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|CEA/ GRAVITY CURRENT PROPAGATION

Lets consider a fluid with density p, and depth h flowing with velocity U, into a lighter fluid
of density p, with depth D and velocity U,, being U,> U,.
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To analyze how front moves forward, it is appropriate changing the reference system with
the one centered in O translating with U,, that is the velocity of the toe.
The new scheme of the problem is reported in the present picture.
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|CEA/ THE BENJAMIN SCHEME

It is worth noting that ¢, and c, are negative, accordingly this representation is alike to the
case of the fluid of density p, flowing over the obstacle due to the fluid of denisty p, at rest.
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To solve the problem we assume:
* Inviscid fluid, i.e.u =0
* Horizontal bottom, i.e. i, = 0
* Rigid lid approximation

Thus, the continuity equation reads:

Cz(D — h) = ClD
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)1 PADOVA

Let us analyze the forces acting on the sections A and B of the scheme. In both the case it is
valid the hydrostatic pressure distribution.

In B:
D
DZ
P = PoB — 9P1Z ——> Pressure force S, = f ppdz = pogD — gp17
0
K» Bottom pressure
In A:
{ Pa = Poa — 9p2Z 0<z<h
Pa =DPoa —gp2h—gp1(z—h) h<z<D

k» Bottom pressure

Then the pressure force is:

h? (D — h)?
Spay = PoaD + gp o gp2hD — gpq —
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The total force on the two sections, by adding the momentum, finally results in the following:

h? D — h)? ,

Sa = PoaD + gp- o gp,hD — gp1——— t e (D —h)
DZ

Sg = pogD — 9p1 3 + p16,°D

The conservation of the momentum on the Control Volume bounded by the sections A and
B, the free surface and the bottom implies that S, = Sp:

h? (D — h)? D*?

PoaD +9P27—9P2hD —9pP1 > + p16,%(D — h) = pogD —9,017"',010121)

D h D
Spy = f padz = j(pOA — gpzz)dz + J[pOA — gpz2h — gp1(z — W)]dz
0

0 h

hZ 2 h2
Sps = Poah — gp- -t Poa(D —h) — gp,h(D — h) — gpy (7 - 7) + gp1h(D — h)

2
gp
Spa = PoaD + 9Pz~ ~ gp2hD — Tl(DZ — h%* — 2hD + 2h?)
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THE BENJAMIN SCHEME D

To simplify the equation is useful determine the pressure in O. By definition, it is a stagnation

point, and then its pressure results: A
z : :
n % |
Po = Pop T P15~ | ¢,=U,-U P _
2 Y2 720 ¢c,=U,-U,
: — |D
Focusing on the fluid 2, we have that the i U=0
i . . h P,
Bottom is an isobaric plane. It means: — O
Poa = Po section A section B
Accordingly:
2 D—h 2 DZ

(Poa = Pos)D + gp2 = — gp2hD — gpy ————+ p1¢22(D — h) + gp; — p1c1°D =0

p1¢12D + gpah® — 2gp,hD — gpi (D — h)* + 2p1c,*(D — h) + gp1D? — 2p1¢4*D = 0

And by the continuity equation: C, =¢

DZ

D—nh

p1¢1°D — gp,h(2D — h) — gp,[(D — h)* — D?] + 2p;1¢,° —2p1¢1°D =0

UNIVERSITA

| Environmental Fluid Mechanics — Lesson 20: Benjamin Model g



UNIVERSITA

DI PADOVA

| THE CELERITY OF THE CURRENT PROPAGATION

Let us to introduce the parameter s as the ratio between the two fluid densities, i.e.:
P1

s =—
P2

and by rearranging the equation we finally find:

62 1h(2D —h)(D —h)

gD(1—5s) s D2(D + h)

It is worth noting that, if the fluid 1 is at rest, ¢c; = Uj,.

2

P1 2 P1 2 2 P1 2 D P1 2
—c;°D —gh(2D —h) —g—|[(D —h)* —D“]+2—c —2—c;“D =0
.021 P2 leD_h .021

2 D 2 2 2
s¢.?D(1=2+ 25— |~ gh(2D — h) — gs(D? = 2Dh + h* = D?) = 0

, 2D-D+h
SCq DD——hzgh(ZD_h)_gSh(ZD_h)

a?  1h@D—h)(D—h)

sc;2D(D + h) = gh(1 —s)(2D — h)(D — h) > g(1—s) s D(D + h)
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I CHARACTERISTICS OF THE GRAVITY CURRENT

The scheme proposed by Benjamin implicitly limits the height of the gravity currents, h.
We can rewrite the last relatioship in term of the non-dimensional height ¢ = h/D, namely:

O _a Lrpopit
DgAp/p  g'D 1+¢

where the right-hand side term is approximated, being s = 1.

The gravity current can flow on the bottom until the energy of the section B is larger than the
energy of the section A.
The two energies are:

29 9P T~ Ppressure on the free surface
C1 PsB / (it is not zero for the rigid-lid approximation)

L c,? _1h2D—-hD—h
gb(1—s) gD(p;—p1)/p2 sD D D+h

;2 2 )D hD c,? —¢&
gD Ap/p f d D+hD " gDAp/p 1+<§T
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We assume that in B the pressure on the free surface is zero, i.e. p;g = 0. Thus the pressure
on the bottom in B is:

Psg = Pop —9gp1D =0 =———>  pog =gp:D

Accordingly the pressure pg4 is:
Psa = Poa — 9(p2 — p1)h — Pos

Recalling that py4 = pp, the pressure results:

2 2
C1 C1
Psa = PoB +P17—9(P2 — p1)h — pop —>  Dsa =p17—gAph

Then, the condition Ez — E4 > 0 reads:

Cq 2 .2
P+l BBy 2 Psd g

29 g 29 gp

0
Dsa = Poa — gp2h — gp1(D — h) s Psa = Poa — 9p2h + gp1h — gp:1 D
Pos
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The continuity equation, rearranged in ¢, allows us to link the two celerities, and by replacing
the definition of pg,4, the disequality reads:

< (1—'5)2 \%72 g—h Y

Rearranging the terms, we find:

12 2p 21 1
<2(1-&€%*h  — ,—<2(1—€)2h5

S

Benjamin solution

g Ap/p
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By expanding the term on the left-hand side:

A2 - gf)1\§<2,?(1—5)"l~
2—-¢8<21-891+¢)

2—-§8<2(1-¢%
2—&8—-2428%<0
§2§-1) <0

The disequality has two roots, whose only 2§ — 1 < 0 physically sounds. It means that
according to the Benjamin assumptions it must be:
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