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Hydrodynamic dispersion is given by:

i.  Non-uniform convective flow

ii. Vertical and transverse diffusion

Considering uniform flow:

uniform flow

1

No gradient

A l
( > No turbulent diffusion

Ug CO(xor Z, tO) C(.X', Z, t - OO)

Randomly the particles moves along the whole transversal section due to the molecular
diffusivity D.

—> ¢ becomes uniform along y.
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INTRODUCTION

Let’s assume that the transport of solute is due to only convective flow:

=

]

Velocity profile is
parabolic, i.e. laminar

flow
4 ‘ No turbulent diffusion

X

u(y) co (X0, 2, to) c(x,z1t)

— C distribution follows the velocity profile

If molecular diffusivity is neclected, the solute moves only along longitudinal direction.

Let’s see the phenomenon in presence of turbulent diffusion.
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1-1" 2-2'
T
x < 20 +50z, 20 +-50z5 < x < 100 = 300B x> 100+ 300B
The mixing depends on Full vertical diffusion of the  Full transverse diffusion of the
buoyancy and mixture solute. We can average on the solute. We can study 1D flow
momentum vertical (c is uniform in the section)
3D modelling 2D modelling 1D modelling
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Being Dispersion = Non uniform advection + Turbulent diffusion, the process can be
studied by moving the reference system following the centroid of the mean cloud.

l

We can observe a random walk process of the solute which is ruled by a fictitious diffusive
coefficient greater than the coefficients determined by the turbulence analysis!

N.B. This is true when the process of turbulent diffusion is fully developed!

We distinguish two kind of dispersion:

i. By averaging the mass balance along the vertical (2D flow shown in section 2-2’). The
dispersion is expressed by the coefficients of longitudinal and transverse direction, k,
and k,, respectively.

k,=k,(0U/0z,e,) ky =k, (0U/0z,e,)

i. By averaging the mass balance in the whole section (1D flow shown in section 3-3’). The
process is expressed by the overall longitudinal dispersion coefficient K, .

K, = K,(0U/dy k)
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ICEA/ 2D MASS BALANCE EQUATION

Let’s consider the figure below and the turbulent diffusion equation neglecting molecular
diffusivity, i.e. D V?> < ¢ > = 0:

6<c>+\7 (cu><c>)= d d<c> +6 d<c> +6 d<c>
at Uos 2= 5x\ 5 ox ay\r " ay 92\ oz
S n _ _
free surface Y FT H /\/FH - Z_H(x;yl t) =0

8]

\JNE, =z—n(x,y) =0

Ifwe consider the erosion and the deposition of sediment on the bottom, also the function n depends on timet:

n=n(xyt)
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The kinematic conditions of the bottom and the free surface are:

L3 o L (R, on¥x om¥y Mz 1
de akx ox dy, " ay dy dy, |
<u> <u,><u, >

i. 1 _ g aH+6H< aH< >—<u, > 0

2 o= 4 2 _

dt ot Tox ST Ty S TS|
In the domain the mass is confined and it is constant, i.e.:
. [q- n]z=n =0
i, [q : n]z=H =0

VF
The outward normal vector is defined as: n = W
So in this case we have:
(—0n/0x,—0dn/dy,1) (—0H/0x,—0H/dy,1)
n, = Ny =
T ¥ @/ + (9n/0y)? ! 1+ (@H/0x)2 + (9H/3y)?

| Environmental Fluid Mechanics — Lesson 09: 2D Dispersion



ICEA/ 2D MASS BALANCE EQUATION

d<c> 0<c> 6<c>>

y €z

Moreover, the turbulent flux is defined as: q = <ex 5
Z

ax %Y dy

The products between n and q give the dynamic conditions of the problem, that is:

_ d<c>0n d<c>0n d<c>

i. |—e —e +e,——— =0
¥ ox ox Y o0y oy ¢ oz y=n

. 0 <c>0H 0<c>0H+ 0<c> 0

i. |[— — — =
“Tox oax dy 0dy 2" 5, ey

Now the problem is well posed and we can integrate the transport equation along z:

dz

dt 0x dy 0z

_+JH6 a<c>d+jHa a<c>d+fHa a<c>Gl
L\ )T L )\ ey )T a2\ ez )™

@

o <c> o <c><u, > Ho <c><u, > o <c><u, >
——dz + dz + dz +
n n

n n

| Environmental Fluid Mechanics — Lesson 09: 2D Dispersion prlt Sty

DI PADOVA



ICEA/ 2D MASS BALANCE EQUATION oS

Noting that:

Hog <c><u, >
@ dz = [< ¢ ><uy >],oy — [< e ><uy >],-p

0z
@ j (3<c>d_ d<c> d<c>
S AT 27 5
Z=H zZ=n
And recalling the Leibniz rule of integration, we have:
afd B fH q GH_I_ on
, 0x “ 7 ox nf 2= Z=H 5y / Z=1 9x

By replacing (1) and (2) into the integrated transport equation, and by applying the Leibniz
rule, we find:
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H oH on o (H
j<c>dz <c>—+<c>—+—f<c><ux>dz—<c><ux>—
. 0 d 0x

an @ H
+<c><u, > E +@j <c><uy,>dz—<c><u, >——

0H an
5, T<Cer<uy>o

0

H 0H
t<e><u, >loy —[<ce><uy, >0 == | e
n

. dx

d<c> d<c>
P zZ— ey, ———

dx dx

0H N
Z=H ay

d<c>
dy

an
dy

€y

an+aJH 0<c> [ 0<c>
—+=| eg—F—dz—|e,——
. dy dy

Z=1
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ICEA/ 2D MASS BALANCE EQUATION i

By grouping:
a (" 0H O0H oH
afn<c>dz—<c> a—+a<ux> —— < Uy >—<u, > ) +
Zz=H
0
0 H 0 H
ajﬂ<c><ux>dz+@] <c><uy,>dz
+< >07]+077< 077< >—< > —afH a<C>d
“ 7ot " ox Yy Yz  0x ““ox 7
z=n n
0
o (1 d<c> a<c>af\a<c>aﬂ d<c>
+a_j oy |7 Tox ox @ ay T oz
Yy y X be \QXO y z |,_y

d<c>0a d<c>0 6<c>
R

\étkay 0z

Z=1
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ICEA/ 2D MASS BALANCE EQUATION

And then:

0x J,, 0y Jy,

H a<c>d_+a H a<c>d
ex o z ayney 3y VA

o (1 o (H o (H
—j <c>dz+—f <c><ux>dz+—f <c><uy,>dz
at J,

0

The difference between free surface and the bottom is the water depth: z,(x,y) = H — 1.
Then, the mean concentration along the vertical z is defined as:

H

1
CO=_ <c> dz
Z077

The other quantities of the equation, which are averaged along z, are expressed by overbar:

1 (¥ 1 (H
<c>[u,>=—| <c><u, > dz <c>}u, >=— | <c><uy,> dz
ZOr, Zon
d<c> 17 d<c> d<c> 1jH d<c>
e,———=—1| e dz e =— e z

¥ ox ZOL ¥ ox Y dy ZoJy 7 Oy
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ICEA/ 2D MASS BALANCE EQUATION e i

These definitions of the averaged quantities into the transport equation yield:

G i J
3¢ 70C0) + 52 (20 TE ST >) + 50 (70 T ><w, )

0 6<c>+6 d<c>
~ax\ 0T oy dy %0 €y dy

Let’s see the variables along z. We can decompose them following the Reynolds approach:

. zA zA
<C>=C()+C Zo —~ ZOI
<u >=Ug + U,y Uo /ﬁ/u ¢
. C
<u, >=Uy,+U, Co §/§\/
€y = €xo + €4 (
ey, = ey + &, / )
’ / »
<u> <cCc>
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ICEA/ 2D MASS BALANCE EQUATION

Replacing decomposed variables into vertical averaged products yield:
< c >< U, >= C()Uxo +B~&9§D+€O\Q§+éﬁx = C()Uxo'l‘éﬁx

<c><u, >= CyU, +b&m+5ﬂ§+ o + CU,
d<c> 5C 6C
€x Ox = exO a +ex0 +ex a = €x0 7 ax Ex ax
Jd<c> aC 0 ; aC
e ay = ey() ay + eyo + ey ay - eyo ay y E

Then:

9 ac,\ o _ac\ o ac,\ o _ ac
= 9x \ P00 g | T g5 \Pox +0y #0€y075y +0y 0% 5y
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|CEA/ 2D MASS BALANCE EQUATION

Finally:
J | < ac, _ aC AA>]
Zo\ exo—=—— + &, —— CO, || +

0 0 0
3t (zoCo) + Ix (zoCoUyxo) + @ (ZOCOUyO) = axl

o | ¢, . € —
Zo | ey0 +é,-——CU,

Ty ay
B J

Y Y
Turbulent : .
, , Dispersion
Diffusion

When the solute is completely mixed along z (section 2-2" in figure 3), i.e. t > z,%/e,, the
non-uniform advection and the vertical gradient of turbulent diffusion are in equilibrium:

k, — —>  k, is the longitudinal dispersion coefficient

ky is the transverse dispersion coefficient

_ac aC,
k, — —




ICEA/ 2D DISPERSION EQUATION

Dispersion coefficient is much greater than diffusion coefficient, thus the tranport equation
can be simplified in the following:

d d 0 0 daC, 0 aC,
—_— a(zoco) +a(ZOCOUx0) +@(ZOCOUy0) = Ox Zoky Ox + 9y ZOkyE

This equation is useful to solve numerically dispersion problem. For determining analytical
solution the latter needs of being simplified by using the continuity equation.

2D continuity equation for uncompressible fluid is:

aZO

0
> at (Zo Uxo) + (Zo yO) =0

Then, expanding the dispersion equation, we find:

020 aCO d
0 57 + Zoa_ + Co5 Ox (zoUxo) + (20 xO) ‘|‘ Co7 dy (ZO yO) + (ZO yO)
0 ac,| o adCy

=a ZkaE +@ ZOkyE
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I 2D DISPERSION EQUATION

. . dC d2C, dC 0z 9,
Rearranging the equation: —2 4 iy — 9 4 Uyg 0 |20 2
ot P oax ' oy O ot oz D y(o o)
1 9, 66‘0 N 10 aC, 0
ZO 200x |70 % ox | z0y |70 ay
Finally, considering implicitly vertical averaged variables we have:
GC_I_UOC_I_UBC 10 k6C+16 kac
ot = *ox Yy zgox| " ¥ox| z,0y| Y ay
IntegratingV -u =0 inz: . fH AUy dz + fHaUyO dz + j'HaUzo dz = 0
E n 0x n 0V n 0z
EaHUd aHUanaHUdUaHUanUH_O
*af x0 4z — an + xoa'l'a_yfn yo 4Z — yoa"l' yOa_y"l' ZO77
0[Uro(H =m)] | 9[Uyo(H —1)] 0H 0H on |
O + dy + UZO_Uxoa_UyO@ _H_ UZO_Uxoa_UyOa_y ) =0
l ) 7 l ) 7
Y Y
0H /ot an/at
9(UxoZo) O(U OZO) d(H —1n) aZo
Ox + ay ot =0 > at (UXOZO) + (Uyozo)
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