LESSON 11: 1D DISPERSION EQUATION
AND DISPERSION COEFFICIENT




|CEA/ 1D MASS BALANCE EQUATION

1D solution is due to the integration of 2D equation along y. In this case the quantities are

averaged over the whole section.
It means that the diffusive process has to be fully developed along both the vertical and

transverse dirction (section 3-3’ of the skectch shown two lessons ago), i.e. x > 100 =+
300 B from insertion point.

The starting equation is:
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Considering the levees to be depended onlyon x: Fgy = Fg, =y — EB(x)
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I 1D MASS BALANCE EQUATION EQUATION

The kinematic conditions are:

dFg 10B 10Bdx dy 10B 10B
&) T Zatiaa @ =z t2
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29t T2axVx ™

The dynamic conditions are given by: [g* - ngly—4p, =0

k- N - K ac ~ oC
Where q" is the flux due to dispersion, that is defined as: q" = zy | k,, %’ k, E
Then:
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Similarly to the 2D case, we integrate between —B /2 and B/2:
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1D MASS BALANCE EQUATION

Keeping in mind the Leibniz rule of integration: fﬂdz_ jfdz_fg_z Z=H+fg_z e
B/2 1 OB 1 OB B/2 1 0B
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By grouping:
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I 1D DISPERSION EQUATION

The integration of the 2D dispersion equation along y yields:

ajB/Z 0 B/2 0 B/2 ocC
— ZCdy+—j zUCdy=—j Zok, —dy
0t ) g " 0x ) g, 0 " 0x ) g, 0 F 0x

The simplification of the integrals is possible averaging the variables on the section, i.e.:
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And applying the decomposition:
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I 1D DISPERSION EQUATION i

Noting that:

B/2 B/2 R
j ZOUxCdy=J ZO(U0+I7)(CO+C)dy

—B/2 -B/2
B/Z B/Z B/2 B/Z
= ZOUOCO dy +j dy +j o dy +f ZoﬁC dy
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By developing the original equation:
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d dCy
— (ACO) + — (QCO) <K A 0x> 1D Dispersion Equation
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ICEA/ 1D DISPERSION EQUATION

where:

K 9Co _ 113/2 OC —k oC d Longitudinal mixing coefficient
*ox A _B/ZZO “ax ) Y

Further simplification can be done by imposing the continuity equation, which is determined
by integrating along y the 2D continuity equation:

0 ] B/Z B/ 26( )
z Z
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1D DISPERSION EQUATION

DI PADOVA

By grouping:

JdA 0Q 10B dBdx dy B dx

FrRr R P i v ~%0 (5% T ona. dt =0

X x o Ay=-5y2 y=B/2
> 04 + Q =0 1D Continuity equation
dt 0x

Expading the dispersion equation, we find:

CaA+Aa +CaQ 0 KAaCO

0ot ot Q ~ ox 0x

aCo aCo Q| o0 aC,
FOG T W  Ox (K A5%
0

ou, OJu, Jdu,

3D continuity equation: + + =0
Jdx Jdy 0z

2D continuity equation: 0% + 04x + 9y =0
adt dx  0dy

1D continuity equation: E)_A + G_Q =0
Jt  Ox
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DI PADOVA

I DISPERSION EQUATION AND TAYLOR SOLUTION

By dividing for the section area A and considering implicitly section averaged variables:

aC oc 10 aC
> +U—=——|K,A—

ot dx Adx 0x

This outcome is very useful. Why?

f
d0A
Pl 0 <«——— Constant U means dQ/dx = U0A/dx =0
Let’s assume uniform flow: { %%
e —0 The hydrodynamic conditions are the
— —
| O0x same along x.
Then: ac N UGC K 02C
' at ox  * 0x?

We can study the longitudinal dispersion
according to a Fickian Model!

If we have a lumped mass insertion M in the section x = 0 at t = 0, the concentration is:

_(x-Ub)?
—_—  (C(x,t) = e ARyt Taylor solution

AJATK t
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TAYLOR SOLUTION

This solution implies that:

i.  The concentration distribution C(x, t) in a given section x = x, has skewness (s # 0):
C A

aC
—>0

— <0
ot

~ 3¢

ac ‘

ii. Fort =ty concentration C(x, ty) is Gaussian:
- variance linearly increases with time, i.e. do /dt = 2k,
- odd statistical moments are zero.

Note that the Taylor solution is an ideal solution. In the real case the process reaches
asymptotically this solution.
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UNIVERSITA

REGIMES OF DISPERSION * prot Stui

DI PADOVA

Experimental analyses recognize three zones.
24 I.  x < L, Advective zone.
Variance increses less than linearly. Solute spreads out
along firstly z and then y.
Skewness is large. Initially it monotonically increases
until the peak due to non-uniform advection.
BZ

L, =kU — k=05=+0.6
ky

il. x> L, Equilibrium zone.
Dispersion processes reach the equilibrium. Non-
uniform tranverse advection is balance with
transverse mixing, i.e. 6% « t and ds/dt < 0.

gaussian

Concentration follows Fickian model, i.e. 6% « t and

‘ > s =0.
L, al, X
[ : |
advective equilibrium B? It is the Eulerian time scale, i.e. the required average
time by particle to visit the whole river section

|

|

I ) [ ]

. zone 11I. x > al, Gaussian zone.
|

|

|

zone zone
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ICEA/

REGIMES OF DISPERSION

DI PADOVA

How much is the value of a?

The range is wide, because a is estimated by experimental studies and it strongly depends on
the river path, section geometry and hydraulic regime of the investigated rivers.
In particular literature shows:

a=2.5
a=4+5
a=10
a=>50

(Fischer et al., 1979)
(Denton, 1990)
(Sayre, 1968)

(Liu & Cheng, 1980)

v

Difference of 1
order of magnitude

The greater values of a are due to the presence of wake zones along the river path. In this
areas the velocity goes almost to zero, hence part of the solute can stay for long time in
these zones increasing the skweness of the mean concentration distribution.
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ESTIMATION OF K,

There are several methods to correctly estimate the dispersion coefficient K, in the Gaussian
zone:

i.  Empirical Formulas

ii. Chatwin Method 8 These Methods have been
described in the exercise lesson

iii. Moments Method

iv. Calibration Method

v. Velocity Field Method

vi. Graphic Method
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|CEA/ EMPIRICAL FORMULAS iy oo

The literature provides several formulas based on the multiple regression analysis of
experimental data.

McQuivey & Keefer (1974):

Q
K, = 0.058 —
x i,B
- Liu (1977):
U? u.\3/2
K. = — _*
o amon(y)
- Seo & Cheong (1998)

B\ 262 w,\ 1428
Kx = 5.195 ZoUy <70> (F)

Kashelipour & Falconer (2002):

U,
K, = 10.612 zyu, (F)
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CHATWIN METHOD \ i TPTTE”

Chatwin rearranges the fundamental solution proposed by Taylor for 1D Fickian type
process as following:

M _(x-up?
C(x,t) = e AKxt
A\/4nK,t
(x-Ut)? M 1 M
— o AKxt = R =
A\ 4ArtK, C\t A/ ATK,,
In
(x — Ut)? R (x — Ut)? R
-> =In——= — =tlh——=
4K, t C+\t 4K, C+/t
And then:

R
= |tlIh——==C"

X U
— t
2K, 2K, C\t

K, Fictitious concentration
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CHATWIN METHOD LMY s s

Often the amount of mass M is unknown. In this case it is useful rewritting the term R:

M \({_Uimax)z C M R
C = e max — maxtmax = 77— =
T AJATK b B 1 A\ ATK,
SECTION 1
5 — r r .
And finally: ol S
c* J t+— i
2JK, 2K, it
of O
W|th v 4k &\ﬂ}
2 \8\
_ X N
C. t *u
C*= |t-In—"E €S tpay %o
C+\t st be
] -E'EI D.I5 1 ‘I..5 2 2?5 3 3..5 4 4?5 5
C t t [hours]
C*=—|t-In mar T mer t > tmax
C\/t K, and U are calculated by the slope and

the intercept of the dashed line
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MOMENTS METHOD LMY s s

When the process of dispersion occurs in the Gaussian zone, the variance of the cloud
increases linearly, i.e.:

do,?
dt
By applying the discretization method, it means:

. lgxz(tz) — 0, % (t1)
X2 t, —t;

Being:

fzo[x - ﬂx(ti)]zc(x, t;)dt

— T » Statistical moment of order Il
J_ Clx, t)dt

sz(ti) =

(t;) = == —> Statistical moment of order |
Hx
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MOMENTS METHOD LMY s s

In the practice, it is easier measuring C(x;, t) rather than C(x, t;). Hence we need to use
the temporal variance of the concentration in x;, .2 (x;).

Fisher in 1966 demonstrated that:

1 O'tz(xz) — Utz(x1)
2 t, —t

where

Y .
£ = Mj tC(x;, t)dt Stgtlstlca.l moment of orde.r I:
0 It is the time of the centroid in x;

A (T _
Utz(xi) = Mjo [t — ti]ZC(xi' t)dt —_—  Statistical moment of order Il

U. — X2 — X1 Mean velocity of the cloud
O L -t centroid between x; and x,
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