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Let’s see the fundamental solution in case of 2D diffusion. In this case the concentration is
defined as following:

𝑐 = lim
∆𝑥→0
∆𝑦→0

∆𝑀

∆𝑥∆𝑦
[kg/m2]

and the problem of diffusion becomes:

𝜕𝑐

𝜕𝑡
− 𝐷

𝜕2𝑐

𝜕𝑥2
+
𝜕2𝑐

𝜕𝑦2
= 0

𝑐 𝑥, 𝑦, 0 = 𝑀𝛿 𝑥 𝛿 𝑦 𝑥, 𝑦 = 0

𝑐 𝑥, 𝑦, 𝑡 = 0 𝑥, 𝑦 → ±∞

N.B. The hypotheses are the same of the 1D case:
• Still fluid, i.e. 𝒖 = 0
• Incompressible fluid, i.e. 𝛻 ∙ 𝒖 = 0
• Mass conservation, i.e. Τd𝑀 𝑑𝑡 = 0

Initial condition

Boundary conditions
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The problem can be solved thanks to the linearity of the process, which allows to express 𝑐
as following: 

𝑐 𝑥, 𝑦, 𝑡 = 𝑐1 𝑥, 𝑡 𝑐2 𝑦, 𝑡

Then:

𝜕𝑐

𝜕𝑡
=

𝜕

𝜕𝑡
𝑐1 𝑐2 = 𝑐1

𝜕𝑐2
𝜕𝑡

+ 𝑐2
𝜕𝑐1
𝜕𝑡

𝜕𝑐

𝜕𝑥
= 𝑐1

𝜕𝑐2
𝜕𝑥

+ 𝑐2
𝜕𝑐1
𝜕𝑥

= 𝑐2
𝜕𝑐1
𝜕𝑥

0

𝜕𝑐

𝜕𝑥
= 𝑐1

𝜕𝑐2
𝜕𝑦

+ 𝑐2
𝜕𝑐1
𝜕𝑦

= 𝑐1
𝜕𝑐2
𝜕𝑦

0

𝜕2𝑐

𝜕𝑥2
= 𝑐2

𝜕2𝑐1
𝜕𝑥2

𝜕2𝑐

𝜕𝑦2
= 𝑐1

𝜕2𝑐2
𝜕𝑦2

By replacing the derivatives, the diffusion equation reads:
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𝜕𝑐

𝜕𝑡
− 𝐷

𝜕2𝑐

𝜕𝑥2
+
𝜕2𝑐

𝜕𝑦2
= 𝑐1

𝜕𝑐2
𝜕𝑡

+ 𝑐2
𝜕𝑐1
𝜕𝑡

− 𝐷 𝑐2
𝜕2𝑐1
𝜕𝑥2

+ 𝑐1
𝜕2𝑐2
𝜕𝑦2

= 0

𝑐2
𝜕𝑐1
𝜕𝑡

− 𝐷
𝜕2𝑐1
𝜕𝑥2

+ 𝑐1
𝜕𝑐2
𝜕𝑡

− 𝐷
𝜕2𝑐2
𝜕𝑦2

= 0 ∀𝑐1, 𝑐2

00

It means that the following equations have to be solved:

𝜕𝑐1
𝜕𝑡

− 𝐷
𝜕2𝑐1
𝜕𝑥2

= 0

𝑐1 𝑥, 0 = 𝑀1𝛿 𝑥 𝑥 = 0

𝑐1 𝑥, 𝑡 = 0 𝑥 → ±∞

𝜕𝑐2
𝜕𝑡

− 𝐷
𝜕2𝑐2
𝜕𝑦2

= 0

𝑐2 𝑦, 0 = 𝑀2𝛿 𝑦 𝑦 = 0

𝑐2 𝑦, 𝑡 = 0 𝑦 → ±∞

Fundamental solution of 1D diffusion
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𝑐1 =
𝑘1

4𝜋𝐷𝑡
𝑒−

𝑥2

4𝐷𝑡

𝑐2 =
𝑘2

4𝜋𝐷𝑡
𝑒−

𝑦2

4𝐷𝑡

Since 𝑐 = 𝑐1 𝑐2, we find:

2 Gaussian distribution along x and y axes

𝑐 =
𝑘1

4𝜋𝐷𝑡
𝑒−

𝑥2

4𝐷𝑡 ∙
𝑘2

4𝜋𝐷𝑡
𝑒−

𝑦2

4𝐷𝑡 =
𝑘1𝑘2
4𝜋𝐷𝑡

𝑒−
𝑥2+𝑦2

4𝐷𝑡

𝑘1𝑘2 =?The value of  𝑘1𝑘2 is determined by the mass conservation:

𝑀 = න
−∞

+∞

න
−∞

+∞

𝑐 𝑥, 𝑦, 𝑡 d𝑦d𝑥 ෝ𝑐1 =
1

4𝜋𝐷𝑡
𝑒−

𝑥2

4𝐷𝑡 ෝ𝑐2 =
1

4𝜋𝐷𝑡
𝑒−

𝑦2

4𝐷𝑡

𝑀 = 𝑘1𝑘2න
−∞

+∞

ෝ𝑐1 𝑥, 𝑡 d𝑥 න
−∞

+∞

ෝ𝑐2 𝑦, 𝑡 d𝑦
1 1

𝑀 = 𝑘1𝑘2
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Finally:

𝑐 𝑥, 𝑦, 𝑡 =
𝑀

4𝜋𝐷𝑡
𝑒−

𝑥2+𝑦2

4𝐷𝑡

𝑐 𝑥, 𝑦, 𝑡 =
𝑀

4𝜋𝑡 𝐷𝑥𝐷𝑦
𝑒
−

𝑥2

4𝐷𝑥𝑡
+

𝑦2

4𝐷𝑦𝑡

2D concentration distribution

2D concentration distribution in 
anysotropic condition (𝐷𝑥 ≠ 𝐷𝑦)

Similarly for 3D diffusion:

𝑐 𝑥, 𝑦, 𝑧, 𝑡 =
𝑀

4𝜋𝐷𝑡 Τ3 2
𝑒−

𝑥2+𝑦2+𝑧2

4𝐷𝑡

𝑐 𝑥, 𝑦, 𝑧, 𝑡 =
𝑀

4𝜋𝑡 Τ3 2 𝐷𝑥𝐷𝑦𝐷𝑧
𝑒
−

𝑥2

4𝐷𝑥𝑡
+

𝑦2

4𝐷𝑦𝑡
+

𝑧2

4𝐷𝑧𝑡

3D concentration distribution

3D concentration distribution in 
anysotropic condition (𝐷𝑥 ≠ 𝐷𝑦 ≠ 𝐷𝑧)
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Assumptions:
• 1D flow, i.e., 𝒖 = 𝑢0, 0, 0
• Uniform flow, i.e., 𝑢0 = const
• Incompressible fluid, i.e., 𝛻 ∙ 𝒖 = 0
• Mass conservation, i.e., Τd𝑀 𝑑𝑡 = 0

• Diffusion only along 𝑥, i.e., 
𝜕2𝑐

𝜕𝑦2
,
𝜕2𝑐

𝜕𝑧2
= 0

𝜕c

𝜕𝑡
+ 𝒖 ∙ 𝛻𝑐 = 𝐷 𝛻2𝑐

𝑐 𝑥, 0 = 0 𝑥 > 0
𝑐 𝑥, 0 = 𝑐0 𝑥 ≤ 0

Step distribution

By expanding the A-D equation:

𝜕c

𝜕𝑡
+ 𝑢𝑥

𝜕c

𝜕𝑥
+ 𝑢𝑦

𝜕c

𝜕𝑦
+ 𝑢𝑧

𝜕c

𝜕𝑧
= 𝐷

𝜕2𝑐

𝜕𝑥2
+
𝜕2𝑐

𝜕𝑦2
+
𝜕2𝑐

𝜕𝑧2
0 0𝑢0 0 0

And then:

𝜕c

𝜕𝑡
+ 𝑢0

𝜕c

𝜕𝑥
= 𝐷

𝜕2𝑐

𝜕𝑥2
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The differential equation needs of being simplified by traslating the reference system with 
velocity 𝑢0. The new reference system is 𝜉, 𝑡 , being 𝜉 defined as: 𝜉 𝑥, 𝑡 = 𝑥 − 𝑢0𝑡.

In the new reference system:

𝜕c

𝜕𝑡
− 𝑢0

𝜕c

𝜕𝜉
+ 𝑢0

𝜕c

𝜕𝜉
= 𝐷

𝜕2𝑐

𝜕𝜉2
𝜕c

𝜕𝑡
= 𝐷

𝜕2𝑐

𝜕𝜉2
1D Diffusion equation

Triavially:

𝑐 𝜉, 𝑡 =
𝑐0
2
erfc

𝜉

4𝐷𝑡

𝑐 𝑥, 𝑡 =
𝑐0
2
erfc

𝑥 − 𝑢0𝑡

4𝐷𝑡

𝑐 𝑥, 𝑡

𝜕c 𝑥, 𝑡

𝜕𝑡

𝜕c 𝑥, 𝑡

𝜕𝑥

𝑐 𝜉 𝑥, 𝑡 , 𝑡

dc 𝜉, 𝑡

d𝑡
=
𝜕c

𝜕𝑡
+
𝜕c

𝜕𝜉

𝜕𝜉

𝜕𝑡
=
𝜕c

𝜕𝑡
− 𝑢0

𝜕c

𝜕𝜉

𝜕c 𝜉, 𝑡

𝜕𝑥
=
𝜕c

𝜕𝜉

𝜕𝜉

𝜕𝑥
=
𝜕c

𝜕𝜉
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Assumptions:
• Steady flow, i.e.

𝑐 𝑥, 𝑦, 𝑡 = 𝑐 𝑥, 𝑦
• Uniform flow, i.e., 𝒖 =

𝑢0, 0, 0
• Incompressible fluid, i.e., 

𝛻 ∙ 𝒖 = 0
• Mass conservation, i.e., 

Τd𝑀 𝑑𝑡 = 0

The differential equation which rules the problem is:

𝜕c

𝜕𝑡
+ 𝑢0

𝜕c

𝜕𝑥
= 𝐷

𝜕2𝑐

𝜕𝑥2
+ 𝐷

𝜕2𝑐

𝜕𝑦2
0

𝑢0
𝜕c

𝜕𝑥
= 𝐷

𝜕2𝑐

𝜕𝑥2
+ 𝐷

𝜕2𝑐

𝜕𝑦2

Longitudinal
Advection

Longitudinal
Diffusion

Transversal
Diffusion
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We have two length scales along x-axis:

• 𝐿𝐷 = 𝐷𝑡 Longitudinal Diffusion
• 𝐿𝑈 = 𝑢0𝑡 Longitudinal Advection

In our application 𝐿𝑈 ≫ 𝐿𝐷, i.e., 𝑢0𝑡 ≫ 𝐷𝑡.

Indeed, given a period of time 𝑡, the distance travel by the solute due to the advection is:

By equaling the advection with the diffusive length after the period of time 𝑡, we find:

𝐿𝑥 = 𝑢0𝑡 𝑡 = Τ𝐿𝑥 𝑢0

𝑢0𝑡 = 𝐷𝑡 𝐿𝑥 = 𝐷 Τ𝐿𝑥 𝑢0

𝐷

𝑢0𝐿𝑥
= 1

𝐷 ≈ 2 ∙ 10 −9 m2/s

𝑢0 ≈ 0.1 − 1.0 m/s

It is true until
𝐷

𝑢0
= 𝐿𝑥 𝐿𝑥 = 10 −9 m!!!!

If 𝐿𝑥 ≫ 10 −9 m longitudinal
diffusion is negligible!
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I can express the ratio into the square root as following:

𝐷

𝑢0𝐿𝑥
=
𝐷

𝜈

𝜈

𝑢0𝐿𝑥

𝐷

𝑢0𝐿𝑥
=

1

𝑆𝑐

1

𝑅𝑒

Where: - 𝑆𝑐 = Τ𝜈 𝐷 is the Schmidt Number
- 𝑅𝑒 = Τ𝑢0𝐿𝑥 𝜈 is the Reynolds Number

𝑣 ≈ 10 −6 m2/s
Kinematic viscosity of water

The differential equation can then be simplified and it reads:

𝑢0
𝜕c

𝜕𝑥
= 𝐷

𝜕2𝑐

𝜕𝑦2
𝜏= Τ𝑥 𝑢0 𝜕c

𝜕𝜏
= 𝐷

𝜕2𝑐

𝜕𝑦2
1D Diffusion equation 

If we consider the following initial condition: ቊ
𝑐 𝑥, 𝑦 = 0 𝑦 > 0, 𝑥 = 0 → 𝜏 = 0

𝑐 𝑥, 𝑦 = 𝑐0 𝑦 ≤ 0, 𝑥 = 0 → 𝜏 = 0

𝑐 𝜏, 𝑦 =
𝑐0
2
erfc

𝑦

4𝐷𝜏
Then: 𝑐 𝑥, 𝑦 =

𝑐0
2
erfc

𝑦

4𝐷 Τ𝑥 𝑢0
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Assumptions:

• Constant Mass Rate in O, i.e., 

• Uniform flow, i.e., 𝒖 = 𝑢0, 0, 0
• Incompressible fluid, i.e., 𝛻 ∙ 𝒖 = 0
• Stationary process, i.e., 𝑐 𝑥, 𝑦, 𝑧, 𝑡 = 𝑐 𝑥, 𝑦, 𝑧

The differential equation of the problem is:

𝜕c

𝜕𝑡
+ 𝑢0

𝜕c

𝜕𝑥
= 𝐷

𝜕2𝑐

𝜕𝑥2
+ 𝐷

𝜕2𝑐

𝜕𝑦2
+ 𝐷

𝜕2𝑐

𝜕𝑧2

Being advection predominant on diffusion along x, the equation can be simplified in:

𝜕c

𝜕𝑡
+ 𝑢0

𝜕c

𝜕𝑥
= 𝐷

𝜕2𝑐

𝜕𝑦2
+ 𝐷

𝜕2𝑐

𝜕𝑧2

The diffusion can be described by discretizing the time of the process. Indeed: 

d𝑀

𝑑𝑡
= ሶ𝑀 0,0,0
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• 𝑡0 = 0 → 𝑡1 = 𝑡0 + ∆𝑡: a first amount of mass ∆𝑀 is injected in O, and it starts to 
diffuse along y and z as 2D diffusion problem.

• 𝑡1 → 𝑡2 = 𝑡1 + ∆𝑡: a second amount of mass ∆𝑀 is injected in O, and it starts to 
diffuse along y and z as 2D diffusion problem. The first ∆𝑀
moves along x of 𝑢0𝑡 and the solute spreads along y and z.

It is worth noting that: d𝑀 = ሶ𝑀d𝑡 = ሶ𝑀
d𝑥

𝑢0

This definition of d𝑀 into 2D diffusion yelds:

Ƹ𝑐 𝑦, 𝑧, 𝑡 =
d𝑀

4𝜋𝐷d𝑡
𝑒
−
𝑦2+𝑧2

4𝐷d𝑡 =
ሶ𝑀d𝑥

𝑢0

1

4𝜋𝐷d𝑡
𝑒
−
𝑦2+𝑧2

4𝐷d𝑡
Ƹ𝑐 = lim

∆𝑦→0
∆𝑧→0

∆𝑀

∆𝑦∆𝑧

Being 𝑐 = ΤƸ𝑐 d𝑥, we find:

𝑐 𝑥, 𝑦, 𝑧, 𝑡 =
ሶ𝑀d𝑥

𝑢0d𝑥

1

4𝜋𝐷d𝑡
𝑒
−
𝑦2+𝑧2

4𝐷d𝑡 =
ሶ𝑀

𝑢0

1

4𝜋𝐷d𝑡
𝑒
−
𝑦2+𝑧2

4𝐷d𝑡
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The flow is uniform, then: 𝑢0 =
d𝑥

d𝑡

න
𝑥

𝑡

That into 2D diffusion equation yelds: 

𝑐 𝑥, 𝑦, 𝑧, 𝑡 =
ሶ𝑀 d𝑡

4𝜋𝐷d𝑡d𝑥
𝑒
−
𝑦2+𝑧2

4𝐷d𝑡

By replacing d𝑡 and d𝑥 with 𝑡 and 𝑥, finally we have:

𝑐 𝑥, 𝑦, 𝑧, 𝑡 =
ሶ𝑀

4𝜋𝐷𝑥
𝑒−

𝑦2+𝑧2

4𝐷𝑡

𝑐 𝑥, 𝑦, 𝑧 =
ሶ𝑀

4𝜋𝐷𝑥
𝑒−

𝑦2+𝑧2

4𝐷𝑥 𝑢0


