and 
thus the red line) use the 
function polyfit
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p = polyfit(time,concentration,1)

result: [α,β]

α =
𝑈

2 𝐾

β =
𝑥

2 𝐾

result: [U,K]

𝐶∗

time 

K and U are calculated from
the slope and the intercept
of the dashed line



Exercise 3
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• Create a new folder chatwin_method;

• Open matlab;

• Create a new M-file: chatwin.m;

• Load data for each section (function load);

• Extract the time and the concentration for each section;

• Plot for each section the time vs concentration (figure);.

• Define 𝑪𝒎𝒂𝒙 for each section (function max);

• Define 𝒕𝑪𝒎𝒂𝒙 (function find);

• Define C* (for cycle and if function);

• Plot C* vs time for each section;

• Use the function polyfit to evaluate α and β;

• Plot the line y = α∙x + β together with the plot of C*

• Define U and K for each section; 



MOMENTS METHOD



For the Moments method the solution was obtained by Fisher and it is based on 
the variance of temporal distribution of concentration.

𝑲 =
𝟏

𝟐
𝑼𝟎

𝝈𝒕
𝟐 𝒙𝒊+𝟏 − 𝝈𝒕

𝟐(𝒙𝒊)

𝒕𝒄(𝒊+𝟏) − 𝒕𝒄(𝒊)

• 𝑼𝟎 is the mean velocity of the flow between two sections
• 𝝈𝒕

𝟐(𝒙𝒊) is the time variance of the distribution
• 𝒕𝒄(𝒊) is the time of passage of the centroid of the cloud

• 𝒙𝒊 is the position at which the distribution of concentration is measured

Moments Method



Moments Method

𝐾 =
1

2
𝑈0
2
𝜎𝑡
2 𝑥𝑖+1 − 𝜎𝑡

2(𝑥𝑖)

𝑡𝑐(𝑖+1) − 𝑡𝑐(𝑖)

𝑼𝟎 =
𝑥𝑖+1 − 𝑥𝑖

𝑡𝑐(𝑖+1) − 𝑡𝑐(𝑖)

Mass (𝑀0, moment of 0 order) 𝑀 = න
−∞

∞

𝐶 𝑥𝑖 , 𝑡 𝑑𝑡
function trapz: 

𝑀=trapz(time,concentration); 



Moments Method
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Velocity:

Time of passage of the centroid of the cloud across a section (𝑀1): 𝒕𝒄(𝒊) =
∞−׬
∞
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∞−׬
∞
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Time variance of the distribution (𝑀2): 𝝈𝒕
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∞
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CALIBRATION METHOD



MatLab script: longitudinalDISP_routingSIMPL.m

This script plots
data of two
sections and finds
the best fit solution
adopting Frozen
Cloud and Hayami
methods.

Matlab script: Calibration Method



MatLab script: longitudinalDISP_routingSIMPL.m

Loading of the 
measured 
concentration in 
different sections

Plot of observed data

Matlab script: Calibration Method



• Definition of parameters and initial 
values; 

• For every case study there is a 
different sets of parameters

• All the parameters are listed in the 
paper of Nordin and Sabol (1974) .

MatLab script: longitudinalDISP_routingSIMPL.m

Matlab script: Calibration Method

This solution is
find with the
values of K and U
of first attempt



MatLab script: longitudinalDISP_routingSIMPL.m

• Function fun = simple_CD.m that 
evaluates the solution with the 
calibrated method

Matlab script: Calibration Method



MatLab script: longitudinalDISP_routingSIMPL.m

• Function fun = simple_CD.m that 
evaluates the solution with the 
calibrated method

• Matlab function that computes iteratively the local 
minimum of the function (fun) starting from 
(input_par = Kx and U) 

• Calibrated parameters Kx and U 

Matlab script: Calibration Method



MatLab script: function simpl_CD.m

• A For cycle that evaluates a 
concentration profile with the frozen 
cloud method.

• Input: values of Kx and U.

𝐶 𝑥2, 𝑡 = න
−∞

+∞ )𝐶(𝑥1, 𝜏
2 )4𝜋𝐾(𝑡2 − 𝑡1

∙ 𝑒
−
𝑈2 𝑡2−𝑡1−𝑡+𝜏

2

)4𝐾(𝑡2−𝑡1 𝑑𝜏

Matlab script: Calibration Method



MatLab script: function simpl_CD.m

• The function simple_CD.m is a target 
function.

• TARGET: minimizes the sum of 
squares of the distances between 
observed and computed data

• CHOICE 1: the concentration 
distribution is used.

• CHOICE 2: the peak of 
concentration is used.

Matlab script: Calibration Method



MatLab script: longitudinalDISP_routingSIMPL.m

Last part of the script plots the calculated C 
distribution by Frozen Cloud and Hayami
methods adopting calibrated parameters

Matlab script: Calibration Method
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