LESSON 17: REACTION OF
SOLUTE WITH DISPERSION
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ICEA/  REACTION OF POLLUTANT IN ESTUARIES (' F i

In estuaries and along coastal plain rivers the transport of the solute/pollutant strongly
depends also on dispersion. The equation of the transport is the following:
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The dynamics of O and BOD is then described by the following system of equations:
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The solution of the full equations is only numerical. However an analytical solution is
possible under the following assumptions:

» Stationarity, i.e. /0t = 0

* Homogeneous reach, i.e. K,,, Q and A are constant —_— ] =

| Q

The two equations of the system now read:
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Let’s solve eq. (1). It is an homogenous Il order differential equation, that in the most general
form reads:

d’y dy

dxz - Max
Its solution is given by the characteristic polynomial: P(1) = 22 —a;A —ay = 0
The solution is then:

—apy =0

a; /a2 + 4a,
1,2 — 2

1(U
— =g E

By rearranging the roots solution:
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Being m; > 0 both A; and A, are real (11,4, € R), i.e. the solution of the equation is:
y = cle’llx + czeAZx —_— B = cle’llx + czeAZx

In this case 4; > 0 and 1, < 0, moreover |1;]| > |1,].
The two constants of integration ¢; and ¢, can be defined as following.

Let’s consider the discharge of BOD in x = 0. Because K,, # 0,
BOD spreads also upstream (x < 0). The BCs are:




BOD DISTRIBUTION
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By applying the conditions (b) and (c), we find respectively:

0
B =ceM® +c,e =0 — ;=0 forx >0

0
B=cie/ i +ce?2®=0 — ,=0forx<0

We must split the solution:

B A

B =ce™* x20 cusp

B =ceM* x<0 B, /1
Considering the condition (a) and x <0 ;C ><%
expanding the equations: A >0 ﬂ/ 2

U AVAN
B = BOeZKx(l md)x x > 0
U
B = BoeZlx Xy < 0 - >

It is worth noting that, being |1;| > |1,], the upstream concentration decays faster!
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B, is calculated by the following mass balance:

dB1 dBZ
QBy(—Ax) — KyA—— + QuwBw(0) = QB (Ax ) — KxyA—
x| dx | _
x=—Ax x=Ax
If Ax = 0, we can use the Taylor’s expansion series till 1st factor:
N dB Flux due to
By (=Ax) = B,(0) - %[:0 T advection QwBw(0)
dB 1 J’ 2
¥ lx=o o
Q1 B, (—Ax )—)"': : —> (2B, (Ax )
dBl dBl dz { | | |
s — =~ —— — Ax + .- I | l
dx x=—Ax dx x=0 dx? —K A% : : :
x=0 x4 —)"': | :_)" dB,
de de 42 x:—Ax! i | —K, A d_
« —= A — + Ax + .- i i i X lx=nx
dx dx XZ I | |
X=Ax *=0 Flux dueto I I
ux —Ax 0 Ax

dispersion
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Noting that B, (0) = B,(0) = B,. By replacing:

dB;
— BoAie™ = By
%—KxA_l +QWBW =Q,BO/+ QWBO_KXA_Z x=0
dx | _ dx |
x=0 x=0
dB, 5
= = Byle"2* = By,
— QuwBy — KyAByA, = Q,,By — K,AByA, dx | _, x=0

QwBy = QwBo + Ky A(A1 — A3)By = By[Q,, + KxA(A; — ;)]

Q A=A, =1 1 _ Y
BO=BW w T 1 Z—ZKx( +my — +md)—K—xmd
iy
Qw ,Vx%’nd
—_—— B =B Qw
0 WQW+de

It is worth noting that for pure advection K,, = 0, i.e. m; = 1, the solution is the same
determined in the standard S-P model:

Qu
B, = B
O W, +0Q
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The eq. (1) in the most general form reads:

d?0 U do0 Ta 5, Tap _ \ d2y+ dy B
dx?  K,dx K, @ K. Codxz Mgy T WV TS
The solution is the sum of the solution of the homogeneous eq. and a particular solution:
d?y dy -
Ep) + a5~ oY = 0 + 0,=kxme™

The procedure to derive the solution of homegenous eq. is the same of the one developed
for BOD:

~

0 = cieM* + c et2* with Mo = (1+my,)
2K,
41, K
mg = |1+ 5 =>1
And the particular solution is:
5 - 4By e%(limd)x The particular integral changes
Por, —ry T~ whenx = 0orx < 0.
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Alsointhiscase: ¢4 =0 forx >0
c; =0 forx<O0

The last Boundary Condition is 0(0) = O0,, thus:

) a —Td .
1 r U -
0(0) = c,eM* + 220 2%“’"‘d”‘:O0 x <0
Ta — T1d

( r,B
Op=cCy+——" x>0

) Ta —Ta
~ rdBO
00=C1+ x<0

\ Ta —Ta
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EVALUATION OF O, 08 i

As in the previous case 50 is calculated by the following mass balance:

N d0, - do,
QO1(—Ax)—KxAE = QOZ(Ax)—KxAE
x=—Ax x=Ax
By expanding the Taylor’s series around the inflow: 0
w
« 0,(Ax) = 0,(0) | | :
40, . 40, Q.0,(—Ax )—)-i i i—)- Q,0,(Ax)
dx ~ dx ~ | | |
=— = dO I I |
x=—Ax x=0 _KxAd_xl : : : dé
déz déz x=—Ax!_ ! ! —KxA _2
. —= =~ —= . i | dx
dx dx ; ; | x=Ax
x=Ax x=0 I I I
—-Ax 0 Ax

By replacing and considering that 0;(0) = 0,(0) = Oy:
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- d0, g g do,
L6, - KA =060+ Qw0 — KeA—=
x=0 x=0
_ ~ d0, do, The two derivative are equal,
Being generally Q,,09 < 1: s == thus there is no cusp.
x=0 x=0

To calculate the latter we derive the following expression:

~ r,B U + U
01,2 — Cljzeal'zx + &QZKx(l_md)x Wlth Al,z = 5 (1 i ma)

Ta — Ta ZKx
That is:
dél TdBO U TdBO U déz
—| =+ 1+ = cyl, + 1-— =—=
dx ‘1t Ty — 14 2K, (A +ma) = c2; T, — 14 2K, (1 =ma) dx
x=0

xX=

0
U raBo U U raBo U
ClZKZ(l-I_m“)-I_r —T‘d,Z/K/(l-I_md):CZZKZ(l_ma)-I_T 7k (1 —my)
X a X X a X
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Butc; = ¢, = c:
2m, r
cl+my—14+my)=—0A-my—1—-my) =——> cj,=—

By replacing the coefficients into the expression of Oy, finally we find:

( [ U U T
~ rqaB s—(1-mg)x Mg ——(1-my)x
Ta —Ta | mg |
I TaBo | L-(1empx Mg L-(1+my)x)
0 =——|eZKx 74T ——Z 2K TN x <0 ~ A
L Ta —Ta | mq ] 0

Critic Condition

4’4

The parameters m; and m, determine
the regime of O dinamycs:

ra,de
U2

> 20 Dispersion prevailing

ra,de

UZ

< 0.05 Advection prevailing
(S-P Model)
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,B
Data: ¢QW v
- Q =30m3/s i
- Qw =5m/s |
- B, =50 mg/l Q |
- U=015m/s —— U =12.96 km/d |
- K, =380m?/s —— K, = 32.83 km?/d |
= Td - 05 d_l x;{) ;"
- 1, =09d!
- 05 = 7.5 mg/l
The regime of O is determined by the values of the following parameter:

K 0.5:32.83 1, K 0.9-32.83

fdx _ = 0.098 ax_ =0.176

U2 12.962 U2 12.962

The two parameters are within the range [0.05, 20], thus we have to take into account both
advection and dispersion.
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The equations describing the dynamics of B and O depend on the parameter m, and my:

draK
md=\/1+ 7 =VI+4-0098 =118

41, K
ma=\/1+ 2 X=vV1+4-0176 =1.31

TE
U
B = Bye?® MY x>
The BOD distribution is given by: U e
B = ByeZkx Y x <0
where the value of By is equal to:
5
B, = B, Qw__ _ 80 =99 mg/l

0, + Qmy 5+ 30-1.18

By replacing all the parameters into the system, we find:

Bt =990. e—0.035-x
B~ =990. e+0.4-30-x
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Finally, the DO distribution can be trivially determined by: 0 = O, — 0

The numerical analysis of O shows that the critic condition is:

x, = 17.3 km

0, = 2.8 mg/I —— 0.,=75-28=47>40mg/l

The critic condition shows accettable concentration of DO.

| DEGLT STUDI
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f _
0+ = rrdB‘; 2 -4 (7m0 _ 15 3g10-0035x _ ,g903-0.060%
a 'd a
) _
) = rrdB‘; AT -4 (T OT| 1 35140430 _  go3e+0455]
\ a  'dl a
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EXERCISE: O IN ESTUARY a8 oo

127
B tmg/l)
10

10 20 30 40 5 60 -20 -10 0 10 20 30 40 5




