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THE SPEED OF THE INTERFACE WAVE

ICEA/

Let us analyze the speed of a small perturbation a along the fluid interface on assuming the
ps ps+5ps
A A P,

rigid-lid approximation.
For the observer moving with velocity a, the continuity Uz z,-62,
results: M Y a,
A
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(U —a)zy, = (Uy — 86U, — a)(z; + 62;)
On assuming the energy conservation between 1 and 2,

we find for the layer 1:
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Similarly, for the layer 2:

— a)z ps + Ops P1 (U, — 8U, — a)?
+ 2 + = + %+ 0z, +— (A — 62,) +
f % Z/ gps et omt A T 0% 29
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By combining (1) and (3) in order to eliminate the kinetic term of the section 2, we have:
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On the other hand, eqs (2) and (4) yields:
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On assuming small density difference between the two layers and 6z, — 0, the latter reads:

1
(U, —a)? 2z, _ _%(Ul —a)? 2z, N Ap
p

29 zp? 29 z* P
U, —a)?> (U —a)? A

I (U, ) +(1 ) =g—p=g'
Z3 Z P

This relatioship can be used to evaluate the speed a. Its expansion indeed reads:
z1(Uy — a)* + 2,(U; — a)* = g'z12,
z,Uy? + zya% — 2z,Uya + z,U 2 + z,0% — 22,U a0 = g'z4 2,
a?(zy + z,) — 2a(z,U, + z,Uy) + z,Uy* + z,U % — g'z02, = 0

The roots of this second degree equation are finally:

Q= z1Up + 25U, N 21Uz + 2,U1)? — (21 + 2,) (21U, + 2,U,% — g'212,)

zi+z, (z1 + z,)?
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By expanding the terms into the square-root, the wave speed results:

z1U; + 2z,U; , Z1Z2 [ Uy — Up)?
a= + g 2

z1+z, ‘gzl+zz _g’(zl+zz)

Hence, the solutions exist if the argument into the square-root is positive, namely:

It is a Richardson number and represents the
conditon of stable stratification

2 2 2 2
a_Z1U2+ZzU1+\/W+Z}1LL1 +2212,U,U; — 22Y5° — 212,U,° — 212,U; — "+ 9'21%2; + 9'2125°

zi+z, (z1 + 2,)?

z,U, + z,U, N \/ZleZUZUl - leZUZZ — leZUlz +9'2:%2, + g'2,2,°
a= +

z; + 7, (21 + 2,)?

. z,U, + z,U; N 9'212,(z1 + z5) — lez(Uzz - 2U,U; + Ulz)
zi+z, (z; + z5)?
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It is worth noting that for U; = 0 and z; > 1 the problem reduces in:
a = Uz i g’ZZ

and assuming the case air-water g’ = g, the relationship is the same of the standard
solution for homogeneous fluid.
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The notions of subcritical and supercritical flow, as well as the concept of critical depth are
valid also in the stratified flow. However, there are some dissimilarities with respect to the
homogeneous flow.

In particular, the flow is defined supercritical, if a > 0 disregarding the sign of the roots, vice
versa, in the subcritcal condition one of the roots is negative. Similarly to the homogenous
fluid, the case a = 0 identifies the critical condition of the flow.

From the mathematical point of view:

U, —a)? (U; —a)? U2 U2
(2 ) +( 1 ) =g/ > 2 + 1 :gl
Zz Zl ZZ Zl
Namely:
U,> U,*
Ly =1 =— F?2+R?%?=6%=1
9z, 977

k» Composite Froude number

This solution depends on the rigid-lid approximation. By removing this hypothesis, the critical
condition results:

A
G?=F'>+F/% - 7PF1’2F2’2 =1
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The salt wedge is the upstream intrusion of the seawater along the estuarine of the rivers.
Since there is a difference of density between salt water and fresh water, the phenomenon
occurs as stratified flow, as shown in the figure below.

Hydrostatic pressure distribution in z
Horizontal free surface

X?—L L X
! | | = Assumptions:
U i U Z.0 - Steady flow
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The difference between the two equations leads to

dz; Uy 0dUy T p 0z Ti Uy =0 =y 7)) =0

_ = =0
0x g 0x gpz; ps 0x  gpsz; 7, =0

The velocity U; can be expressed in the local acceleration term as the ratio between the flow
rate Q; and the section area of the freshwater layer, A;, that reads:

U1aU1_ Q1 aQ1/A1= Q12( B1>021__Q123%_

_ _ 2021
g 0x gA; Ox gA;1\  A,°

ox gA;> Ox -l o
And then
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0z, <PS—P> _ 0z, Ap _F , 024 L
ox \ ps 0x ps = 0x gpzy gpsZy

Since ps; = p, the equation is rearranged as following:

45+
0z, (1—F"2) = T T L 971 __ghpl\z "z
ox V2T gApzy  gApz, ox 1-—F,'?

Moreover, the horizontal free surface suggests that approximately z; + z, = z,, whilst the
shear stress on the interface is t; = C,pU;%/2. The freshwater variation thus reads:

CapUlz(l_l_ 1 ) C,pU;* (zo—z1+z1)
0zy  2g0p \z1 " z9—2z1) _ 2g90pz;\ zp— 7

ax 1 - F1,2 1 - F1’2

621 CaFllz Zo
> = —
ax 2(1 - Fl’Z) ZO - Zl

By replacing n = z;/zy and remembering that F;'?/F,'? = (zy/21)3 the level variation is
rewritten as:
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C %
dzi/zy _ Y(z1/29)3 1
dx B ( FOIZ ) 1— Zl/ZO
2720\ 1 — —F—=
0 (z1/20)3
o R
dn K 1 C,F,'"? 1
T N1 — 3 _ L 2)1 —
dx 2Z0(1—F03)1 n ZZO(TI FO )1 n
n
The analytical solution can be obtained by separating the variables as follows:
C,F,"?
(1 —m®® - F')dy = -5 —"—dx
ZZO
, C,F,"”
[a=ma? - R = -4 [ ax
Zo

C,F,'"?
f(’?g — Fo'2 = n* + Fyn)dn = — 5= fdx

And then:
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—4—F 2 _77_5+T)_2F 2 _ _CaFOIZ
g o Tyt
The constant of integration k depends on the boundary condition. As shown in the figure, at
the outlet the lighter fluid reaches the critical condition, i.e. x = 0 and F; = 1, consequently,
Fy'? =143, being n(0) = 1. It means:

F 18/3 F. 110/3 F. 14/3 3 3

04 _ FOIZFOIZ/S 70 4 0 FOIZ =k — )= _F0/1o/3 __F0/8/3

5 2 10 4
The solution can be finally rewritten as:
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———— i _ —L141 _FI4/3__F'2/3
zo C, <5F0’2 4F,2 2 T \10 0

x+k

27

5 2 12
i n i C.Fo 3 3
- _F"2p__ 4L F2_—_ —_F.,10/3 _Z [ 18/3
g o mT gt 220x+<1o° 40

CoFo* > 7t n? 3 3
22 © 5 4 0 \T77 10 © 40

3 3
+ _FI4/3__F12/3
(10 0 4°°

UNIVERSITA

| Environmental Fluid Mechanics — Lesson 21: Salt-wedge intrusion g



ICEA/

SALT-WEDGE INTRUSION

Graphically:
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Finally, we can estimate the length of the salt wedge. Sincen = 1 when x = —L , we find:
C, 1 1 1 3 3
—— = = — =+ 14+ —Fy*3 —=F,?/3
27 5F,'2 4F,"% 2 10 4
L 2 1 1 1 3 3
—=- — — =+ 1+ -—Fy*3 —=F,"?/3
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The intrusion of the salt-wedge can be a drawback for the irrigation activities when the water
supply comes from the freshwater of the river.

The solutions consist in barriers that during the high tide obstruct the intrusion of the sea-
water.

9 9 g . . UNIVERSITA
| Environmental Fluid Mechanics — Lesson 21: Salt-wedge intrusion b ST



