LESSON 4: REMARKABLE
CASES OF DIFFUSION




ICEA/  STEP DISTRIBUTION OF CONCENTRATION

Let’s analyze the following case at t = O:

c(x,0) =
Coh X = 0

»
X

In this case, the convolution of the fundamental solution reads:

() Co FOO _(x4—DE)2 i
c(x, t) = e t
VvarnDt Jy

The solution of the integral requires the change of the integration variable ¢ with ), that is
defined as:
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I STEP DISTRIBUTION OF CONCENTRATION |

. . d$
It is worth noting that: dn = _\/ﬁ
And then the extremities of integration become:
X
§=0 =—> 1= T

§> 400 => 5> —0o

The integral reads:

\/WJ e”dn

V4Dt

C(U;t) =_m\/_

X X
c C 0
c(n, ) :\/_%J\/zwte_nz dr =\/_OE j — dr +j\/4Dte_n2 dr
— 0o —00 0
| ] |\ )
Y Y
T X
ﬂ £ erf( )
2 2 V4Dt
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ICEA/  STEP DISTRIBUTION OF CONCENTRATION

Finally, the equation infers in the following:

— c(x,t) = %[1 + erf<L>]

V4Dt
cA .
Nothing that:
Cc
S c(0,t) = =
2
t
c(—oo,t) =0
< .
2 (%
Error function erf(z) is defined as: erf(z) = — f e "dn o _______ I_____
Vi Jy
Properties: erf(—z) = —erf(2)
erf(0) =0 )
erf(+o) = +1 I
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For the step of concentration on the left side of the domainatt = 0

C‘A
o
co x<0
c(x,0) =
0 x>0
-
X
the solution is due to the superposition of the following cases:
¢, o
Co X
c(x,t) =c c(x,t =—1+erf—]
; 0 = 2fr+ert( =)
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I STEP DISTRIBUTION OF CONCENTRATION S s
Thatis: c(x, t)—co——[1+erf( * )] _% 1—erf< X )]
V4Dt 2 V4Dt

— s (xt) = 2erf < x ) A
c(x,t) = —erfc c
2 V4Dt
&)
Noting that:
c(0,1) = 7" ¢y/2
c(oo,t) =0 t

C(—OO, t) = Cp

/
. . 2 (% _ 2
Complementary Error function erfc(z) is: erfc(z) = J e” " dn 2
n), = ——ee—oo——————-.
Properties: erfc(z) = 1 — erf(2) \
erfc(0) =1 \

erfc(+o0) =0

erf(—o) = 2




INNER STEP e D
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The solution of c(x, t), starting from the inner step of concentration, is given by the difference
of two steps of concentration:

Co a+x\] ¢ X—ay|_% at+x .
c(x,t) =7[\1\+ erf(\/rm>]—7h+ erf(\/TDt>] == erf(\/rm>—erf<\/4—m>]

3

—_— (X, t) = it [erf(a ’ x) + erf(a _ x)]
72 \VaDe VaDt

Cl

)
/\ Noting that:
/”—-_\
a

\ c(0,t) = ¢y erf <\/%>
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The solution of c(x, t), starting from external steps of concentration, is given by the sum of
two steps of concentration:

) ¢ <a+x>+c0[1+ f(x—a)] 0 ¢ <a+x>+c0 ’ f(a—x)]
c(x,t) = —erfc — er = —erfc —[1—er
2 V4Dt) 2 V4Dt 2 V4Dt) 2 V4Dt

—_— (X, t) = C—ZO [erfc (a il x) + erfc (a _ x)]

‘0 V4Dt V4Dt
/ Noting that:
\___/ a
\ / c(0,t) = cq erfc ( m)
a

3




SOURCE POINT

Let’s analyze the case in which constant concentration is maintained in a source point:

A
(¢ b d%c
o — =D
ot dx?
c(x,0) =
(x,0) = 5 c(x,00=0 x+#x,=0
cCxo,t) =cp x=2xp =
s K} Concentration is
x=x,=0 X constant with time

varying

Formally the solution is similar to the fundamental one:

¢c=c¢of(n)
X —>  f(p) =7
1= Japt
2
Let’s see the terms in the Diffusion equation: @ = %
X

ot
®© O
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SOURCE POINT

dc af (n) df on dc ¢y df o 1
Q _:CO =C0__ > = ———NnN—-— =7
ot ot dn at ot 2t ' dn ot 2t
O 0°c @ (dc\ a ( of(m\_ 9 (dfany m_ 1
ax2  ox\ox) ox\ ax ) “%x dn dx 0x 4Dt
d%c _ G 0 [df\_ ¢ oy d(df N 0%°c ¢y d*f
0x2 /4Dt 0x \dn V4Dt 0x dn\dn 0x2 4Dt dn?
By replacing the two terms into the diffusion equation, it reads:
dc 5 d%c
ot dx >
_G_Qng _ Nidz_f dz_f N an _ 0 Ordingrv Differential
2¢ " dn AR dn? dn? dn Equation (ODE)
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— () =k \/Z—Eerf(n) + k,

The two constants of integration are determined by the BCs of the problem. Indeed:
X c

\/m=0 - C—0=f(n)=1

1) x=0 - c¢c=c¢cy =—> N=

Then:

V1T
£(0) = ks ™ e?ﬁgo)+ )= 2
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2) lim c=0 =—> lim f(n)=0

x—too n—too
Then:
T T
VT &
— = ki =—— , x>0
a) k12+1 0 —— 1 N n,Xx
Vi 2
—k;—+1=0 ——> ki =— ,x <0
b) 12+ 1 \/ﬁ n

Finally, the solution is:

( ' x ] X
c(x,t) =cy|l—erfl—|| =cperfc|——] x=0

' x| \] X
c(x,t) =cq 1—erf<L> = Cy erfc<L> x <0

\
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SOURCE POINT i it

o~ X

Let’s calculate the mass of the system, which varies with time varying.

+00
M=J c(x,t)dx=2coj

0

+00
fo [ —— ) dx n=— . dy =
e V4Dt VaDt VaDt
+00
M = 2c0V4Dtj erfc(n)dn ——— M = 1.1284 c,V4Dt
0
Moreover, the mass rate is:

k>1\/IOC\/_
dvt

dM 1 . 4D
— =1.1284 cyV4D — = 1.1284 ¢;V4D— —> M =0.5642¢, |—
dt 24/t t

dt
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The general c

c(x,0) =«

SOURCE POINT | | oron Sro

)1 PADOVA

ase of source point of a solute is described by the following system of equations:

( OC_D d%c
ot  0x?
c(x,00)=0 x=0

\C(O, t) =co(t) x=0

The solution is determined by Taylor’s series expansion: t=t1+dt - c(t) =c(r+d1)

dc
Then, when x if fixed: Co(T +d1) = co(T) + d_ro dr + 0(dr?)
T
the solution for source point with ¢y constant in dt is:
dc X c profile observed at dt after
de(x, 7) = — dTerfc< . ) d dr=t—1
dr | JAD(t — 1) the injection of —dr

By integrating the latter between [0, t], we find the solution:

—

tdc, | x|
clx,t) = | — 0 erfc dr
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