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Appendice A

In questa appendice è riportata una serie di programmi Matlab per graficare la
soluzione dell’equazione della pura diffusione (1D e 2D) e dell’equazione
dell’avvezione-diffusione, nel caso di avvezione uniforme.

• Esempio 1: Grafica l’andamento spazio-temporale della concentrazione C(x, t)
e l’andamento nel tempo della varianza della concentrazione stessa, σ(t) = 2Dt,
nel caso della soluzione fondamentale dell’equazione della diffusione molecolare
1D, ovvero per un’immissione istantanea di una massa di soluto M nell’origine.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 %Clear all variables, globals, functions and from memory.
4 %closes all the open figure windows
5 %Clear the command window and homes the cursor
6 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
7 % Fundamental solution of the 1D diffusion equation
8 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
9 % Definition and initialization of parameters and variable s

10 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
11 dx=0.01; % spatial integration interval, m
12 L x=5; % total length of the domain, m
13 x=[ −L x:dx:L x]; % x axis computational grid
14 % build a row vector whose component are in
15 % the range −L x a L x with spatial step dx
16 tmax=10/pi; % length of the simulation, s
17 ∆t=1/(36 * pi); % temporal visualization pace, s
18 t=[0: ∆t:tmax]; % computational domain along t
19 M=1; % mass
20 D = 0.25; % diffusion coefficient, mˆ2/s
21 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
22 % C vector inizialization
23 % ZEROS(M,N) or ZEROS([M,N]) is an M −by−N matrix of zeros
24 % LENGTH(X) returns the length of vector X. It is equivalent
25 % to MAX(SIZE(X)) for non −empty arrays and 0 for empty ones
26 C=zeros(1,length(x)); % concentration along x, mg/l
27 Cstore=zeros(3,length(x));
28 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
29 % time cycle over all the spatial domain points
30 for tt=1:length(t)
31 % Length(X): returns the length of vector X. It is equivalent
32 % to MAX(SIZE(X)) for non −empty arrays and 0 for empty ones
33 if t(tt)==0
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34 for i=1:length(x)
35 %C(i)=M * dirac(x(i));
36 % DIRAC(X) ∆ function= zero for all X but X == 0
37 % where it is infinite
38 end
39 else
40 for i=1:length(x)
41 % Concentration along x
42 C(i)=M/(sqrt(4 * pi * D* t(tt))) * exp( −x(i)ˆ2/(4 * D* t(tt)));
43 end
44 end
45 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
46 % plot results
47 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
48 % type "help plot" forinformation on the plot command
49 figure(1) %opens a figure window
50 subplot(1,2,1) %subplot (m,n,k) divide the figure in m by ...

n
51 %subplots an locate the plot in the k inset
52 %m: # of row
53 %n: # of colums
54 %k: inset location within the figure
55 plot(x(C >0),C(C >0), 'r' , 'LineWidth' ,2.5);
56 axis([ −(L x−1) L x−1 0 6]) % axis settings
57 xlabel( 'x [m]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
58 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
59 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
60 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
61 set(gca, 'XTick' ,[ −(L x−1):1:L x−1]);
62 title([ 'time = ' ,num2str(t(tt)), ' \pi s' ], 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
63

64 subplot(1,2,2) %o
65 plot(t,2 * D* t, ' −−b' , 'LineWidth' ,1.5);
66 hold on %keeps the various plots in the same subplot
67 plot(t(tt),2 * D* t(tt), ...
68 'Marker' , 'o' , 'MarkerSize' ,8, ...
69 'MarkerEdgeColor' ,[0 0 1], ...
70 'MarkerFaceColor' ,[0 0 1]);
71 axis([0 tmax 0 2 * D* tmax])
72 xlabel( 'time [ \pi s]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
73 ylabel( 'variance' , 'FontSize' ,12, 'FontWeight' , 'bold' );
74 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
75 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
76 title([ 'time = ' ,num2str(t(tt)), ' \pi s' ], 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
77 hold off
78 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
79 %GETFRAME Get movie frame: returns a movie frame. The frame
80 %is a snapshot of the current axis. GETFRAME is usually ...

used
81 %in a FOR loop to assemble an array of movie frames for
82 %playback using MOVIE.
83 getframe;
84 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
85 %for some prescribed times, stores the spatial distributio n
86 %of the concentration for the final plot
87 if tt==2
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88 for i=1:length(x)
89 Cstore(1,i)=C(i);
90 end
91 end
92 if tt==10
93 for i=1:length(x)
94 Cstore(2,i)=C(i);
95 end
96 end
97 if tt==145
98 for i=1:length(x)
99 Cstore(3,i)=C(i);

100 end
101 end
102 end
103 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
104 figure(2)
105 plot(x(:),Cstore(1,:), ' −−r' , 'LineWidth' ,1.5);
106 hold on
107 plot(x(:),Cstore(2,:), ' −r' , 'LineWidth' ,1.5);
108 plot(x(:),Cstore(3,:), ' −.r' , 'LineWidth' ,2.5);
109 title( 'c(x,t)' , 'FontSize' ,12, 'FontWeight' , 'bold' )
110 axis([ −L x L x 0 6])
111 xlabel( 'x [m]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
112 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
113 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
114 %set(gca,'PlotBoxAspectRatio',[2 1 1]);
115 %legend('t=1/(36 * pi)','t=1/(4 * pi)','t=4/pi')
116 box off
117 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
118 figure(3)
119 plot(t,2 * D* t, ' −−k' , 'LineWidth' ,1.5);
120 hold on
121 plot(t(2),2 * D* t(2), ...
122 'Marker' , 'o' , 'MarkerSize' ,8, ...
123 'MarkerEdgeColor' , 'k' , ...
124 'MarkerFaceColor' , 'g' );
125

126 plot(t(10),2 * D* t(10), ...
127 'Marker' , 'o' , 'MarkerSize' ,8, ...
128 'MarkerEdgeColor' , 'k' , ...
129 'MarkerFaceColor' ,[1 1 1]);
130 plot(t(145),2 * D* t(145), ...
131 'Marker' , 'o' , 'MarkerSize' ,8, ...
132 'MarkerEdgeColor' , 'k' , ...
133 'MarkerFaceColor' , 'r' );
134 axis([0 t(145) 0 2 * D* t(145)])
135 xlabel( 'time [ \pi s]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
136 ylabel( 'variance' , 'FontSize' ,12, 'FontWeight' , 'bold' );
137 %set(gca,'PlotBoxAspectRatio',[2 1 1]);
138 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
139 title( 'variance' , 'FontSize' ,12, 'FontWeight' , 'bold' )
140 box off

• Esempio 2: Grafica l’andamento spazio-temporale della concentrazione C(x, t)
nel caso di pura diffusione 1D, per una distribuzione di concentrazione iniziale
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assegnata e indipendente dal tempo, i.e., C(x, 0) = 0, x < 0 e C(x, 0) = C0, x ≥
0.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution of the 1D diffusion equation
4 % for a prescribed initial constant concentration, i.e.,
5 % C=C0 for x >0
6 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
7 % Definition and initialization of parameters and variable s
8 dx=1; % spatial integration pace, m
9 L x=300; % total length of the domain, m

10 x=[ −L x:dx:L x]; % computational grid along x axis
11 tmax=500000; % length of the simulation, s;
12 ∆t=500; % temporal visualization pace, s;
13 t=[0: ∆t:tmax]; % computational domain along t;
14 M=1; % mass
15 C0=1; % concentration at x==0;
16 D = 0.25; % diffusion coefficient
17 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
18 %Initial Condition for c(x,0)
19 Cini=zeros(1,length(x));
20 Cini(x ≥0)=C0;
21 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
22 % C vector inizialization
23 C=zeros(1,length(x)); % concentration along x, mg/l
24 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
25 % time cycle over all the spatial domain points
26 for tt=1:length(t)
27 if t(tt)==0
28 % Concentration along x at t==0
29 C=zeros(1,length(x));
30 C(x ≥0)=C0;
31 else
32 for i=1:length(x)
33 % Concentration along x for t >0
34 C(i)=0.5 * C0* (1+erf(x(i)/sqrt(4 * D* t(tt))));
35 end
36 end
37 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
38 % plot results
39 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
40 figure(1)
41 plot(x,Cini, ' −−b' , 'LineWidth' ,2.5);
42 hold on
43 plot(x,C, 'r' , 'LineWidth' ,2.5);
44 xlabel( 'x [m]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
45 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
46 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
47 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
48 title([ 'time = ' ,num2str(t(tt)), ' s' ], 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
49 axis([ −L x L x 0 1.2 * C0]) % axis setting
50 legend( 'c(0)' , 'c(t)' );
51 getframe;
52 hold off
53 end
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• Esempio 3: Grafica l’andamento spazio-temporale della concentrazione C(x, t)
nel caso di pura diffusione 1D, per una distribuzione di concentrazione iniziale
assegnata e indipendente dal tempo, i.e., C(x, 0) = C0, x ≤ 0 e C(x, 0) =
0, x > 0.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution of the 1D diffusion equation
4 % for a prescribed initial constant concentration, i.e.,
5 % C=C0 for x <0
6 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
7 % Definition and initialization of parameters and variable s
8 dx=1; % spatial integration pace, m
9 L x=300; % total length of the domain, m

10 x=[ −L x:dx:L x]; % grid of the computational domain along x ...
axis

11 tmax=50000; % length of the simulation, s;
12 ∆t=500; % temporal visualization pace, s;
13 t=[0: ∆t:tmax]; % computational domain along t;
14 M=1; % mass
15 C0=1; % concentration at x==0;
16 D = 0.25; % diffusion coefficient
17 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
18 %Initial Condition
19 Cini=zeros(1,length(x));
20 Cini(x ≤0)=C0;
21 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
22 % C vector inizialization
23 C=zeros(1,length(x)); % concentration along x, mg/l
24 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
25 % time cycle over all the spatial domain points
26 for tt=1:length(t)
27 if t(tt)==0
28 % Concentration along x at t==0
29 C=zeros(1,length(x));
30 Cini(x ≤0)=C0;
31 else
32 for i=1:length(x)
33 % Concentration along x for t >0
34 C(i)=0.5 * C0* (1 −erf(x(i)/sqrt(4 * D* t(tt))));
35 end
36 end
37 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
38 % plot results
39 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
40 figure(1)
41 plot(x,Cini, ' −−b' , 'LineWidth' ,2.5);
42 hold on
43 plot(x,C, 'r' , 'LineWidth' ,2.5);
44

45 xlabel( 'x [m]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
46 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
47 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
48 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
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49 title([ 'time = ' ,num2str(t(tt)), ' s' ], 'FontSize' ,12, ' ...
FontWeight' , 'bold' )

50 axis([ −L x L x 0 1.2 * C0]) % axis setting
51 legend( 'c(0)' , 'c(t)' );
52 getframe;
53 hold off
54 end

• Esempio 4: Grafica l’andamento spazio-temporale della concentrazione C(x, t)
nel caso di pura diffusione 1D, per una distribuzione di concentrazione iniziale
assegnata e indipendente dal tempo, i.e., C(x, 0) = C0, x ∈ [−a, a].

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution of the 1D diffusion equation
4 % for a prescribed initial constant concentration, i.e.,
5 % C=C0 for x included in [ −a,a]
6 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
7 % Definition and initialization of parameters and variable s
8 dx=1; % spatial integration pace, m
9 L x=300; % total length of the domain, m

10 x=[ −L x:dx:L x]; % x axis computational grid
11 % build a row vector whose component are in
12 % the range −L x a L x with spatial step dx
13

14 tmax=50000; % length of the simulation, s;
15 ∆t=500; % temporal visualization pace, s;
16 t=[0: ∆t:tmax]; % computational domain along t;
17

18 M=1; % mass
19 C0=1; % concentration at x==0;
20 D = 0.25; % diffusion coefficient
21 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
22 %Initial Condition
23 a=100 * dx;
24 Cini=C0 * ones(1,length(x));
25 Cini(x ≥a)=0;
26 Cini(x ≤−a)=0;
27 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
28 % C vector inizialization
29 C=zeros(1,length(x)); % concentration along x, mg/l
30 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
31 % time cycle over all the spatial domain points
32 for tt=1:length(t)
33 %concentration at injection section
34 Cxo(tt)=C0 * (erf(a/sqrt(4 * D* t(tt))));
35 xxo(tt)=0;
36 if t(tt)==0
37 % Concentration along x at t==0
38 C=C0* ones(1,length(x));
39 C(x ≥a)=0;
40 C(x ≤−a)=0;
41 else
42 for i=1:length(x)
43 % Concentration along x for t >0
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44 C(i)=0.5 * C0* ((erf((a −x(i))/sqrt(4 * D* t(tt))))+(erf((a+ ...
x(i))/sqrt(4 * D* t(tt)))));

45 end
46 end
47 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
48 % plot results
49 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
50 plot(x,Cini, ' −−b' , 'LineWidth' ,2.5);
51 hold on
52 plot(x,C, 'r' , 'LineWidth' ,2.5);
53 plot(xxo(tt),Cxo(tt), ...
54 'Marker' , 'o' , 'MarkerSize' ,8, ...
55 'MarkerEdgeColor' ,[0 0 1], ...
56 'MarkerFaceColor' ,[0 0 1]);
57

58 xlabel( 'x [m]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
59 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
60 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
61 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
62 title([ 'time = ' ,num2str(t(tt)), ' s' ], 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
63 axis([ −L x L x 0 1.2 * C0]) % axis settings
64 legend( 'c(0)' , 'c(t)' );
65

66 getframe;
67 hold off
68 end

• Esempio 5: Grafica l’andamento spazio-temporale della concentrazione C(x, t)
nel caso di pura diffusione 1D, per una distribuzione di concentrazione iniziale
assegnata e indipendente dal tempo, i.e., C(x, 0) = C0, x ∈ [−∞,−a]and[a,∞].

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution of the 1D diffusion equation
4 % for a prescribed initial constant concentration, i.e.,
5 % C=C0 for x external to the interval [ −a,a]
6 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
7 % Definition and initialization of parameters and variable s
8 dx=1; % spatial integration pace, m
9 L x=300; % total length of the domain, m

10 x=[ −L x:dx:L x]; % computational GRID along x axis
11 tmax=50000; % length of the simulation, s;
12 ∆t=500; % temporal visualization pace, s;
13 t=[0: ∆t:tmax]; % computational domain along t;
14 M=1; % mass
15 C0=1; % concentration at x==0;
16 D = 0.25; % diffusion coefficient
17 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
18 %Initial Condition
19 a=100 * dx;
20 Cini=zeros(1,length(x));
21 Cini(x ≥a)=C0;
22 Cini(x ≤−a)=C0;
23 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
24 % C vector inizialization



192 Appendice A: Esempi soluzione eq. diffusione

25 C=zeros(1,length(x)); % concentration along x, mg/l
26 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
27 % time cycle over all the spatial domain points
28 for tt=1:length(t)
29 %concentrazione at x=0
30 Cxo(tt)=C0 * (erfc(a/sqrt(4 * D* t(tt))));
31 xxo(tt)=0;
32 if t(tt)==0
33 % Concentration along x at t==0
34 C(x ≥a)=C0;
35 C(x ≤−a)=C0;
36 else
37 for i=1:length(x)
38 % Concentration along x for t >0
39 C(i)=0.5 * C0* ((erfc((a −x(i))/sqrt(4 * D* t(tt))))+(erfc(( ...

a+x(i))/sqrt(4 * D* t(tt)))));
40 end
41 end
42 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
43 % plot results
44 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
45 figure(1)
46 plot(x,Cini, ' −−b' , 'LineWidth' ,2.5);
47 hold on
48 plot(x,C, 'r' , 'LineWidth' ,2.5);
49 plot(xxo(tt),Cxo(tt), ...
50 'Marker' , 'o' , 'MarkerSize' ,8, ...
51 'MarkerEdgeColor' ,[0 0 1], ...
52 'MarkerFaceColor' ,[0 0 1]);
53

54 xlabel( 'x [m]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
55 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
56 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
57 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
58 title([ 'time = ' ,num2str(t(tt)), ' s' ], 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
59 axis([ −L x L x 0 1.2 * C0]) % axis settings
60 legend( 'c(0)' , 'c(t)' );
61 getframe;
62 hold off
63 end

• Esempio 6: Grafica l’andamento spazio-temporale della concentrazione C(x, t)
nel caso di pura diffusione 1D, per una distribuzione di concentrazione iniziale
assegnata in un punto e indipendente dal tempo.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution for the 1D diffusion equation
4 % for a prescribed initial concentration, given at one point
5 % and independent of time
6 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
7 % Definition and initialization of parameters and variable s
8 dx=1; % spatial integration pace, m
9 L x=300; % total length of the domain, m
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10 x=[ −L x:dx:L x]; % grid of the computational domain along x ...
axis

11 tmax=500000; % length of the simulation, s;
12 ∆t=500; % temporal visualization pace, s;
13 t=[0: ∆t:tmax]; % computational domain along t;
14 M=1; % mass
15 C0=1; % concentration at x==0;
16 D = 0.25; % diffusion coefficient
17 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
18 %Initial Condition
19 Cini=C0;
20 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
21 % C vector inizialization
22 C=zeros(1,length(x)); % concentration along x, mg/l
23 Cstore=zeros(3,length(x));
24 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
25 % time cycle over all the spatial domain points
26 for tt=1:length(t)
27 if t(tt)==0
28 % Concentration along x at t==0
29 C(x==0)=C0;
30 else
31 for i=1:length(x)
32 % Concentration along x for t >0
33 C(i)=C0 * erfc(abs(x(i))/sqrt(4 * D* t(tt)));
34 end
35 end
36 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
37 % plot results
38 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
39 figure(1)
40 plot(x(find(x==0)),Cini, ...
41 'Marker' , 'o' , 'MarkerSize' ,10, ...
42 'MarkerEdgeColor' ,[0 0 1], ...
43 'MarkerFaceColor' ,[0 0 1]);
44 hold on
45 plot(x(C >0),C(C >0), 'r' , 'LineWidth' ,2.5);
46

47 xlabel( 'x [m]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
48 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
49 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
50 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
51 title([ 'time = ' ,num2str(t(tt)), ' s' ], 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
52 axis([ −L x L x 0 1.2 * C0]) % axis settings
53 getframe;
54 hold off
55 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
56 %for some prescribed times, stores the spatial distributio n
57 %of the concentration for the final plot
58 if tt==2
59 for i=1:length(x)
60 Cstore(1,i)=C(i);
61 end
62 end
63 if tt==floor(length(t)/2)
64 for i=1:length(x)
65 %FLOOR−−Round towards minus infinity: FLOOR(X) rounds
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66 %the elements of X to the nearest integers towards
67 %minus infinity.
68 Cstore(2,i)=C(i);
69 end
70 end
71 if tt==length(t)
72 for i=1:length(x)
73 Cstore(3,i)=C(i);
74 end
75 end
76 end
77 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
78 figure(2)
79 plot(x(:),Cstore(1,:), ' −−r' , 'LineWidth' ,1.5);
80 hold on
81 plot(x(:),Cstore(2,:), ' −r' , 'LineWidth' ,1.5);
82 plot(x(:),Cstore(3,:), ' −.r' , 'LineWidth' ,2.5);
83 title( 'c(x,t)' , 'FontSize' ,12, 'FontWeight' , 'bold' )
84 axis([ −L x L x 0 1.1]) % axis settings
85 xlabel( 'x [m]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
86 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
87 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
88 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
89 box off

• Esempio 7: Grafica l’andamento spazio-temporale della concentrazione C(x, y, t)
nel caso dell’immissione istantanea di una massa di soluto M nel punto x0, y0

nei casi in cui Dx = Dy e Dx 6= Dy.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Fundamental solution of the 2D diffusion equation
4 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
5 % Definition and initialization of parameters and variable s
6 dx=1; % spatial integration pace along x, m
7 dy=1; % spatial integration pace along y, m
8 Lx=400; % dimension of the domain along x, m
9 Ly=400; % dimension of the domain along y, m

10 X=[0:dx:Lx]; % computational grid along x axis
11 Y=[0:dx:Ly]; % computational grid along x axis
12 %coordinates injection point
13 io=201;
14 jo=201;
15

16 tmax=100; % length of the simulation, s;
17 ∆t=2; % temporal visualization space, s;
18 t=[0: ∆t:tmax]; % temporal discretization;
19 Dx = 25; % diffusion coefficient along x, mˆ2/s
20 Dy = 25; % diffusion coefficient along y, mˆ2/s
21 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
22 % C vector inizialization
23 C=zeros(length(Y),length(X));
24 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
25 % time cycle over all the spatial domain points
26 for tt=1:length(t)
27 tt
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28 for i=1:length(Y);
29 for j=1:length(X);
30 if t(tt)==0
31 if [i j]==[io jo];
32 C(i,j)=1/dx * dy;
33 else
34 C(i,j)=0;
35 end
36 else
37 C(i,j)= 1/(4 * pi * t(tt) * sqrt(Dx * Dy)) ...
38 * exp((( −(X(j) −X(jo))ˆ2)/(4 * Dx* t(tt))) −((Y(i) −Y(io) ...

)ˆ2)/(4 * Dy* t(tt)));
39 end
40 end
41 end
42 M(tt)=sum(sum(C)) * dx * dy;
43 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
44 % plot results
45 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
46 % Top view: choice=1
47 % Axonometric view:: choice=2
48 choice=2;
49 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
50 % Top view:
51 if choice==1
52 surf(X,Y,C, 'edgecolor' , 'none' )
53 view(0,90);
54 set(gca, 'Xlim' ,[0 Lx], 'Ylim' ,[0 Ly], 'Zlim' ,[ −0.01 1] ...
55 , 'Clim' ,[0 0.0001], 'dataAspectRatio' ,[1 1 1]);
56 end
57 % Axonometric view:
58 if choice==2
59 surf(X,Y,C, 'edgecolor' , 'none' )
60 set(gca, 'Xlim' ,[0 Lx], 'Ylim' ,[0 Ly], 'Zlim' ,[0 0.001] ...
61 , 'Clim' ,[0 0.0001]);
62 end
63

64 xlabel( 'longitudine [m]' );
65 ylabel( 'latitudine [m]' );
66 title([ 'tempo = ' ,num2str(t(tt)), ' s' ])
67 getframe;
68 end

• Esempio 8: Grafica l’andamento spazio-temporale della concentrazione C(x, t)
nel caso di avvezione-diffusione 1D, per una distribuzione di concentrazione
iniziale assegnata e indipendente dal tempo, i.e., i.e., C(x, 0) = C0, x ≤ 0 e
C(x, 0) = 0, x > 0.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution for the 1D advection −diffusion equation
4 %for a prescribed, constat initial concentration, i.e.
5 %C=C0 x<0
6 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
7 % Definition and initialization of parameters and variable s
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8 dx=1; % spatial integration pace, m
9 L x=2000; % total length of the domain, m

10 x=[ −100:dx:L x]; % grid of the computational domain along x ...
axis

11 tmax=20000; % length of the simulation, s;
12 ∆t=200; % temporal visualization pace, s;
13 t=[0: ∆t:tmax]; % computational domain along t;
14

15 M=1; % mass
16 C0=1; % concentration at x==0;
17 D = 0.25; % diffusion coefficient
18 D2 = 1.5; % diffusion coefficient
19 v = 0.2; % flow velocity m/s
20 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
21 %Initial Condition
22 Cini=zeros(1,length(x));
23 Cini(x ≤0)=C0;
24 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
25 % C vector inizialization
26 C=zeros(1,length(x)); % concentration along x, mg/l
27 C2=zeros(1,length(x)); % concentration along x, mg/l
28 C3=zeros(1,length(x)); % concentration along x, mg/l
29 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
30 % time cycle over all the spatial domain points
31 for tt=1:length(t)
32 if t(tt)==0
33 % Concentration along x at t==0
34 C=zeros(1,length(x));
35 C(x ≤0)=C0;
36 C2(x ≤0)=C0;
37 else
38 for i=1:length(x)
39 % Concentration along x for t >0
40 C(i)=0.5 * C0* (1 −erf((x(i) −v* t(tt))/sqrt(4 * D* t(tt))));
41 C2(i)=0.5 * C0* (1 −erf((x(i) −v* t(tt))/sqrt(4 * D2* t(tt))));
42 end
43 end
44 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
45 % plot results
46 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
47 figure(1)
48 plot(x,Cini, ' −−b' , 'LineWidth' ,2.5);
49 hold on
50 plot(x,C, 'r' , 'LineWidth' ,2.5);
51 plot(x,C2, ' −−r' , 'LineWidth' ,1.5);
52

53 xlabel( 'x [m]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
54 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
55 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
56 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
57 title([ 'time = ' ,num2str(t(tt)), ' s' ], 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
58 axis([ −100 L x 0 1.2 * C0]) % axis setting
59 getframe;
60 hold off
61 end
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• Esempio 9: Grafica l’andamento spaziale della concentrazione C(x, y) nel caso
di avvezione uniforme e diffusione 2D, in condizioni stazionarie, per una dis-
tribuzione di concentrazione iniziale assegnata, i.e., C = C0 per x = 0 , y ≤ 0
e C = 0 per x = 0 e y > 0.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution for the 2D diffusion equation
4 % under steady condition
5 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
6 % Definition and initialization of parameters and variable s
7 dx=1; % spatial integration step along x, m
8 dy=1; % spatial integration step along y, m
9 Lx=1000; % length of the domain along x, m

10 Ly=500; % length of the domain along y, m
11 X=[0:dx:Lx]; % computational grid along x axis
12 Y=[Ly: −dx: −Ly]; % computational grid along y axis
13 io=floor(length(Y)/2)+1; jo=0; %injection point coordinates
14 Dx = 0.25 * 100; % diffusion coefficient along x, mˆ2/s
15 uo=1; % longitudinal uniform velocity, m/s
16 C0=1; % initial concentration
17 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
18 % C vector inizialization
19 C=zeros(length(Y),length(X));
20 C(io:length(Y),1)=C0;
21 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
22 % time cycle over all the spatial domain points
23 for i=1:length(Y);
24 for j=2:length(X);
25 C(i,j)= 0.5 * C0* (1 −erf(Y(i)/sqrt(4 * Dx* X(j)/uo)));
26 end
27 end
28 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
29 % plot results
30 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
31 figure(1)
32 surf(X,Y,C, 'edgecolor' , 'none' )
33 view(0,90);
34 set(gca, 'Xlim' ,[0 Lx], 'Ylim' ,[ −Ly Ly], 'Zlim' ,[ −1 10] ...
35 , 'Clim' ,[0 1], 'dataAspectRatio' ,[1 1 1]); %
36 xlabel( 'X [m]' );
37 ylabel( 'Y [m]' );
38 colorbar
39 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
40 figure(2)
41 plot(C(:,1),Y, ' −b' , 'linewidth' ,1)
42 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
43 hold on
44 plot(C(:,floor(length(X)/5)),Y, ' −b' , 'linewidth' ,2)
45 plot(C(:,floor(length(X)/2)),Y, ' −b' , 'linewidth' ,3)
46 plot(C(:,floor(length(X))),Y, ' −b' , 'linewidth' ,4)
47 xlabel( 'x [m]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
48 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
49 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
50 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
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• Esempio 10: Grafica l’andamento spazio-temporale della concentrazione C(x, y, t)
nel caso di avvezione uniforme e diffusione 2D, per unimmissione istantanea
di una massa di soluto M in x0, y0 nei casi in cui Dx = Dy e Dx 6= Dy.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 %Analytical solution of the 2D advection −diffusion equation
4 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
5 % Definition and initialization of parameters and variable s
6 alfa= −0.36652; %pi/2 −0.36652; %angolo in radianti
7 Di=25; %x−diffusivity, mˆ2/s
8 Dj=25; %y−diffusivity, mˆ2/s
9 v=2; %unifrom longitudinal velocity, m/s

10 xmin=0; xmax=400; %boundaries of computational domain, m
11 ymin=0; ymax=400;
12 xo=1; yo=201; %injection point
13 tmax=100; %temporal length of simulation (s)
14 ∆t=2; %time step for visualization, s
15 ∆x=1; ∆y=1; %spatial discretization step, m
16 X=(xmin: ∆x:xmax); Y=(ymin: ∆y:ymax);
17 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
18 % C vector inizialization
19 C=zeros(length(Y),length(X));
20 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
21 % time cycle over all the spatial domain points
22 cont t=0;
23 for t=0: ∆t:tmax
24 cont t=cont t+1;
25 cont y=0;
26 for y=ymin: ∆y:ymax;
27 cont y=cont y+1;
28 cont x=0;
29 for x=xmin: ∆x:xmax;
30 cont x=cont x+1;
31 a=x−xo;
32 b=y−yo;
33 i=a * cos(alfa) −b* sin(alfa);
34 j=a * sin(alfa)+b * cos(alfa);
35 if t==0
36 if [x y]==[xo yo];
37 C(cont y,cont x)=1/ ∆x* ∆y;
38 else
39 C(cont y,cont x)=0;
40 end
41 else
42 C(cont y,cont x)= 1/(sqrt(16 * pi * pi * Di * Dj * (tˆ2))) ...

...
43 * exp((( −(i −v* t)ˆ2)/(4 * Di * t)) −(jˆ2)/(4 * Dj * t));
44 end
45 end
46 end
47 M(cont t)=sum(sum(C)) * ∆x* ∆y;
48 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
49 % plot results
50 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
51 surf(X,Y,C, 'edgecolor' , 'none' )
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52 view(0,90);
53 set(gca, 'Xlim' ,[xmin xmax], 'Ylim' ,[ymin ymax], 'Zlim' ,[0 1] ...

...
54 , 'Clim' ,[0 0.0001], 'dataAspectRatio' ,[1 1 1]); %
55 xlabel( 'longitudine [m]' );
56 ylabel( 'latitudine [m]' );
57 title([ 'tempo = ' ,num2str(t), ' s' ])
58 colorbar
59 getframe;
60 end

• Esempio 11: Confronta tra loro le soluzioni numeriche e analitiche delle-
quazione dellavvezione diffusione per alcuni casi particolari.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Compares togheter the analytical and numerical solutions
4 % for same relevat cases
5 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
6 choice=1; % flag used to choose among different options
7 k = 0.1; % diffusivity constant
8 beta=0.001; % settling velocity
9 L=500; % length of the domain

10 dx=5;
11 x=[0:dx:L];
12 dtime=30;
13 time=[0:dtime:43200];
14 Co=20; %initial concentration
15 u=0.05; %advective velocity
16 lambda=beta+(u * u/(4 * k));
17 contafig=0;
18 % allows one to choose the number of distribution to plot
19 choice=4
20 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
21 %Case 1: Pure Diffusion
22 % in a semi −infinite plane
23 % PDE: C,t = k * C,xx 0 <x<inf, t >0
24 % BCs: C = Co x=0, t >0
25 % IC: C = 0 0<x<inf, t=0
26 % Solution:
27 % C(x,t) = Co * erfc(x(i)/2/sqrt(k * time(t)))
28 C1=zeros(length(x),length(time));
29 C1(1,:)=Co;
30 C1num=zeros(length(x),length(time));
31 C1num(1,:)=Co;
32 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
33 %Case 2: Diffusion + sedimentation
34 % in a semi −infinite plane
35 % PDE: C,t = k * C,xx − beta * C 0<x<inf, t >0
36 % BCs: C = Co x=0, t >0
37 % IC : C = 0 0<x<inf, t=0
38 % Solution:
39 C2=zeros(length(x),length(time));
40 C2(1,:)=Co;
41 C2num=zeros(length(x),length(time));
42 C2num(1,:)=Co;



200 Appendice A: Esempi soluzione eq. diffusione

43 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
44 %Case 3: Pure advection
45 % in a semi −infinite plane
46 % PDE: C,t+u * C,x=k * C,xx −beta * C 0<x<inf, t >0
47 % BCs: C = Co x=0, t >0
48 % IC: C = 0 0<x<inf, t=0
49 % Solution:
50 % C(x,t) = Co * erfc(x(i)/2/sqrt(k * time(t)))
51 C3=zeros(length(x),length(time));
52 C3(1,:)=Co;
53 C3num=zeros(length(x),length(time));
54 C3num(1,:)=Co;
55 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
56 % Case 4: Advection + Diffusion + sedimentation
57 % in a semi −infinite plane
58 % PDE: C,t + u * C,x = 0 0 <x<inf, t >0
59 % BCs: C = Co x=0, t >0
60 % IC: C = 0 0<x<inf, t=0
61 % Solution:
62 % C(x,t) = Co * erfc(x(i)/2/sqrt(k * time(t)))
63 C4=zeros(length(x),length(time));
64 C4(1,:)=Co;
65 C4num=zeros(length(x),length(time));
66 C4num(1,:)=Co;
67 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
68 for t=2:size(time,2)
69 for i=2:size(x,2) −1
70 %Pure Diffusion Analytical
71 C1(i,t) = Co * erfc(x(i)/2/sqrt(k * time(t)));
72 %Pure Diffusion Numerical
73 C1num(i,t) = C1num(i,t −1)+k * (dtime/dxˆ2) * (C1num(i+1,t −1) ...

−2* C1num(i,t −1)+C1num(i −1,t −1));
74 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
75 %Diffusion + sedimentation Analytical
76 first2 = erfc(x(i)/sqrt(4 * k* time(t)+10ˆ −10) −sqrt(beta * ...

time(t)));
77 second2= erfc(x(i)/sqrt(4 * k* time(t)+10ˆ −10)+sqrt(beta * ...

time(t)));
78 C2(i,t) = 0.5 * Co * (exp( −x(i) * sqrt(beta/k)) * first2 + ...

exp(x(i) * sqrt(beta/k)) * second2);
79 %Diffusion + sedimentation Numerical
80 % at the previous time step
81 C2num(i,t) = C2num(i,t −1)+k * (dtime/dxˆ2) * (C2num(i+1,t −1) ...

−2* C2num(i,t −1)+C2num(i −1,t −1)) − beta * dtime * C2num(i ...
,t −1);

82 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
83 %Pure advection Analytical & Numerical
84 if (x(i) < u* time(t))
85 C3(i,t) = Co;
86 C3num(i,t)=C3num(i,t −1)−(u * dtime/dx) * (C3num(i,t −1)−...

C3num(i −1,t −1));
87 else
88 C3(i,t) = 0;
89 C3num(i,t)=C3num(i,t −1)−(u * dtime/dx) * (C3num(i,t −1)−...

C3num(i −1,t −1));
90 end
91 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
92 % Case1: Semi infinite plane: diffusion+advection+...
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sedimentation
93 %Diffusion+Advection+sedimentation Analytical
94 %NB Ridurre dt, dt=30s.
95 first1 = erfc(x(i)/sqrt(4 * k* time(t)) −sqrt(lambda * time(t) ...

));
96 second1= erfc(x(i)/sqrt(4 * k* time(t))+sqrt(lambda * time(t) ...

));
97 C4(i,t) = 0.5 * Co* exp(0.5 * u* x(i)/k) * (exp( −x(i) * sqrt( ...

lambda/k)) * first1 + exp(x(i) * sqrt(lambda/k)) * second1 ...
);

98 %Diffusion+Advection+sedimentation Numerical
99 C4num(i,t)=C4num(i,t −1)−(u * dtime/dx) * (C4num(i,t −1)−C4num...

(i −1,t −1))+k * (dtime/dxˆ2) * (C4num(i+1,t −1)−2* C4num(i, ...
t −1)+C4num(i −1,t −1)) −beta * dtime * C4num(i,t −1);

100 end
101 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
102 % plot results
103 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
104 figure(1)
105 %Pure Diffusion
106 subplot(2,2,1)
107 plot(x,C1(:,t), 'r' , 'LineWidth' ,2);
108 hold on
109 plot(x,C1num(:,t), '.b' , 'LineWidth' ,2);
110 title(sprintf( 'Pure Diffusion , time(s)=%g' ,time(t)), ' ...

FontSize' ,12)
111 axis([0 L −5 25])
112 set(gca, 'nextplot' , 'replacechildren' )
113 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
114 if (choice ≥2)
115 subplot(2,2,2)
116 plot(x,C2(:,t), 'r' , 'LineWidth' ,2);
117 hold on
118 plot(x,C2num(:,t), '.b' , 'LineWidth' ,2);
119 title(sprintf( 'Diffusion + sedimentation , time(s)=%g' , ...

time(t)), 'FontSize' ,12)
120 axis([0 L −5 25])
121 set(gca, 'nextplot' , 'replacechildren' )
122 end
123 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
124 if (choice ≥3)
125 subplot(2,2,3)
126 plot(x,C3(:,t), 'r' , 'LineWidth' ,2);
127 hold on
128 plot(x,C3num(:,t), '.b' , 'LineWidth' ,2);
129 title(sprintf( 'Pure Advection , time(s)=%g' ,time(t)), ' ...

FontSize' ,12)
130 axis([0 L −5 25])
131 set(gca, 'nextplot' , 'replacechildren' )
132 end
133 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
134 if (choice ≥4)
135 subplot(2,2,4)
136 plot(x,C4(:,t), 'r' , 'LineWidth' ,2);
137 hold on
138 plot(x,C4num(:,t), '.b' , 'LineWidth' ,2);
139 title(sprintf( 'Adv+Diff+Sedim , time(s)=%g' ,time(t)), ' ...

FontSize' ,12)
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140 axis([0 L −5 25])
141 set(gca, 'nextplot' , 'replacechildren' )
142 end
143 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
144 contafig = contafig + 1;
145 set(gca, 'nextplot' , 'replacechildren' )
146 M(:,contafig) = getframe;
147 end



Appendice B

In questa appendice è riportata una serie di programmi Matlab relativi alla soluzione
dell’equazione della dispersione 1D negli alvei fluviali. I dati utilizzati sono
quelli misurati in due sezioni del Waikato River (Nz).

• Esempio 1: Soluzione di Taylor dell’equazione 1D dell’avvezione-dispersione
nel caso di rilascio accidentale di una massa M di inquinante non reattivo nella
sezione x = 0 di un corso d’acqua. In particolare, vengono graficati: i) l’anda-
mento spazio-temporale della concentrazione, C(x, t); ii) landamento spaziale
della concentrazione per diversi istanti di tempo; iii) landamento temporale
della concentrazione nel tempo, in corrispondenza a diverse sezioni.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Taylor solution for Longitudinal Dispersion
4 % Waiakato River example
5 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
6 % Definition and initialization of parameters and variable s
7 % x−coordinates of six sections along the Waiakato River, m
8 xfix=[3700 6000 8400 10900 17600 22800];
9

10 dx=5; %spatial integration pace, m
11 L x=max(xfix); %total length of the domain, m
12 x=[0:dx:L x]; %grid of the computational domain along x ...

axis
13 tmax=12 * 3600; %length of the simulation, s;
14 ∆t=30; %temporal visualization pace, s;
15 t=[0: ∆t:tmax]; %computational domain along t;
16

17 M=36/100; %mass of dye injected, kg
18 Q=150; %river flow, mˆ3/s
19 Kx = 20; %longitudinal dispersion coefficient, mˆ2/...

s
20 U = 0.7; %mean current velocity, m/s;
21 Ustar= 0.057; %shear velocity, m/s;
22 i f=0.00013; %channel slope
23 Do = 2.5; %mean depth, m
24 Bo = 85; %average width, m
25 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
26 % C vector inizialization
27

28 % Time distribution of concentration at selected sections
29 Ct xfix=zeros([length(t),length(xfix)]); %mg/l
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30

31 % Distribution of concentration as a function of x and t
32 Ct x=zeros([length(t),length(x)]); %mg/l
33 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
34 % time cycle over all the spatial domain points
35 for tt=2:length(t)
36 for i=1:length(xfix)
37 % Concentration along x
38 Ct xfix(tt,i)=M/(Do * Bo* sqrt(4 * pi * Kx* t(tt))) * exp( −((xfix( ...

i) −U* t(tt))ˆ2)/(4 * Kx* t(tt)));
39 end
40 end
41

42 for i=1:length(xfix)
43 tmax(i)=sqrt(Kxˆ2/Uˆ4+xfix(i)ˆ2/Uˆ2) −Kx/U;
44 Cmax(i)=M/(Do * Bo* sqrt(4 * pi * Kx* tmax(i))) * exp( −((xfix(i) −U* ...

tmax(i))ˆ2)/(4 * Kx* tmax(i)));
45 end
46 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
47 % plot results
48 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
49 % spatial distribution of the concentration at given times
50 for tt=2:length(t) %time cycle
51 for i=1:length(x) %space cycle
52 % Concentration along x at given time
53 Ct x(tt,i)=M/(Do * Bo* sqrt(4 * pi * Kx* t(tt))) * exp( −((x(i) −U* t ...

(tt))ˆ2)/(4 * Kx* t(tt)));
54 end
55 end
56 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
57 figure(1)
58 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
59 plot(x(:)/1000,Ct x(floor(length(t) * 1/12),:), ' −r' , 'LineWidth' ...

,1.);
60 hold on
61 title( 'C vs x at given t' , 'FontSize' ,12, 'FontWeight' , 'bold' )
62 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
63 axis([0 max(x)/1000 0 1.8e −6]) % axes settings
64 xlabel( 'x [km]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
65 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
66 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
67 pause
68 box off
69 plot(x(:)/1000,Ct x(floor(length(t) * 2/12),:), ' −r' , 'LineWidth' ...

,1.5);
70 plot(x(:)/1000,Ct x(floor(length(t) * 3/12),:), ' −r' , 'LineWidth' ...

,2.);
71 plot(x(:)/1000,Ct x(floor(length(t) * 4/12),:), ' −r' , 'LineWidth' ...

,2.5);
72 plot(x(:)/1000,Ct x(floor(length(t) * 6/12),:), ' −r' , 'LineWidth' ...

,3);
73 plot(x(:)/1000,Ct x(floor(length(t) * 8/12),:), ' −r' , 'LineWidth' ...

,3.5);
74 legend( 't 1=1h' , 't 2=2h' , 't 3=3h' , 't 4=4h' , 't 5=6h' , 't 6=8h' )
75

76 %Plots the concentration maxima
77 tmaxII=[1 2 3 4 6 8] * 3600;
78 for i=1:length(tmaxII)
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79 xmax(i)=U * tmaxII(i);
80 CmaxII(i)=M/(Do * Bo* sqrt(4 * pi * Kx* xmax(i)/U));
81 plot(xmax(i)/1000,CmaxII(i), ...
82 'Marker' , 'o' , 'MarkerSize' ,8, ...
83 'MarkerEdgeColor' ,[1 0 0], ...
84 'MarkerFaceColor' ,[1 1 1]);
85 end
86 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
87 figure(2)
88 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
89 %Plots the time distribution of concentration for given x
90 plot(t(:)/3600,Ct xfix(:,1), ' −b' , 'LineWidth' ,1.);
91 hold on
92 title( 'C vs t at fixed x' , 'FontSize' ,12, 'FontWeight' , 'bold' )
93 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
94 axis([0 max(t)/3600 0 1.5e −6]) % definisce gli assi
95 xlabel( 'time [hours]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
96 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
97 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
98 box off
99 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

100 pause
101 plot(t(:)/3600,Ct xfix(:,2), ' −b' , 'LineWidth' ,1.5);
102 plot(t(:)/3600,Ct xfix(:,3), ' −b' , 'LineWidth' ,2.);
103 plot(t(:)/3600,Ct xfix(:,4), ' −b' , 'LineWidth' ,2.5);
104 plot(t(:)/3600,Ct xfix(:,5), ' −b' , 'LineWidth' ,3.);
105 plot(t(:)/3600,Ct xfix(:,6), ' −b' , 'LineWidth' ,3.5);
106 legend( 'x 1=3.7km' , 'x 2=6.0km' , 'x 3=8.4km' , 'x 4=10.9km' , 'x 5 ...

=17.6km' , 'x 6=22.8km' )
107

108 %Plots the concentration maxima
109 plot(tmax(1)/3600,Cmax(1), ...
110 'Marker' , 'o' , 'MarkerSize' ,8, ...
111 'MarkerEdgeColor' ,[0 0 1], ...
112 'MarkerFaceColor' ,[1 1 1]);
113 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
114 plot(tmax(2)/3600,Cmax(2), ...
115 'Marker' , 'o' , 'MarkerSize' ,8, ...
116 'MarkerEdgeColor' ,[0 0 1], ...
117 'MarkerFaceColor' ,[1 1 1]);
118 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
119 plot(tmax(3)/3600,Cmax(3), ...
120 'Marker' , 'o' , 'MarkerSize' ,8, ...
121 'MarkerEdgeColor' ,[0 0 1], ...
122 'MarkerFaceColor' ,[1 1 1]);
123 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
124 plot(tmax(4)/3600,Cmax(4), ...
125 'Marker' , 'o' , 'MarkerSize' ,8, ...
126 'MarkerEdgeColor' ,[0 0 1], ...
127 'MarkerFaceColor' ,[1 1 1]);
128 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
129 plot(tmax(5)/3600,Cmax(5), ...
130 'Marker' , 'o' , 'MarkerSize' ,8, ...
131 'MarkerEdgeColor' ,[0 0 1], ...
132 'MarkerFaceColor' ,[1 1 1]);
133 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
134 plot(tmax(6)/3600,Cmax(6), ...
135 'Marker' , 'o' , 'MarkerSize' ,8, ...
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136 'MarkerEdgeColor' ,[0 0 1], ...
137 'MarkerFaceColor' ,[1 1 1]);

• Esempio 2: Applicazione del metodo della nuvola congelata: noto l’anda-
mento temporale della concentrazione in due sezioni x1 e x2, utilizzando come
condizione al contorno la concentrazione misurata in x1, determina i valori di
K e U per cui la distribuzione temporale di concentrazione in x2, calcolata
tramite la soluzione di Taylor, meglio approssima quella misurata. In par-
ticolare, viene graficato l’andamento della concentrazione nel tempo in una
generica sezione, mettendo in relazione tra loro, tramite l’approssimazione
della nuvola congelata, l’andamento temporale della concentrazione in una fis-
sata sezione e l’andamento spaziale per un fissato istante. Permette di valutare
linfluenza della velocità sulla distribuzione di concentrazione calcolata.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Routing method for determining the
4 % Longitudinal Dispersion Coefficient, K
5 % Manawatu river concentration data
6 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
7 % Load observed concentrations at sections C and D.
8 % Section C
9 dataC=load( 'Figure5 10plotCper10.txt' );

10 t dataC=dataC(:,1) * 3600;
11 C dataC=dataC(:,2)/1000000;
12 % Section D
13 dataD=load( 'Figure5 10plotDper10.txt' );
14 t dataD=dataD(:,1) * 3600;
15 C dataD=dataD(:,2)/1000000;
16 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
17 % Definition and initialization of parameters and variable s
18 %
19 M=6.5; % mass of dye injected, kg
20 Kx = 20; % longitudinal dispersion coefficient, mˆ2/s
21 U = 0.35; % mean current velocity, m/s;
22 i f=1.4862e −004; % channel slope
23 Do = 1.9; % mean depth, m
24 Bo = 50; % Average width, m
25 % Longitudinal Coordinates of sections C and D
26 xfix=[5000 6400];
27 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
28 %Routing a Temporal Concentration Profile with the
29 %"Frozen Cloud Method"
30 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
31 %Mean passage time at sections C e D
32 tmean=xfix/U + 2 * Kx/Uˆ2;
33 t rout=[min(t dataC):15:max(t dataC)]';
34 for tt=1:length(t rout)
35 t=t rout(tt);
36 %Calculates C(x2,t rout(tt));
37 for ttt=1:length(t dataC)
38 tau=t dataC(ttt);
39 Crouting(ttt)=C dataC(ttt) * U/sqrt(4 * pi * Kx* (tmean(2) − ...

tmean(1))) * exp( −Uˆ2 * ((tmean(2) −tmean(1) −t+tau)ˆ2) ...
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/(4 * Kx* (tmean(2) −tmean(1))));
40 end
41 CroutedD(tt)=trapz(t dataC,Crouting);
42 end
43 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
44 figure(1); hold on;
45 plot(t dataC/3600,C dataC, ' −−b' , 'linewidth' ,1.5, ...
46 'Marker' , 'o' , 'MarkerSize' ,6, ...
47 'MarkerEdgeColor' ,[0 0 1], ...
48 'MarkerFaceColor' ,[1 1 1]);
49 plot(t dataD/3600,C dataD, ' −−b' , 'linewidth' ,1.5, ...
50 'Marker' , 'd' , 'MarkerSize' ,6, ...
51 'MarkerEdgeColor' ,[0 0 1], ...
52 'MarkerFaceColor' ,[1 1 1]);
53

54 title( 'C(x,t)' , 'FontSize' ,12, 'FontWeight' , 'bold' )
55 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
56 axis([min(t dataC)/3600 max(t dataD)/3600 0 1.2 * max(C dataD) ...

])
57 xlabel( 'time [hours]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
58 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
59 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
60 %legend('t=1/(36 * pi)','t=1/(4 * pi)','t=4/pi')
61 box off
62 pause
63 CroutedDplot=CroutedD';
64 plot(t rout/3600,CroutedDplot, ':r' , 'linewidth' ,2.5)
65 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
66 % I trial values
67 Kx = 20; % longitudinal dispersion coefficient, mˆ2/s
68 U = 0.45; % mean current velocity, m/s;
69 %Mean passage time at sections C e D
70 tmean=xfix/U + 2 * Kx/Uˆ2;
71 t rout=[min(t dataC):15:max(t dataC)]';
72 for tt=1:length(t rout)
73 t=t rout(tt);
74 %Calcolates C(x2,t rout(tt));
75 for ttt=1:length(t dataC)
76 tau=t dataC(ttt);
77 Crouting(ttt)=C dataC(ttt) * U/sqrt(4 * pi * Kx* (tmean(2) −...

tmean(1))) * exp( −Uˆ2 * ((tmean(2) −tmean(1) −t+tau)ˆ2) ...
/(4 * Kx* (tmean(2) −tmean(1))));

78 end
79 CroutedD(tt)=trapz(t dataC,Crouting);
80 end
81 CroutedDplot=CroutedD';
82 plot(t rout/3600,CroutedDplot, ' −−r' , 'linewidth' ,2.5)
83 legend( 'sectionC' , 'sectionD' , 'computed' , 'Rutherford' )
84 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
85 % II trial values
86 Kx = 20; % longitudinal dispersion coefficient, mˆ2/s
87 U = 0.55; % mean current velocity, m/s;
88 %Mean passage time at sections C e D
89 tmean=xfix/U + 2 * Kx/Uˆ2;
90 t rout=[min(t dataC):15:max(t dataC)]';
91 for tt=1:length(t rout)
92 t=t rout(tt);
93 %Calcolates C(x2,t rout(tt));
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94 for ttt=1:length(t dataC)
95 tau=t dataC(ttt);
96 Crouting(ttt)=C dataC(ttt) * U/sqrt(4 * pi * Kx* (tmean(2) −...

tmean(1))) * exp( −Uˆ2 * ((tmean(2) −tmean(1) −t+tau)ˆ2) ...
/(4 * Kx* (tmean(2) −tmean(1))));

97 end
98 CroutedD(tt)=trapz(t dataC,Crouting);
99 end

100 CroutedDplot=CroutedD';
101 plot(t rout/3600,CroutedDplot, ' −r' , 'linewidth' ,2.5)
102 legend( 'sectionC' , 'sectionD' , 'K x=20, U=0.35' , 'K x=20, U=0.45' ...

, 'K x=20, U=0.55' )

• Esempio 3: Applicazione del metodo della nuvola congelata: valutazione
dellinfluenza delle variazioni di K sulla distribuzione di concentrazione calco-
lata.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Routing method to determine the Longitudinal Dispersion . ..

Coefficient
4 % Routing method for determining the
5 % Longitudinal Dispersion Coefficient, K
6 % Manawatu river concentration data
7 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
8 % Load observed concentrations at sections C and D.
9 % Section C

10 dataC=load( 'Figure5 10plotCper10.txt' );
11 t dataC=dataC(:,1) * 3600;
12 C dataC=dataC(:,2)/1000000;
13 % Section D
14 dataD=load( 'Figure5 10plotDper10.txt' );
15 t dataD=dataD(:,1) * 3600;
16 C dataD=dataD(:,2)/1000000;
17 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
18 % Definition and initialization of parameters and variable s
19 M=6.5; % mass of dye injected, kg
20 Kx = 10; % longitudinal dispersion coefficient, mˆ2/s
21 U = 0.35; % mean current velocity, m/s;
22 i f=1.4862e −004; % channel slope
23 Do = 1.9; % mean depth, m
24 Bo = 50; % Average width, m
25 % Longitudinal Coordinates of sections C and D
26 xfix=[5000 6400];
27 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
28 %Routing a Temporal Concentration Profile with the
29 %"Frozen Cloud Method"
30 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
31 %Mean passage time at sections C e D
32 tmean=xfix/U + 2 * Kx/Uˆ2;
33 t rout=[min(t dataC):15:max(t dataC)]';
34 for tt=1:length(t rout)
35 t=t rout(tt);
36 %Calculates C(x2,t rout(tt));
37 for ttt=1:length(t dataC)
38 tau=t dataC(ttt);
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39 Crouting(ttt)=C dataC(ttt) * U/sqrt(4 * pi * Kx* (tmean(2) −...
tmean(1))) * exp( −Uˆ2 * ((tmean(2) −tmean(1) −t+tau)ˆ2) ...
/(4 * Kx* (tmean(2) −tmean(1))));

40 end
41 CroutedD(tt)=trapz(t dataC,Crouting);
42 end
43 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
44 figure(1); hold on
45 plot(t dataC/3600,C dataC, ' −−b' , 'linewidth' ,1.5, ...
46 'Marker' , 'o' , 'MarkerSize' ,6, ...
47 'MarkerEdgeColor' ,[0 0 1], ...
48 'MarkerFaceColor' ,[1 1 1]);
49 plot(t dataD/3600,C dataD, ' −−b' , 'linewidth' ,1.5, ...
50 'Marker' , 'd' , 'MarkerSize' ,6, ...
51 'MarkerEdgeColor' ,[0 0 1], ...
52 'MarkerFaceColor' ,[1 1 1]);
53

54 title( 'C(x,t)' , 'FontSize' ,12, 'FontWeight' , 'bold' )
55 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
56 axis([min(t dataC)/3600 max(t dataD)/3600 0 1.2 * max(C dataD) ...

])
57 xlabel( 'time [hours]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
58 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
59 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
60 %legend('t=1/(36 * pi)','t=1/(4 * pi)','t=4/pi')
61 box off
62 pause
63 CroutedDplot=CroutedD';
64 plot(t rout/3600,CroutedDplot, ':r' , 'linewidth' ,2.5)
65 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
66 % I trial values
67 Kx = 20; % longitudinal dispersion coefficient, mˆ2/s
68 U = 0.35; % mean current velocity, m/s;
69 %Mean passage time at sections C e D
70 tmean=xfix/U + 2 * Kx/Uˆ2;
71 t rout=[min(t dataC):15:max(t dataC)]';
72 for tt=1:length(t rout)
73 t=t rout(tt);
74 %Calculates C(x2,t rout(tt));
75 for ttt=1:length(t dataC)
76 tau=t dataC(ttt);
77 Crouting(ttt)=C dataC(ttt) * U/sqrt(4 * pi * Kx* (tmean(2) −...

tmean(1))) * exp( −Uˆ2 * ((tmean(2) −tmean(1) −t+tau)ˆ2) ...
/(4 * Kx* (tmean(2) −tmean(1))));

78 end
79 CroutedD(tt)=trapz(t dataC,Crouting);
80 end
81 CroutedDplot=CroutedD';
82 plot(t rout/3600,CroutedDplot, ' −−r' , 'linewidth' ,2.5)
83 legend( 'sectionC' , 'sectionD' , 'computed' , 'Rutherford' )
84 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
85 % II trial values
86 Kx = 30; % longitudinal dispersion coefficient, mˆ2/s
87 U = 0.35; % mean current velocity, m/s;
88 %Mean passage time at sections C e D
89 tmean=xfix/U + 2 * Kx/Uˆ2;
90 t rout=[min(t dataC):15:max(t dataC)]';
91 for tt=1:length(t rout)



210 Appendice B: Esempi soluzione eq. avvezione-dispersione

92 t=t rout(tt);
93 %Calculates C(x2,t rout(tt));
94 for ttt=1:length(t dataC)
95 tau=t dataC(ttt);
96 Crouting(ttt)=C dataC(ttt) * U/sqrt(4 * pi * Kx* (tmean(2) −...

tmean(1))) * exp( −Uˆ2 * ((tmean(2) −tmean(1) −t+tau)ˆ2) ...
/(4 * Kx* (tmean(2) −tmean(1))));

97 end
98 CroutedD(tt)=trapz(t dataC,Crouting);
99 end

100 CroutedDplot=CroutedD';
101 plot(t rout/3600,CroutedDplot, ' −r' , 'linewidth' ,2.5)
102 legend( 'sectionC' , 'sectionD' , 'K x=10, U=0.35' , 'K x=20, U=0.35' ...

, 'K x=30, U=0.35' )

• Esempio 4:Utilizza il metodo del simplesso per calcolare i valori di U e K
per cui la distribuzione di concentrazione calcolata nella sezione x2 meglio
approssima quella misurata in x1. Sono implementate due diverse funzioni
obiettivo e, oltre al metodo della nuvola congelata, è utilizzata la soluzione di
Hayami.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Routing methods to estimate the Longitudinal Dispersion
4 % Coefficient by optimizing the parameter research through
5 % the simplex method
6 % Concentration data measured in the Waikato River (Nz)
7 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
8 % Load and plot observed data.
9 % Sezione C

10 dataC=load( 'Figure5 10plotCper10.txt' );
11 t dataC=dataC(:,1) * 3600;
12 C dataC=dataC(:,2)/1000000;
13 % Sezione D
14 dataD=load( 'Figure5 10plotDper10.txt' );
15 t dataD=dataD(:,1) * 3600;
16 C dataD=dataD(:,2)/1000000;
17 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
18 %Plot Observed data
19 figure(1); hold on
20 plot(t dataC/3600,C dataC, ' −−b' , 'linewidth' ,1.5, ...
21 'Marker' , 'o' , 'MarkerSize' ,6, ...
22 'MarkerEdgeColor' ,[0 0 1], ...
23 'MarkerFaceColor' ,[1 1 1]);
24 plot(t dataD/3600,C dataD, ' −−b' , 'linewidth' ,1.5, ...
25 'Marker' , 'd' , 'MarkerSize' ,6, ...
26 'MarkerEdgeColor' ,[0 0 1], ...
27 'MarkerFaceColor' ,[1 1 1]);
28 title( 'C(x,t)' , 'FontSize' ,12, 'FontWeight' , 'bold' )
29 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
30 axis([min(t dataC)/3600 max(t dataD)/3600 0 1.2 * max(C dataD) ...

])
31 xlabel( 'time [hours]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
32 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
33 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
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34 legend( 'sectionC' , 'sectionD' )
35 box off; pause
36 close(1)
37 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
38 % Definition and initialization of parameters and variable s
39 M=6.5; % mass of dye injected, kg
40 Kx = 20; % longitudinal dispersion coefficient, mˆ2/s
41 U = 0.55; % mean current velocity, m/s;
42 i f=1.4862e −004; % channel slope
43 Do = 1.9; % mean depth, m
44 Bo = 50; % Average width, m
45 % Longitudinal Coordinates of sections C and D
46 xfix=[5000 6400];
47 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
48 %Dtermines the Taylor solution varying K and U, looking for
49 %the optimal couple of values
50 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
51 %Defines the function that calculates the solution
52 %by applying the simplex method
53 fun=@simpl;
54 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
55 %Initial trial values of K and U
56 %K = 15; % longitudinal dispersion coefficient, mˆ2/s
57 %U = 0.4; % mean current velocity, m/s;
58 input par=[15;0.4];
59 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
60 figure(2)
61 hold on
62 [res,fval,exitflag,output] = fminsearch(fun,input par);
63 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
64 % Optimal values of K and U
65 Kx =res(1); % longitudinal dispersion coefficient, mˆ2/s
66 U = res(2); % mean current velocity, m/s;
67 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
68 %Plots the solution by using the optimal values of K and U
69 figure(3); hold on
70 %Mean passage time at sections C e D
71 tmean=xfix/U + 2 * Kx/Uˆ2;
72 t rout=[min(t dataC):15:max(t dataC)]';
73 for tt=1:length(t rout)
74 t=t rout(tt);
75 %Calcoulates C(x2,t rout(tt));
76 for ttt=1:length(t dataC)
77 tau=t dataC(ttt);
78 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
79 %Plots the solution by Routing a Temporal Concentration
80 %Profile by using the "Hayami Solution"
81 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
82 if t >tau
83 Crouting(ttt)=C dataC(ttt) * (xfix(2) −xfix(1))/(t −tau)/ ...

sqrt(4 * pi * Kx* (t −tau)) * exp( −(xfix(2) −xfix(1) −U* (t −...
tau))ˆ2/(4 * Kx* (t −tau)));

84 else
85 Crouting(ttt)=0;
86 end
87 end
88 CroutedD(tt)=trapz(t dataC,Crouting);
89 end
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90 CroutedDplot=CroutedD';
91 %Plots the observed concentration ptofile
92 plot(t dataC/3600,C dataC, ' −−b' , 'linewidth' ,1.5, ...
93 'Marker' , 'o' , 'MarkerSize' ,6, ...
94 'MarkerEdgeColor' ,[0 0 1], ...
95 'MarkerFaceColor' ,[1 1 1]);
96 plot(t dataD/3600,C dataD, ' −−b' , 'linewidth' ,1.5, ...
97 'Marker' , 'd' , 'MarkerSize' ,6, ...
98 'MarkerEdgeColor' ,[0 0 1], ...
99 'MarkerFaceColor' ,[1 1 1]);

100 title( 'C(x,t)' , 'FontSize' ,12, 'FontWeight' , 'bold' )
101 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
102 axis([min(t dataC)/3600 max(t dataD)/3600 0 1.2 * max(C dataD) ...

]) % definisce gli assi
103 xlabel( 'time [hours]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
104 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
105 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
106 box off
107 CroutedDplot=CroutedD';
108 %Plots the routed concentration ptofile
109 plot(t rout/3600,CroutedDplot, ' −k' , 'linewidth' ,2.5)
110 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
111 %Plots the solution with the values of K and U suggested by
112 % Rutherford on the basis of the "Frozen Cloud Method"
113 Kx = 20; % longitudinal dispersion coefficient, mˆ2/s
114 U = 0.55; % mean current velocity, m/s;
115 %Mean passage time at sections C e D
116 tmean=xfix/U + 2 * Kx/Uˆ2;
117 t rout=[min(t dataC):15:max(t dataC)]';
118 for tt=1:length(t rout)
119 t=t rout(tt);
120 %Calculates C(x2,t rout(tt));
121 for ttt=1:length(t dataC)
122 tau=t dataC(ttt);
123 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
124 %Plots the solution by Routing a Temporal Concentration
125 %Profile by using the "Frozen Cloud Method"
126 Crouting(ttt)=C dataC(ttt) * U/sqrt(4 * pi * Kx* (tmean(2) −...

tmean(1))) * exp( −Uˆ2 * ((tmean(2) −tmean(1) −t+tau)ˆ2) ...
/(4 * Kx* (tmean(2) −tmean(1))));

127 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
128 end
129 CroutedD(tt)=trapz(t dataC,Crouting);
130 end
131 CroutedDplot=CroutedD';
132 plot(t rout/3600,CroutedDplot, ' −r' , 'linewidth' ,2.5)
133 legend( 'sectionC' , 'sectionD' , 'Hayami' , 'Nuovola Congelata' )

1 % Build the function to be optimized though the simplex metho d
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 function f obiettivo=simpl(input par)
4 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
5 Kx=input par(1)
6 U=input par(2)
7 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
8 % Definition and initialization of parameters and variable s
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9 xfix=[5000 6400]; %section location
10 M=6.5; % mass of dye injected, kg
11 i f=1.4862e −004; % channel slope
12 Do = 1.9; % mean depth, m
13 Bo = 50; % Average width, m
14 % Load observed data.
15 % Section C
16 dataC=load( 'Figure5 10plotCper10.txt' );
17 t dataC=dataC(:,1) * 3600;
18 C dataC=dataC(:,2)/1000000;
19 % Section D
20 dataD=load( 'Figure5 10plotDper10.txt' );
21 t dataD=dataD(:,1) * 3600;
22 C dataD=dataD(:,2)/1000000;
23 %Calculates the mean passage times at sections C e D
24 tmean=xfix/U + 2 * Kx/Uˆ2;
25 %Integration interval
26 t rout=[min(t dataC):15:max(t dataC)]';
27 %Convolution integral
28 for tt=1:length(t rout)
29 t=t rout(tt);
30 %Calculates C(x2,t rout(tt));
31 for ttt=1:length(t dataC)
32 tau=t dataC(ttt);
33 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
34 %Routing a Temporal Concentration Profile with the
35 %"Frozen Cloud Method"
36 Crouting(ttt)=C dataC(ttt) * U/sqrt(4 * pi * Kx* (tmean(2) −...

tmean(1))) * exp( −Uˆ2 * ((tmean(2) −tmean(1) −t+tau)ˆ2) ...
/(4 * Kx* (tmean(2) −tmean(1))));

37 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
38 %Routing a Temporal Concentration Profile with the
39 %"Hayami Solution"
40 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
41 %if t >tau
42 % Crouting(ttt)=C dataC(ttt) * (xfix(2) −xfix(1))/(t −tau)/...

sqrt(4 * pi * Kx* (t −tau)) * exp( −(xfix(2) −xfix(1) −U* (t −tau))...
ˆ2/(4 * Kx* (t −tau)));

43 %else
44 % Crouting(ttt)=0;
45 %end
46 end
47 CroutedD(tt)=trapz(t dataC,Crouting);
48 end
49 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
50 %Selects the objective function to be minimized
51 %choice=1 minimize the sum of of the squares of the
52 % differences between the concentrations calculated
53 % and that measured in section D
54 %choice=2 %minimizes the sum of the squares of the ...

differences
55 % between the calculated peak concentration and that
56 % measured in section D
57 choice =2;
58 if choice==1
59 for ttt=1:length(t dataD)
60 tau=t dataD(ttt);
61 %calculates the grid point t rout nearer to tau
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62 [ ∆ t ,index]=min(abs(t rout −tau));
63 t routCONFR(ttt)= t rout(index);
64 CroutedD CONFR(ttt)=CroutedD(index);
65 end
66 f obiettivo=sum((CroutedD CONFR−C dataD').ˆ2)
67 end
68

69 if choice==2
70 %determines the maximum of concentration measured in D
71 [maxC dataD,index max]=max(C dataD);
72 timeC dataD=t dataD(index max);
73

74 %determines the maximum of concentration calculated in D
75 [maxCroutedD,index max]=max(CroutedD);
76 timeCroutedD=t rout(index max);
77

78 %set the objective function: distance between the peak
79 % of the measured and calculated C
80 f obiettivo=sqrt((maxC dataD −maxCroutedD)ˆ2+(timeC dataD −...

timeCroutedD)ˆ2)
81 end
82

83 hold on
84 plot(t dataC/3600,C dataC, ' −−b' , 'linewidth' ,1.5, ...
85 'Marker' , 'o' , 'MarkerSize' ,6, ...
86 'MarkerEdgeColor' ,[0 0 1], ...
87 'MarkerFaceColor' ,[1 1 1]);
88 plot(t dataD/3600,C dataD, ' −−b' , 'linewidth' ,1.5, ...
89 'Marker' , 'd' , 'MarkerSize' ,6, ...
90 'MarkerEdgeColor' ,[0 0 1], ...
91 'MarkerFaceColor' ,[1 1 1]);
92 title( 'C(x,t)' , 'FontSize' ,12, 'FontWeight' , 'bold' )
93 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
94 axis([min(t dataC)/3600 max(t dataD)/3600 0 1.2 * max(C dataD) ...

]) % definisce gli assi
95 xlabel( 'time [hours]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
96 ylabel( 'c(x,t) [mg/l]' , 'FontSize' ,12, 'FontWeight' , 'bold' );
97 set(gca, 'FontSize' ,12, 'FontWeight' , 'bold' );
98 %legend('t=1/(36 * pi)','t=1/(4 * pi)','t=4/pi')
99 box off

100 CroutedDplot=CroutedD';
101 plot(t rout/3600,CroutedDplot, ' −r' , 'linewidth' ,2.)
102 legend( 'sectionC' , 'sectionD' , 'computed' );
103 getframe;



Appendice C

In questa appendice sono riportati alcuni esempi di programmi Matlab relativi alla
dinamica degli inquinanti convenzionali (i.e., CBOD, NBOD, OD) nei corsi
d’acqua.

• Esempio 1. Grafica la concentrazione di BOD, B, il deficit di ossigeno, D,
e la concentrazione di ossigeno disciolto, O, in funzione della distanza dal-
la sorgente. Confronta inoltre il tasso di deossigenazione, rd con il tasso di
riossigenazione, ra, permettendo di verificare che il valore critico del deficit di
ossigeno si manifesta quando rd = ra.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution of the Streeter −Phelps equation
4 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
5 % Definition and initialization of parameters and variable s
6 dx=10; %spatial step, m
7 L x=150000; %total length of the domain, m
8 x=[0:dx:L x]; %x computational grid
9 Q=16093.4; %river flowrate, l/s

10 Qw=160934; %wastewater mass discharge rate, mg/s
11 Bzero=Qw/Q; %ultimate CBOD at x=0, mg/l
12 Os=8.0; %saturated oxygen, mg/l
13 Ozero=8.0; %dissolved oxygen at x=0, mg/l
14 Dzero=Os−Ozero; %oxygen deficit at x=0, mg/l
15 U=0.3048; %mean stream velocity, m/s
16

17 rd = 0.6; % first order deoxygenation rate, 1/day
18 ra = 2.0; % first order reareation rate, 1/day
19 rd = 0.6/86400; % first order deoxygenation rate, 1/s
20 ra = 2.0/86400; % first order reareation rate, 1/s
21

22 B=zeros(1,length(x)); %ultimate CBOD along x, mg/l
23 O=zeros(1,length(x)); %dissolved oxygen along x, mg/l
24 D=zeros(1,length(x)); %oxygen deficit along x, mg/l
25 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
26 % cycle over all sections
27 for i=1:length(x)
28 % ultimate CBOD concentration along x
29 B(i)=Bzero * exp( −rd * x(i)/U);
30 % dissolved oxygen Deficit along x
31 D(i)=Dzero * exp( −ra * x(i)/U) + ((rd * Bzero)/(ra −rd)) * (exp( −rd ...

* x(i)/U) −exp( −ra * x(i)/U));
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32 % dissolved oxygen Concentration along x
33 O(i)=Os −(Os−Ozero) * exp( −ra * x(i)/U) − ((rd * Bzero)/(ra −rd)) ...

* (exp( −rd * x(i)/U) −exp( −ra * x(i)/U));
34 %O2(i)=Os −D(i);
35 end
36

37 % Critical Distance
38 x c=(U/(ra −rd)) * log((ra/rd) * (1 −(ra −rd)/rd * Dzero/Bzero));
39 % Critical Deficit
40 D c=(rd * Bzero/ra) * exp( −rd * x c/U);
41 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
42 %plots
43 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
44 subplot(3,2,1)
45 plot(x,B, 'r' , 'LineWidth' ,2.5);
46 title( 'Ultimate BOD concentration' , 'FontSize' ,12, 'FontWeight' , ...

'bold' )
47 axis([0 L x 0 1.2 * Bzero])
48 xlabel( 'Downstream distance [m]' );
49 ylabel( 'B [mg/l]' );
50 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
51 box off
52

53 subplot(3,2,2)
54 plot(x/U/86400,log(B), 'r' , 'LineWidth' ,2.5);
55 %axis([0 L x/U/86400 0 4])
56 xlabel( 'Travel time [days]' );
57 ylabel( 'Log(B)' );
58 hold on
59 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
60 box off
61 pause
62

63 subplot(3,2,3)
64 plot(x,D, 'b' , 'LineWidth' ,2.5);
65 title( 'Dissolved oxygen deficit' , 'FontSize' ,12, 'FontWeight' , ' ...

bold' )
66 axis([0 L x 0 2])
67 hold on
68 xcpointplot=plot(x c,D c, 'ob' );
69 set(xcpointplot, 'MarkerEdgeColor' , 'b' , ...
70 'MarkerFaceColor' , 'b' , ...
71 'MarkerSize' ,6)
72 xlabel( 'Downstream distance [m]' );
73 ylabel( 'D [mg/l]' );
74 plot([x c,x c],[0,D c], 'b:' );
75 plot([0,x c],[D c,D c], 'b:' );
76 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
77 box off
78

79 subplot(3,2,4)
80 plot(x,ra * D* 86400, 'b −−' , 'LineWidth' ,2.5);
81 title( 'Deoxygenation vs Reareation' , 'FontSize' ,12, 'FontWeight' ...

, 'bold' )
82 axis([0 L x 0 8])
83 hold on
84 plot(x,rd * B* 86400, 'b:' , 'LineWidth' ,2.5);
85 legend( 'r aD reareation' , 'r dB deoxygenation' )
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86

87 %Determines the intersection point at which r a* D=r d* L
88 Bcrit=rd * Bzero * exp( −rd * x c/U);
89 inters pointplot=plot(x c,Bcrit * 86400, 'ob' );
90 set(inters pointplot, 'MarkerEdgeColor' , 'b' , 'MarkerFaceColor' , ' ...

b' , 'MarkerSize' ,6)
91 xlabel( 'Downstream distance [m]' );
92 ylabel( 'r aD, r dB [mg/l −day]' );
93 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
94 box off
95 pause
96

97 subplot(3,2,5)
98 plot(x,O, 'k' , 'LineWidth' ,2.5);
99 title( 'Dissolved oxygen concentration' , 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
100 axis([0 L x 5.5 8.5])
101 xlabel( 'Downstream distance [m]' );
102 ylabel( 'O [mg/l]' );
103 hold on
104 xcpointplot2=plot(x c,(Os −D c), 'ok' );
105 set(xcpointplot2, 'MarkerEdgeColor' , 'k' , ...
106 'MarkerFaceColor' , 'k' , ...
107 'MarkerSize' ,6)
108 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
109 %Plots a straigth line connecting the points (0,Os), (L x,Os)
110 Osatplot=plot([0,L x],[Os,Os], 'k −.' , 'LineWidth' ,1.5);
111 %Plots a straigth line connecting the points (x c,0), (x c,Os −...

D c)
112 plot([x c,x c],[0,Os −D c], 'k:' );
113 %Plots a straigth line connecting the points (0,Os −D c), (x c...

,Os−D c)
114 plot([0,x c],[Os −D c,Os −D c], 'k:' );
115 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
116 box off

• Esempio 2. Grafica: i) il deficit di ossigeno, D, in funzione della distanza
dalla sorgente all’aumentare i) della portata volumetrica di inquinante, ii) della
temperatura, iii) della portata volumetrica del corso d’acqua, iv) del deficit
iniziale di ossigeno disciolto, evidenziando in tutti i casi il comportamento del
deficit critico, Dc, e della distanza critica, xc;

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution of the Streeter −Phelps equation
4 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
5 % Definition and initialization of parameters and variable s
6 dx=100; % space integration pace, miles
7 L x=100000; % m total length of the domain
8 x=[0:dx:L x]; % computational domain along x axis
9 Q=16093.44; % river flowrate, l/s

10 Qw=160934.4; % wastewater mass discharge rate, mg/s
11 B0=Qw/Q; % CBOD concentration at x=0, mg/l (I case)
12 Os=8.0; % saturated oxygen concentration, mg/l



218 Appendice C: Esempi dinamica inquinanti convenzionali

13 Ozero=8.0; % dissolved oxygen concentration at x=0, mg/...
l

14 Dzero=Os−Ozero; % dissolved oxygen deficit at x=0., mg/l
15 U=0.3048; % mean stream velocity, m/s
16 H=1.056; % mean water depth, m
17 B=50; % mean stream width, m
18 rd = 0.6; % first order deoxygenation rate, 1/day
19 ra = 2.0; % first order reareation rate, 1/day
20 rd = 0.6/86400; % first order deoxygenation rate, 1/s
21 ra = 2.0/86400; % first order reareation rate, 1/s
22 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
23 % Effect of waste discharge
24 Qw 2=Qw* 2; %wastewater mass discharge rate, mg/s (II case)
25 B0 2=Qw 2/Q; %CBOD concentration at x=0., mg/l (II case)
26

27 D=zeros(1,length(x)); %Oxygen Deficit along x mg/l (I case)
28 D 2=zeros(1,length(x)); %Oxygen Deficit along x, mg/l (II case)
29 for i=1:length(x)
30 % Oxygen Deficit along x (I case)
31 D(i)=Dzero * exp( −ra * x(i)/U) + ((rd * B0)/(ra −rd)) * (exp( −rd * x( ...

i)/U) −exp( −ra * x(i)/U));
32 % Oxygen Deficit along x (II case)
33 D 2(i)=Dzero * exp( −ra * x(i)/U) + ((rd * B0 2)/(ra −rd)) * (exp( −...

rd * x(i)/U) −exp( −ra * x(i)/U));
34 end
35

36 % Critical Distance
37 x c=(U/(ra −rd)) * log((ra/rd) * (1 −(ra −rd)/rd * Dzero/B0));
38 x c 2=(U/(ra −rd)) * log((ra/rd) * (1 −(ra −rd)/rd * Dzero/B0 2));
39 % Critical Deficit
40 D c=(rd * B0/ra) * exp( −rd * x c/U);
41 D c 2=(rd * B0 2/ra) * exp( −rd * x c 2/U);
42 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
43 figure(1); hold on
44 subplot(2,2,1)
45 plot(x,D, 'b' , 'LineWidth' ,2);
46 plot(x,D 2, ' −−r' , 'LineWidth' ,2);
47 xcpointplot=plot(x c,D c, 'ob' );
48 set(xcpointplot, 'MarkerEdgeColor' , 'b' , ...
49 'MarkerFaceColor' , 'b' , ...
50 'MarkerSize' ,8);
51 xc 2pointplot=plot(x c 2 ,D c 2 , 'or' );
52 set(xc 2pointplot, 'MarkerEdgeColor' , 'r' , ...
53 'MarkerFaceColor' , 'r' , ...
54 'MarkerSize' ,8);
55 title( 'Dissolved oxygen deficit for increasing Q w values' , ' ...

FontSize' ,12, 'FontWeight' , 'bold' );
56 axis([0 L x 0 4]);
57 xlabel( 'Downstream distance [m]' );
58 ylabel( 'D [mg/l]' );
59 legend( 'Q w=Q w 0' , 'Q w=2Q w 0' );
60 set(gca, 'PlotBoxAspectRatio' ,[1 1 1]);
61 box off
62 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
63 % Effect of varying Critical Deficit
64 D c 2var=zeros(1,10);
65 Qw2var=[Qw:(Qw 2−Qw)/10:Qw 2];
66 B0 2var=Qw 2var/Q;



219

67 B0 2=B0;
68 for i=1:length(B0 2var)
69 % dissolved oxygen Deficit along x (II case)
70 D c 2var(i)=(rd * B0 2var(i)/ra) * exp( −rd * x c/U);
71 end
72 subplot(2,2,2)
73 plot(Qw 2var,D c 2var, 'k' , 'LineWidth' ,2);
74 title( 'Critical Deficit D c for increasing Q w values' , ' ...

FontSize' ,12, 'FontWeight' , 'bold' );
75 axis([Qw Qw 2 0 4]);
76 xlabel( 'Waste Discharge [mg/s]' );
77 ylabel( 'Critical Deficit D c [mg/l]' );
78 set(gca, 'PlotBoxAspectRatio' ,[1 1 1]);
79 box off
80 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
81 % Effect of temperature
82 %T=20C, rd = rd20 = 0.6 1/day
83 %T=40C, rd=rd20 * THETAˆ(40 −20)=0.6 * 1.048ˆ20, with THETA=1.048
84 rd 2 = 0.6 * 1.048ˆ(20); %deoxygenation rate, 1/day
85 rd 2 = rd 2/86400; %deoxygenation rate, 1/s
86

87 %T=20C, ra = ra20 = 2.0 1/day
88 %T=40C, ra=ra20 * THETAˆ(40 −20)=0.6 * 1.0718ˆ20, with THETA=1.0718
89 ra 2 = 2.0 * 1.024ˆ(20); %re−areation rate, 1/day
90 ra 2 = ra 2/86400; %re−areation rate, 1/s
91

92 D=zeros(1,length(x)); %Oxygen Deficit along x, mg/l (I ...
case)

93 D 2=zeros(1,length(x)); %Oxygen Deficit along x, mg/l (II ...
case)

94 for i=1:length(x)
95 % Oxygen Deficit along x (I case)
96 D(i)=Dzero * exp( −ra * x(i)/U) + ((rd * B0)/(ra −rd)) * (exp( −rd * x( ...

i)/U) −exp( −ra * x(i)/U));
97 % Oxygen Deficit along x (II case)
98 D 2(i)=Dzero * exp( −ra 2* x(i)/U) + ((rd 2* B0)/(ra 2−rd 2)) * ( ...

exp( −rd 2* x(i)/U) −exp( −ra 2* x(i)/U));
99 end

100

101 % Critical Distance
102 x c=(U/(ra −rd)) * log((ra/rd) * (1 −(ra −rd)/rd * Dzero/B0));
103 x c 2=(U/(ra 2−rd 2)) * log((ra 2/rd 2) * (1 −(ra 2−rd 2)/rd 2* ...

Dzero/B0));
104 % Critical Deficit
105 D c=(rd * B0/ra) * exp( −rd * x c/U);
106 D c 2=(rd 2* B0/ra 2) * exp( −rd 2* x c 2/U);
107 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
108 % Plots
109 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
110 subplot(2,2,3); hold on
111 plot(x,D, 'b' , 'LineWidth' ,2);
112 plot(x,D 2, ' −−r' , 'LineWidth' ,2);
113 xcpointplot=plot(x c,D c, 'ob' );
114 set(xcpointplot, 'MarkerEdgeColor' , 'b' , ...
115 'MarkerFaceColor' , 'b' , ...
116 'MarkerSize' ,8)
117 xc 2pointplot=plot(x c 2 ,D c 2 , 'or' );
118 set(xc 2pointplot, 'MarkerEdgeColor' , 'r' , ...
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119 'MarkerFaceColor' , 'r' , ...
120 'MarkerSize' ,8);
121 set(gca, 'PlotBoxAspectRatio' ,[1 1 1]);
122

123 title( 'Dissolved oxygen deficit for increasing T values' , ' ...
FontSize' ,12, 'FontWeight' , 'bold' )

124 axis([0 L x 0 4]);
125 xlabel( 'Downstream distance [m]' );
126 ylabel( 'D [mg/l]' );
127 legend( 'T=20C' , 'T=40C' );
128 box off
129 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
130 % Effects of temperature on critical deficit
131 T var=[20:1:40];
132 D c 2var=zeros(1,length(T var)); % varying Critical Deficit
133 x c 2var=zeros(1,length(T var)); % varying Critical Deficit
134 for i=1:length(T var)
135 rd 2var(i) = 0.6 * 1.048ˆ(T var(i) −20);
136 ra 2var(i) = 2.0 * 1.024ˆ(T var(i) −20);
137 end
138 rd 2var = rd 2var/86400;
139 ra 2var = ra 2var/86400;
140

141 for i=1:length(T var)
142 x c 2var(i)=(U/(ra 2var(i) −rd 2var(i))) * log((ra 2var(i)/ ...

rd 2var(i)) * (1 −(ra 2var(i) −rd 2var(i))/rd 2var(i) * ...
Dzero/B0));

143 D c 2var(i)=(rd 2var(i) * B0/ra 2var(i)) * exp( −rd 2var(i) * ...
x c 2var(i)/U);

144 end
145 subplot(2,2,4)
146 plot(T var,D c 2var, 'k' , 'LineWidth' ,2);
147

148 title( 'Critical Deficit D c for increasing T values' , 'FontSize ...
' ,12, 'FontWeight' , 'bold' )

149 axis([20 40 1.7 2.5]);
150 xlabel( 'T values [C]' );
151 ylabel( 'Critical Deficit D c [mg/l]' );
152 set(gca, 'PlotBoxAspectRatio' ,[1 1 1]);
153 box off
154 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
155 % Effect of river flowrate Q
156 % If Q increases:
157 % B0 decreases;
158 % u, H increase (according e.g., to Strickler relation)
159 % ra decreases
160 Q 2=Q* 2; % river flowrate, l/s (2nd case)
161 B0 2=Qw/Q 2; % CBOD at x=0., mg/l (2nd case)
162 H 2=H* (Q 2/Q)ˆ(3/5);
163 U 2=(Q 2/1000)/(B * H 2);
164 % 1ft/s=0.3048 m/s; 1ft=30.48 centimeters
165 % first order re −areation rate, 1/day
166 ra 2=12.9 * ((Q 2/1000/B/H 2)/0.3048)ˆ0.5/(H 2/0.3048)ˆ1.5;
167 % first order reareation rate, 1/s
168 ra 2=ra 2/86400;
169

170 D=zeros(1,length(x)); %Oxygen Deficit along x, mg/l (I case)
171 D 2=zeros(1,length(x)); %Oxygen Deficit along x, mg/l (II case...
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)
172 for i=1:length(x)
173 %Oxygen Deficit along x (I case)
174 D(i)=Dzero * exp( −ra * x(i)/U) + ((rd * B0)/(ra −rd)) * (exp( −rd * x( ...

i)/U) −exp( −ra * x(i)/U));
175 %Oxygen Deficit along x (II case)
176 D 2(i)=Dzero * exp( −ra 2* x(i)/U 2) + ((rd * B0 2)/(ra 2−rd)) * ( ...

exp( −rd * x(i)/U 2)−exp( −ra 2* x(i)/U 2));
177 end
178

179 % Critical Distance
180 x c=(U/(ra −rd)) * log((ra/rd) * (1 −(ra −rd)/rd * Dzero/B0));
181 x c 2=(U 2/(ra 2−rd)) * log((ra 2/rd) * (1 −(ra 2−rd)/rd * Dzero/B0 2 ...

));
182 % Critical Deficit
183 D c=(rd * B0/ra) * exp( −rd * x c/U);
184 D c 2=(rd * B0 2/ra 2) * exp( −rd * x c 2/U 2);
185 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
186 figure(2)
187 subplot(2,2,1); hold on
188 plot(x,D, 'b' , 'LineWidth' ,2);
189 plot(x,D 2, ' −−r' , 'LineWidth' ,2);
190

191 title( 'Dissolved oxygen deficit for increasing Q values' , ' ...
FontSize' ,12, 'FontWeight' , 'bold' )

192 axis([0 L x 0 2])
193 xlabel( 'Downstream distance [m]' );
194 ylabel( 'D [mg/l]' );
195 legend( 'Q=Q 0' , 'Q=2Q 0' )
196 xcpointplot=plot(x c,D c, 'ob' );
197 set(xcpointplot, 'MarkerEdgeColor' , 'b' , ...
198 'MarkerFaceColor' , 'b' , ...
199 'MarkerSize' ,8)
200 xc 2pointplot=plot(x c 2 ,D c 2 , 'or' );
201 set(xc 2pointplot, 'MarkerEdgeColor' , 'r' , ...
202 'MarkerFaceColor' , 'r' , ...
203 'MarkerSize' ,8)
204 set(gca, 'PlotBoxAspectRatio' ,[1 1 1]);
205 box off
206 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
207 % Effect of Do
208 D=zeros(1,length(x)); %Oxygen Deficit along x, mg/l, I case
209 D 2=zeros(1,length(x)); %Oxygen Deficit along x, mg/l, II case
210 Os=10.0; %saturated oxygen, mg/l
211 Ozero=10.0; %oxygen concentration at x=0, mg/l
212 Dzero=Os−Ozero; %Oxygen deficit at x=0, mg/l, I case
213 Dzero 2=2; %Oxygen deficit at x=0, mg/l, II case
214 B0=10;
215 for i=1:length(x)
216 %oxygen Deficit along x (1st case)
217 D(i) = Dzero * exp( −ra * x(i)/U) + ((rd * B0)/(ra −rd)) * (exp( −...

rd * x(i)/U) −exp( −ra * x(i)/U));
218 %oxygen Deficit along x (2nd case)
219 D 2(i)=Dzero 2* exp( −ra * x(i)/U) + ((rd * B0)/(ra −rd)) * (exp( −...

rd * x(i)/U) −exp( −ra * x(i)/U));
220 end
221

222 % Critical Distance
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223 x c=(U/(ra −rd)) * log((ra/rd) * (1 −(ra −rd)/rd * Dzero/B0));
224 x c 2=(U/(ra −rd)) * log((ra/rd) * (1 −(ra −rd)/rd * Dzero 2/B0));
225 % Critical Deficit
226 D c=(rd * B0/ra) * exp( −rd * x c/U);
227 D c 2=(rd * B0/ra) * exp( −rd * x c 2/U);
228

229 subplot(2,2,3); hold on
230 plot(x,D, 'b' , 'LineWidth' ,2);
231 plot(x,D 2, ' −−r' , 'LineWidth' ,2);
232 title( 'Dissolved oxygen deficit for increasing D 0 values' , ' ...

FontSize' ,12, 'FontWeight' , 'bold' );
233 axis([0 L x 0 3]);
234 xlabel( 'Downstream distance [m]' );
235 ylabel( 'D [mg/l]' );
236 legend( 'D 0=0' , 'D 0=2' );
237 xcpointplot=plot(x c,D c, 'ob' );
238 set(xcpointplot, 'MarkerEdgeColor' , 'b' , ...
239 'MarkerFaceColor' , 'b' , ...
240 'MarkerSize' ,8);
241 xc 2pointplot=plot(x c 2 ,D c 2 , 'or' );
242 set(xc 2pointplot, 'MarkerEdgeColor' , 'r' , ...
243 'MarkerFaceColor' , 'r' , ...
244 'MarkerSize' ,8);
245 set(gca, 'PlotBoxAspectRatio' ,[1 1 1]);
246 box off

• Esempio 3. Grafica: i) la concentrazione di CBOD, B, ii) il deficit di ossigeno,
D, e iii) la concentrazione di ossigeno disciolto, o, in funzione della distanza
dalla sorgente, in assenza e in presenza di sedimentazione. In particolare, viene
evidenziato come, in presenza di sedimentazione, il deficit criticoDc diminuisce
e la sezione in cui si realizza, xc si sposta verso monte. Confronta inoltre il
tasso di deossigenazione, rd, con il tasso di riossigenazione, ra, permettendo
di verificare che il valore critico del deficit di ossigeno si manifesta quando
rd = ra.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution of the Streeter −Phelps equation
4 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
5 % Definition and initialization of parameters and variable s
6 dx=100; % spatial integration pace, m
7 L x=150000; % total length of the domain, m
8 x=[0:dx:L x]; % computational domain along x axis
9 Q=16093.4; % river flowrate, l/s

10 Qw=160934; % wastewater mass discharge rate, mg/s
11 Bzero=Qw/Q; % CBOD concentration at x=0., mg/l
12 Os=8.0; % saturated oxygen concentration, mg/l
13 Ozero=8.0; % oxygen concentration at x=0., mg/l
14 Dzero=Os−Ozero; % doxygen deficit at x=0., mg/l
15 U=0.3048; % stream mean velocity, m/s
16

17 rd = 0.6; % deoxygenation rate, 1/day
18 ra = 3.0; % re−areation rate, 1/day
19 rs = 2.0; % deoxygenation + sedimentation rate, 1/day
20 rd = rd/86400; % deoxygenation rate, 1/s
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21 ra = ra/86400; % first order reareation rate, 1/s
22 rs = rs/86400; % deoxygenation + sedimentation rate, 1/day
23

24 % without sedimentation
25 B=zeros(1,length(x)); %CBOD concentration along x, mg/l
26 D=zeros(1,length(x)); %oxygen Deficit along x, mg/l
27 O=zeros(1,length(x)); %oxygen concentration along x, mg/l
28

29 % with sedimentation
30 Bsed=zeros(1,length(x)); %CBOD concentration along x, mg/l
31 Dsed=zeros(1,length(x)); %oxygen Deficit along x, mg/l
32 Osed=zeros(1,length(x)); %oxygen concentration along x, mg/l
33 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
34 for i=1:length(x)
35 %CBOD concentration along x
36 B(i)=Bzero * exp( −rd * x(i)/U);
37 %CBOD concentration along x in case of sedimentation
38 Bsed(i)=Bzero * exp( −rs * x(i)/U);
39 %oxygen Deficit along x
40 D(i)=Dzero * exp( −ra * x(i)/U) + ((rd * Bzero)/(ra −rd)) * (exp( −rd ...

* x(i)/U) −exp( −ra * x(i)/U));
41 %oxygen Deficit along x in case of sedimentation
42 Dsed(i)=Dzero * exp( −ra * x(i)/U) + ((rd * Bzero)/(ra −rs)) * (exp ...

(−rs * x(i)/U) −exp( −ra * x(i)/U));
43 %oxygen Concentration along x
44 O(i)=Os −(Os−Ozero) * exp( −ra * x(i)/U) − ((rd * Bzero)/(ra −rd)) ...

* (exp( −rd * x(i)/U) −exp( −ra * x(i)/U));
45 %oxygen Concentration along x in case of sedimentation
46 Osed(i)=Os −Dsed(i);
47 end
48

49 % Critical Distance
50 x c=(U/(ra −rd)) * log((ra/rd) * (1 −(ra −rd)/rd * Dzero/Bzero));
51 xsed c=(U/(ra −rs)) * log((ra/rs) * (1 −(ra −rs)/rd * Dzero/Bzero));
52 % Critical Deficit
53 D c=(rd * Bzero/ra) * exp( −rd * x c/U);
54 Dsed c=(rd * Bzero/ra) * exp( −rs * xsed c/U);
55 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
56 %plotting
57 subplot(3,2,1); hold on
58 plot(x,B, 'b' , 'LineWidth' ,2.5);
59 plot(x,Bsed, ' −−r' , 'LineWidth' ,2.5);
60

61 title( 'Ultimate CBOD concentration' , 'FontSize' ,12, 'FontWeight' ...
, 'bold' )

62 axis([0 L x 0 1.2 * Bzero])
63 xlabel( 'Downstream distance [m]' );
64 ylabel( 'B [mg/l]' );
65 legend( 'deoxygen' , 'deoxygen + sediment' )
66 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
67 box off
68

69 subplot(3,2,2); hold on
70 plot(x/U/86400,log(B), 'b' , 'LineWidth' ,2.5);
71 plot(x/U/86400,log(Bsed), ' −−r' , 'LineWidth' ,2.5);
72 xlabel( 'Travel time [days]' );
73 ylabel( 'Log(B)' );
74 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
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75 box off
76 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
77 subplot(3,2,3); hold on
78 plot(x,D, 'b' , 'LineWidth' ,2.5);
79 plot(x,Dsed, ' −−r' , 'LineWidth' ,2.5);
80 title( 'Dissolved oxygen deficit' , 'FontSize' ,12, 'FontWeight' , ' ...

bold' )
81 axis([0 L x 0 2])
82 hold on
83 xlabel( 'Downstream distance [m]' );
84 ylabel( 'D [mg/l]' );
85 xcpointplot=plot(x c,D c, 'ob' );
86 set(xcpointplot, 'MarkerEdgeColor' , 'b' , ...
87 'MarkerFaceColor' , 'b' , ...
88 'MarkerSize' ,6);
89 xsedcpointplot=plot(xsed c,Dsed c, 'or' );
90 set(xsedcpointplot, 'MarkerEdgeColor' , 'r' , ...
91 'MarkerFaceColor' , 'r' , ...
92 'MarkerSize' ,6);
93 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
94 box off
95

96 subplot(3,2,4); hold on
97 plot(x,ra * D* 86400, 'b −' , 'LineWidth' ,2.5);
98 plot(x,rd * B* 86400, 'b:' , 'LineWidth' ,2.5);
99 title( 'Deoxygenation vs Reareation' , 'FontSize' ,12, 'FontWeight' ...

, 'bold' )
100 axis([0 L x 0 7])
101 box off
102 plot(x,ra * Dsed* 86400, 'r −−' , 'LineWidth' ,2.5);
103 plot(x,rd * Bsed* 86400, 'r:' , 'LineWidth' ,2.5);
104 xlabel( 'Downstream distance [m]' );
105 ylabel( 'r aD vs r dB, r sB [mg/l −day]' );
106 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
107 box off
108 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
109 subplot(3,2,5); hold on
110 plot(x,O, 'b' , 'LineWidth' ,2.5);
111 title( 'Dissolved oxygen concentration' , 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
112 axis([0 L x 6.5 8.5])
113 xlabel( 'Downstream distance [m]' );
114 ylabel( 'O [mg/l]' );
115 plot(x,Osed, ' −−r' , 'LineWidth' ,2.5);
116 xcpointplot2=plot(x c,(Os −D c), 'ob' );
117 set(xcpointplot2, 'MarkerEdgeColor' , 'b' , ...
118 'MarkerFaceColor' , 'b' , ...
119 'MarkerSize' ,6)
120 xsedcpointplot2=plot(xsed c,(Os −Dsed c), 'or' );
121 set(xsedcpointplot2, 'MarkerEdgeColor' , 'r' , ...
122 'MarkerFaceColor' , 'r' , ...
123 'MarkerSize' ,6);
124 Osatplot=plot([0,L x],[Os,Os], 'k −.' , 'LineWidth' ,1.5);
125 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
126 box off

• Esempio 4. Grafica, per modello di Streteer-Phelps generalizzato, il vari
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contributi al deficit di ossigeno (CBOD, NOD, SOD, etc), la relativa somma,
D e la concentrazione di ossigeno disciolto, O, in funzione della distanza dalla
sorgente.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution of generalized Streeter −Phelps equation
4 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
5 % Definition and initialization of parameters and variable s
6 dx=100; %spatial integration pace, m
7 L x=200000; %total length of the domain, m
8 x=[0:dx:L x]; %computational domain along x axis
9 Q=16093.4; %river flowrate, l/s

10 Qw=160934; %wastewater mass discharge rate, mg/s
11 Bzero=Qw/Q; %ultimate CBOD concentration at x=0., mg/l
12 Bzero=10; %ultimate CBOD concentration at x=0., mg/l
13 Os=10.5; %saturated oxygen concentration, mg/l
14 Ozero=10.0; %dissolved oxygen concentration at x=0, mg/l
15 Dzero=Os−Ozero; %dissolved oxygen deficit at x=0., mg/l
16 Bzero=Qw/Q; %ultimate CBOD concentration at x=0., mg/l
17 U=0.3048; %mean stream velocity, m/s
18 H=3.0; %mean water depth, m
19 rd = 0.6; %CBOD deoxygenation rate, 1/day
20 ra = 1.0; %CBOD reareation rate, 1/day
21 rs = 2.0; %CBOD deoxygenation+sedimentation rate, 1/day
22 rn = 2.0; %NBOD deoxygenation rate, 1/day
23

24 rd = rd/86400; %CBOD deoxygenation rate, 1/s
25 ra = ra/86400; %CBOD reareation rate, 1/s
26 rs = rs/86400; %CBOD deoxygenation + sedimentation rate, 1/s
27 rn = rn/86400; %NBOD deoxygenation rate, 1/s
28

29 Nzero=2.; %NBOD concentration at x=0., mg/l
30 S=5.0; %Sediment oxygen demand g mˆ2/day
31 S=S* 1000/86400/100; %Sediment oxygen demand mg/(dmˆ2 −s)
32 SsuH=S/(10 * H); %Sediment oxygen demand mg/(l −s)
33

34 P R=1.5; %Daily averaged net primary production, mg/l/...
day

35 P R=P R/86400; %Daily averaged net primary production, mg/l/s
36

37 Bb=1.0; % Background BOD, mg/l
38

39 B=zeros(1,length(x)); % ultimate CBOD concentration along x, ...
mg/l

40 D=zeros(1,length(x)); % dissolved oxygen Deficit along x, ...
mg/l

41 O=zeros(1,length(x)); % dissolved oxygen Concentration ...
along x, mg/l

42 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
43 for i=1:length(x)
44 % ultimate CBOD concentration along x
45 B(i)=Bzero * exp( −rd * x(i)/U);
46 % dissolved oxygen Deficit along x
47 D(i)=Dzero * exp( −ra * x(i)/U) + ((rd * Bzero)/(ra −rs)) * (exp( −rs ...

* x(i)/U) −exp( −ra * x(i)/U)) ...
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48 + ((rn * Nzero)/(ra −rn)) * (exp( −rn * x(i)/U) −exp( −ra * x(i)/ ...
U)) ...

49 + SsuH/(ra) * (1 −exp( −ra * x(i)/U)) ...
50 + (−P R)/ra * (1 −exp( −ra * x(i)/U)) ...
51 + rd * Bb/ra ;
52 D0term(i)=Dzero * exp( −ra * x(i)/U);
53 CBOD(i)=((rd * Bzero)/(ra −rs)) * (exp( −rs * x(i)/U) −exp( −ra * x(i) ...

/U));
54 NBOD(i)=((rn * Nzero)/(ra −rn)) * (exp( −rn * x(i)/U) −exp( −ra * x(i) ...

/U));
55 Sterm(i)=SsuH/(ra) * (1 −exp( −ra * x(i)/U));
56 R P(i)=( −P R)/ra * (1 −exp( −ra * x(i)/U));
57 Bbterm(i)=rd * Bb/ra;
58 end
59 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
60 %plot results
61

62 figure(1); hold on
63 D0termplot=plot(x/U/86400,D0term, 'b −−' , 'LineWidth' ,1.5);
64 CBODplot=plot(x/U/86400,CBOD, 'b −' , 'LineWidth' ,1.5);
65 NBODplot=plot(x/U/86400,NBOD, 'c −' , 'LineWidth' ,3);
66 Stermplot=plot(x/U/86400,Sterm, 'r −' , 'LineWidth' ,2);
67 R Pplot=plot(x/U/86400,R P, ' −−g' , 'LineWidth' ,3);
68 Bbtermplot=plot(x/U/86400,Bbterm, 'r:' , 'LineWidth' ,2.5);
69

70 title( 'Influence of the various terms' , 'FontSize' ,12, ' ...
FontWeight' , 'bold' )

71 axis([0 5 −2 2])
72 xlabel( 'Travel time [days]' );
73 ylabel( 'D −− components [mg/l]' );
74 legend( 'D 0' , 'CBOD' , 'NBOD' , 'S' , 'R−P' , 'D b' )
75 set(gca, 'PlotBoxAspectRatio' ,[1 1 1]);
76 pause
77

78 figure(2)
79 D0termplot=plot(x/U/86400,D, 'b −' , 'LineWidth' ,2.5);
80 title( 'Dissolved oxygen deficit' , 'FontSize' ,12, 'FontWeight' , ' ...

bold' )
81 axis([0 5 −1 5])
82 xlabel( 'Travel time [days]' );
83 ylabel( 'D [mg/l]' );
84 set(gca, 'PlotBoxAspectRatio' ,[1 1 1]);
85 pause
86

87 figure(3);hold on
88 O(:)=Os −D(:);
89 plot(x/U/86400,O, 'k' , 'LineWidth' ,2.5);
90 Csatplot=plot([0,L x/U/86400],[Os,Os], 'k −.' , 'LineWidth' ,1.5);
91 title( 'Dissolved oxygen concentration' , 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
92 xlabel( 'Downstream disctance [m]' );
93 ylabel( 'O [mg/l]' );
94 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);

• Esempio 5. Ulteriore esempio di applicazione del modello di Streteer-Phelps
generalizzato.
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1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution of generalized Streeter −Phelps equation
4 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
5 % Definition and initialization of parameters and variable s
6 dx=500; %spatial integration pace, m
7 L x=1000000; %total length of the domain,m
8 x=[0:dx:L x]; %computational domain along x axis
9 Cs=10.5; %saturated oxygen concentration, mg/l

10 C0=10.0; %dissolved oxygen concentration at x=0., mg/l
11 D0=0.5; %dissolved oxygen deficit at x=0, mg/l D0=Cs −...

C0;
12 L0=10; %ultimate CBOD concentration at x=0., mg/l
13 N0=5.; %ultimate NBOD concentration at x=0., mg/l
14

15 rd = 0.3; %CBOD deoxygenation rate, 1/day
16 ra = 0.4; %CBOD reareation rate, 1/day
17 rs = 0.0; %CBOD sedimentation rate, 1/day
18 rr = rs+rd; %CBOD deoxygenation + sedimentation rate, 1/...

day
19 rn = 0.25; %NBOD deoxygenation rate, 1/day
20

21 rd = rd/86400; %CBOD deoxygenation rate, 1/s
22 ra = ra/86400; %CBOD reareation rate, 1/s
23 rr = rr/86400; %CBOD deoxygenation + sedimentation rate, 1/s
24 rn = rn/86400; %NBOD deoxygenation rate, 1/s
25

26 U=0.4; %mean stream velocity, m/s
27 H=3.0; % mean water depth, m
28

29 S=5.0; %Sediment oxygen demand g/(mˆ2 −day)
30 S=S* 1000/86400; %Sediment oxygen demand mg/(mˆ2 −s)
31 SsuH=S/H/10/100; %Sediment oxygen demand mg/(l −s)
32

33 P R=5.0; %Daily averaged net primary production, mg/l/...
day

34 P R=P R/86400; %Daily averaged primary production, mg/l/s
35

36 Bb=1.0; % Background BO Deficit, mg/l
37

38 L=zeros(1,length(x)); %CBOD concentration along x, mg/l
39 D=zeros(1,length(x)); %oxygen Deficit along x, mg/l
40 C=zeros(1,length(x)); %oxygen Concentration along x, mg/l
41 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
42 for i=1:length(x)
43 % ultimate CBOD concentration along x
44 L(i)=L0 * exp( −rd * x(i)/U);
45 % dissolved oxygen Deficit along x
46 D(i)=D0 * exp( −ra * x(i)/U) + ((rd * L0)/(ra −rr)) * (exp( −rr * x(i)/ ...

U)−exp( −ra * x(i)/U)) ...
47 + ((rn * N0)/(ra −rn)) * (exp( −rn * x(i)/U) −exp( −ra * x(i)/U)) ...

...
48 + SsuH/ra * (1 −exp( −ra * x(i)/U)) ...
49 + (−P R)/ra * (1 −exp( −ra * x(i)/U)) ...
50 + rd * Bb/ra ;
51 D0term(i)=D0 * exp( −ra * x(i)/U);
52 CBOD(i)=((rd * L0)/(ra −rr)) * (exp( −rr * x(i)/U) −exp( −ra * x(i)/U) ...
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);
53 NBOD(i)=((rn * N0)/(ra −rn)) * (exp( −rn * x(i)/U) −exp( −ra * x(i)/U) ...

);
54 Sterm(i)=SsuH/ra * (1 −exp( −ra * x(i)/U));
55 R P(i)=( −P R)/ra * (1 −exp( −ra * x(i)/U));
56 Bbterm(i)=rd * Bb/ra;
57 end
58 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
59 %plotting
60 figure(1); hold on
61

62 D0termplot=plot(x/U/86400,D0term, 'b −−' , 'LineWidth' ,1.5);
63 CBODplot=plot(x/U/86400,CBOD, 'b −' , 'LineWidth' ,2);
64 NBODplot=plot(x/U/86400,NBOD, 'c −' , 'LineWidth' ,2);
65 Stermplot=plot(x/U/86400,Sterm, 'r −' , 'LineWidth' ,2);
66 R Pplot=plot(x/U/86400,R P, 'g' , 'LineWidth' ,1.5);
67 Lbtermplot=plot(x/U/86400,Bbterm, 'r:' , 'LineWidth' ,1.5);
68

69 title( 'Influence of the various terms' , 'FontSize' ,12, ' ...
FontWeight' , 'bold' )

70 %axis([0 5 −2 2])
71 xlabel( 'Travel time [days]' );
72 ylabel( 'D −− components [mg/l]' );
73 legend( 'D 0' , 'CBOD B' , 'NBOD N' , 'S' , 'R−P' , 'B b' )
74

75 figure(2)
76 D0termplot=plot(x/U/86400,D, 'b −' , 'LineWidth' ,2.5);
77 title( 'Dissolved oxygen deficit' , 'FontSize' ,12, 'FontWeight' , ' ...

bold' )
78 %axis([0 5 −1 3])
79 xlabel( 'Travel time [days]' );
80 ylabel( 'D [mg/l]' );
81

82 figure(3); hold on
83 C(:)=Cs −D(:);
84 plot(x/U/86400,C, 'k' , 'LineWidth' ,2.5);
85 Csatplot=plot([0,L x/U/86400],[Cs,Cs], 'k −.' , 'LineWidth' ,1.5);
86 title( 'Dissolved oxygen concentration' , 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
87 xlabel( 'Travel time [days]' );
88 ylabel( 'O [mg/l]' );

• Esempio 6. Grafica: i) la concentrazione di CBOD, B, ii) il deficit di os-
sigeno, D, iii) la concentrazione di ossigeno disciolto, O, in funzione della
distanza dalla sorgente, in assenza e in presenza di dispersione longitudinale.
Evidenzia inoltre come allaumentare della velocità U tendano a dominare i
processi avvettivi, mentre allaumentare di K prevalgono i processi dispersivi.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution of the Streeter −Phelps equation
4 % generalized to the case of non negligible dispersion
5 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
6 % Definition and initialization of parameters and variable s
7 dx=100; %space integration step, m
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8 L x=200000; %0; %total length of the domain, m
9 x=[0:dx:L x]; %computational grid along x axis

10 xdisp=[ −L x:dx:L x]; %computational domain along x axis
11 %in the case of dispersion
12 Q=16093.4; %river flowrate, l/s
13 W=160934; %wastewater mass discharge rate, mg/s
14 Bzero=W/Q; %CBOD concentration at x=0, mg/l
15 Os=10.0; %saturated oxygen concentration, mg/l
16 Ozero=10.0; %oxygen concentration at x=0, mg/l
17 Dzero=Os−Ozero; %oxygen deficit at x=0, mg/l
18 U=0.3048, %* 10; %mean stream velocity, m/s
19 r d = 0.6; %deoxygenation rate, 1/day
20 r a = 2.0; %re−areation rate, 1/day
21 k r = 3.0; %deoxygenation + sedimentation rate, 1/day
22

23 r d = r d/86400; %deoxygenation rate, 1/s
24 r a = r a/86400; %re−areation rate, 1/s
25 k r = k r/86400; %deoxygenation + sedimentation rate, 1/day
26

27 Kx=10* 15* 2589988.11/86400; %Dispersion coefficient (mˆ2/s)
28 %1miˆ2=2589988.11 mˆ2
29 m 1=sqrt(1+4 * r d* Kx/U/U);
30 m 2=sqrt(1+4 * r a* Kx/U/U);
31

32 %case of non negligible dispersion
33 Bzerodisp=W/Q/m 1; %CBOD concentration at x=0, mg/l
34 Bdisp=zeros(1,length(xdisp)); %CBOD along x, mg/l
35 Ddisp=zeros(1,length(xdisp)); %oxygen Deficit along x, mg/l
36 Odisp=zeros(1,length(xdisp)); %oxygen concentration along x, ...

mg/l
37

38 %case of negligible dispersion
39 B=zeros(1,length(x)); %CBOD concentration along x, mg/l
40 D=zeros(1,length(x)); %oxygen Deficit along x, mg/l
41 O=zeros(1,length(x)); %oxygen Concentration along x, mg/l
42 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
43 % Case of pure advection
44 for i=1:length(x)
45 %CBOD concentration along x
46 B(i)=Bzero * exp( −r d* x(i)/U);
47 %dissolved oxygen Deficit along x
48 D(i)=Dzero * exp( −r a* x(i)/U) + ((r d* Bzero)/(r a−r d)) * (exp ...

(−r d* x(i)/U) −exp( −r a* x(i)/U));
49 %dissolved oxygen Concentration along x
50 O(i)=Os −(Os−Ozero) * exp( −r a* x(i)/U) − ((r d* Bzero)/(r a−...

r d)) * (exp( −r d* x(i)/U) −exp( −r a* x(i)/U));
51 end
52 % Critical Distance
53 x c=(U/(r a−r d)) * log((r a/r d) * (1 −(r a−r d)/r d* Dzero/Bzero)) ...

;
54 % Critical Deficit
55 D c=(r d* Bzero/r a) * exp( −r d* x c/U);
56

57 % Case of advection and dispersion
58 gdisp=0.5 * U* (1+m 1)/Kx;
59 jdisp=0.5 * U* (1 −m 1)/Kx;
60 for i=1:length(xdisp)
61 %CBOD concentration along x
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62 if xdisp(i) ≤0
63 Bdisp(i)=Bzerodisp * exp(gdisp * xdisp(i));
64 else
65 Bdisp(i)=Bzerodisp * exp(jdisp * xdisp(i));
66 end
67 %oxygen Deficit along x
68 if xdisp(i) ≥0
69 Ddisp(i)=(r d* W/(r a−r d)/Q) * (1/m 1* exp(U * xdisp(i)/2/ ...

Kx* (1 −m 1)) −1/m 2* exp(U * xdisp(i)/2/Kx * (1 −m 2)));
70 else
71 Ddisp(i)=(r d* W/(r a−r d)/Q) * (1/m 1* exp(U * xdisp(i)/2/ ...

Kx* (1+m 1)) −1/m 2* exp(U * xdisp(i)/2/Kx * (1+m 2)));
72 end
73 %oxygen concentration along x
74 Odisp(i)=Os −Ddisp(i);
75 end
76 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
77 %displays results on video
78 disp(sprintf( 'r a* Kx/U/U = %g' ,r a* Kx/U/U))
79 disp(sprintf( 'r d* Kx/U/U = %g' ,r d* Kx/U/U))
80 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
81 %plot results
82 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
83 subplot(3,2,1); hold on
84 plot(x,B, ' −−b' , 'LineWidth' ,2.5);
85 title( 'Ultimate CBOD concentration' , 'FontSize' ,12, 'FontWeight' ...

, 'bold' )
86 axis([ −L x L x 0 Bzero * 1.2])
87 xlabel( 'Upstream −Downstream distance [m]' );
88 ylabel( 'B [mg/l]' );
89 plot(xdisp,Bdisp, 'r' , 'LineWidth' ,2.5);
90 yaxisplot=plot([0,0],[0,Bzero * 1.2], 'k −' );
91 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
92

93 subplot(3,2,3); hold on
94 plot(x,D, ' −−b' , 'LineWidth' ,2.5);
95 title( 'Dissolved oxygen deficit' , 'FontSize' ,12, 'FontWeight' , ' ...

bold' )
96 axis([ −L x L x 0 2])
97 xcpointplot=plot(x c,D c, 'ob' );
98 set(xcpointplot, 'MarkerEdgeColor' , 'b' , ...
99 'MarkerFaceColor' , 'b' , ...

100 'MarkerSize' ,8)
101 xlabel( 'Downstream distance [m]' );
102 ylabel( 'D [mg/l]' );
103 plot(xdisp,Ddisp, 'r' , 'LineWidth' ,2.5);
104 yaxisplot=plot([0,0],[0,Bzero], 'k −' );
105 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);
106

107 subplot(3,2,5); hold on
108 plot(x,O, ' −−b' , 'LineWidth' ,2.5);
109 title( 'Dissolved oxygen concentration' , 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
110 axis([ −L x L x 8 12])
111 xlabel( 'Downstream distance [m]' );
112 ylabel( 'O [mg/l]' );
113 xcpointplot2=plot(x c,(Os −D c), 'ok' );
114 set(xcpointplot2, 'MarkerEdgeColor' , 'b' , ...
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115 'MarkerFaceColor' , 'b' , ...
116 'MarkerSize' ,8)
117 plot(xdisp,Odisp, 'r' , 'LineWidth' ,2.5);
118 yaxisplot=plot([0,0],[0,2 * Os], 'k −' );
119 Osatplot=plot([ −L x,L x],[Os,Os], 'k −.' , 'LineWidth' ,1.5);
120 set(gca, 'PlotBoxAspectRatio' ,[2 1 1]);

• Esempio 7. Grafica i) la concentrazione di CBOD, B, ii) il deficit di ossigeno,
D, in funzione della distanza dalla sorgente, nel caso di dispersione longitudi-
nale non trascurabile. Confronta inoltre il tasso di deossigenazione, rd con il
tasso di riossigenazione, ra. Grafica infine i flussi avvettivi e dispersivi.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Analytical solution of the Streeter −Phelps model
4 % generalized to account for dispersion
5 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
6 % Definition and initialization of parameters and variable s
7 dx=100; %space integration pace, m
8 L x=100000; %total length of the domain, m
9 xdisp=[ −L x/5:dx:L x]; %computational grid along x axis

10 % for non negligible dispersion
11 WsuQ=18.5; %CBOD concentration at x=0, mg/l
12 Os=10.0; %saturated oxygen concentration, mg/l
13 Ozero=10.0; %oxygen concentration at x=0, mg/l
14 Dzero=Os−Ozero; %oxygen deficit at x=0, mg/l
15 U=3.57 * 1609.344/86400; %mean stream velocity, m/s
16 r d = 0.15; %deoxygenation rate, 1/day
17 r a = 0.18; %reareation rate, 1/day
18 r d = r d/86400; %deoxygenation rate, 1/s
19 r a = r a/86400; %reareation rate, 1/s
20

21 Kx=15* 2589988.11/86400; %Dispersion coefficient (mˆ2/s)
22 % 1miˆ2=2589988.11 mˆ2
23 m 1=sqrt(1+4 * r d* Kx/U/U);
24 m 2=sqrt(1+4 * r a* Kx/U/U);
25

26 % non negligible dispersion
27 Bzerodisp=WsuQ/m 1; %CBOD at x=0, mg/l
28 Bdisp=zeros(1,length(xdisp)); %CBOD along x, mg/l
29 Ddisp=zeros(1,length(xdisp)); %oxygen Deficit along x, mg/l
30 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
31 % Case of advection and dispersion
32 gdisp=0.5 * U* (1+m 1)/Kx;
33 jdisp=0.5 * U* (1 −m 1)/Kx;
34 for i=1:length(xdisp)
35 %CBOD concentration along x
36 if xdisp(i) ≤0
37 Bdisp(i)=Bzerodisp * exp(gdisp * xdisp(i));
38 else
39 Bdisp(i)=Bzerodisp * exp(jdisp * xdisp(i));
40 end
41 %oxygen Deficit along x
42 if xdisp(i) ≥0
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43 Ddisp(i)=(r d* WsuQ/(r a−r d)) * (1/m 1* exp(U * xdisp(i)/2/ ...
Kx* (1 −m 1)) −1/m 2* exp(U * xdisp(i)/2/Kx * (1 −m 2)));

44 else
45 Ddisp(i)=(r d* WsuQ/(r a−r d)) * (1/m 1* exp(U * xdisp(i)/2/ ...

Kx* (1+m 1)) −1/m 2* exp(U * xdisp(i)/2/Kx * (1+m 2)));
46 end
47 end
48 % Advective fluxes
49 a Bdisp=U * Bdisp; % BOD
50 a Ddisp=U * Ddisp; % oxygen deficit
51

52 % Dispersive fluxes computed through
53 % the matlab function diff(X)
54 % type help diff(X) on matlab shell for more information
55 d Bdisp= −Kx* diff(Bdisp)/dx; %BOD
56 d Ddisp= −Kx* diff(Ddisp)/dx; %oxygen deficit
57

58 % Alternatively: dispersive fluxes computed through
59 % finite differences
60 %for i=1:length(xdisp) −1
61 % d Bdisp(i)= −Kx* (Bdisp(i+1) −Bdisp(i))/dx; % BOD dispersive...

flux
62 % d Ddisp(i)= −Kx* (Ddisp(i+1) −Ddisp(i))/dx; % Deficit ...

dispersive flux
63 %end
64 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
65 % diplay results on video
66 disp(sprintf( 'r a* Kx/U/U = %g' ,r a* Kx/U/U))
67 disp(sprintf( 'r d* Kx/U/U = %g' ,r d* Kx/U/U))
68 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
69 %plot results
70 figure(1)
71 subplot(2,2,1); hold on
72 yaxisplot=plot([0,0],[0,20], 'k −' );
73 plot(xdisp/1609.344,Bdisp, ' −b' , 'LineWidth' ,2);
74 title( 'BOD concentration' , 'FontSize' ,12, 'FontWeight' , 'bold' )
75 axis([ −20 60 0 20])
76 xlabel( 'Upstream −Downstream distance [mi]' );
77 ylabel( 'B [mg/l]' );
78

79 subplot(2,2,4); hold on
80 plot(xdisp/1609.344,Ddisp, ' −b' , 'LineWidth' ,2);
81 yaxisplot=plot([0,0],[0,6], 'k −' );
82 title( 'Dissolved oxygen deficit' , 'FontSize' ,12, 'FontWeight' , ' ...

bold' )
83 axis([ −20 60 0 6])
84 xlabel( 'Upstream −Downstream distance [mi]' );
85 ylabel( 'D.O. Deficit D [mg/l]' );
86

87 subplot(2,2,2); hold on
88 plot(xdisp/1609.344,(r d* 86400 * Bdisp), ' −b' , 'LineWidth' ,2);
89 plot(xdisp/1609.344,(r a* 86400 * Ddisp), ' −−b' , 'LineWidth' ,2);
90 yaxisplot=plot([0,0],[0,3], 'k −' );
91 title( 'Reaction Rates' , 'FontSize' ,12, 'FontWeight' , 'bold' )
92 axis([ −20 60 0 3])
93 xlabel( 'Upstream −Downstream distance [mi]' );
94 ylabel( 'r dB, r aD [mg/l −day]' );
95 legend( 'r dB' , 'r aD' );
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96 pause
97

98 figure(2)
99 subplot(2,2,1); hold on

100 plot(xdisp/1609.344,(a Bdisp * 86400/1609.344), ' −b' , 'LineWidth' ...
,2);

101 plot(xdisp/1609.344,(a Ddisp * 86400/1609.344), ' −−b' , 'LineWidth' ...
,2);

102 yaxisplot=plot([0,0],[0,60], 'k −' );
103 title( 'Advective Fluxes' , 'FontSize' ,12, 'FontWeight' , 'bold' )
104 axis([ −20 60 0 60])
105 xlabel( 'Upstream −Downstream distance [mi]' );
106 ylabel( 'Advective Fluxes [mg −mi/l −day]' );
107 legend( 'U \cdot B, BOD advection' , 'U \cdot D, Deficit ...

advection' );
108

109 subplot(2,2,3); hold on
110 plot(xdisp(2:length(xdisp))/1609.344,(d Bdisp * 86400/1609.344), ...

' −b' , 'LineWidth' ,2);
111 plot(xdisp(2:length(xdisp))/1609.344,(d Ddisp * 86400/1609.344), ...

' −−b' , 'LineWidth' ,2);
112 yaxisplot=plot([0,0],[ −6000,2000], 'k −' );
113 title( 'Dispersive Fluxes' , 'FontSize' ,12, 'FontWeight' , 'bold' )
114 axis([ −20 60 −60 20])
115 xlabel( 'Upstream −Downstream distance [m]' );
116 ylabel( 'Dispersive Fluxes [mg −mi/l −day]' );
117 legend( ' −K x dB/dx, BOD dispersion' , ' −K x dD/dx, Deficit ...

dispersion' );

• Esempio 8. Confronta la soluzione analitica per la concentrazione di ossigeno
disciolto, O, in funzione della distanza dalla sorgente, come conseguenza dei
diversi contributi, con la soluzione numerica. La soluzione analitica converge
verso la soluzione numerica.

1 clear all; close all; clc
2 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 % Comparison between analytical and numerical solution of t he
4 % generalized Streeter −Phelps model
5 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
6 % Definition and initialization of parameters and variable s
7 dx=1000; %spatial integration step, m
8 L x=1000000; %total length of the domain,m
9 x=[0:dx:L x]; %computational grid along x axis

10 Os=8.4; %saturated oxygen concentration, mg/l
11 Ozero=7.0; %dissolved oxygen concentration at x=0, mg/l
12 Dzero=Os−Ozero; %oxygen deficit at x=0, mg/l D0=Cs −C0;
13 Bzero=10; %CBOD concentration at x=0, mg/l
14 Nzero=5.; %NBOD concentration at x=0, mg/l
15

16 rd = 0.3; %CBOD deoxygenation rate, 1/day
17 ra = 0.4; %CBOD reareation rate, 1/day
18 rs = 0.0; %CBOD sedimentation rate, 1/day
19 rr = rs+rd; %CBOD deoxygenation + sedimentation rate, 1/...

day
20 rn = 0.25; %NBOD deoxygenation rate, 1/day
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21

22 rd = rd/86400; %CBOD deoxygenation rate, 1/s
23 ra = ra/86400; %CBOD reareation rate, 1/s
24 rr = rr/86400; %CBOD deoxygenation + sedimentation rate, 1/s
25 rn = rn/86400; %NBOD deoxygenation rate, 1/s
26

27 U=0.4; %mean stream velocity, m/s
28 H=3.0; %mean water depth, m
29

30 S=5.0; %Sediment oxygen demand g/(mˆ2 −day)
31 S=S* 1000/86400; %Sediment oxygen demand mg/(mˆ2 −s)
32 SsuH=S/H/10/100; %Sediment oxygen demand mg/(l −s)
33

34 P R=1.0; %Daily averaged net primary production, mg/l/...
day

35 P R=P R/86400; %Daily averaged net primary production, mg/l/s
36

37 Bb=0.; %Background BO Deficit, mg/l
38

39 B=zeros(1,length(x)); %CBOD concentration along x, mg/l
40 D=zeros(1,length(x)); %dissolved oxygen Deficit along x, mg/l
41 O=zeros(1,length(x)); %oxygen Concentration along x, mg/l
42 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
43 % Stationary analytical solution
44 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
45 for i=1:length(x)
46 %CBOD concentration along x
47 B(i)=Bzero * exp( −rd * x(i)/U);
48 %dissolved oxygen Deficit along x
49 D(i)=Dzero * exp( −ra * x(i)/U) + ((rd * Bzero)/(ra −rr)) * (exp( −rr ...

* x(i)/U) −exp( −ra * x(i)/U)) ...
50 + ((rn * Nzero)/(ra −rn)) * (exp( −rn * x(i)/U) −exp( −ra * x(i)/ ...

U)) ...
51 + SsuH/ra * (1 −exp( −ra * x(i)/U)) ...
52 + (−P R)/ra * (1 −exp( −ra * x(i)/U)) ...
53 + rd * Bb/ra ;
54 D0term(i)=Dzero * exp( −ra * x(i)/U);
55 CBOD(i)=((rd * Bzero)/(ra −rr)) * (exp( −rr * x(i)/U) −exp( −ra * x(i) ...

/U));
56 NBOD(i)=((rn * Nzero)/(ra −rn)) * (exp( −rn * x(i)/U) −exp( −ra * x(i) ...

/U));
57 Sterm(i)=SsuH/ra * (1 −exp( −ra * x(i)/U));
58 R P(i)=( −P R)/ra * (1 −exp( −ra * x(i)/U));
59 Bbterm(i)=rd * Bb/ra;
60 end
61 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
62 %plot results
63 figure(1); hold on
64 D0termplot=plot(x/U/86400,D0term, 'b −−' , 'LineWidth' ,1.5);
65 CBODplot=plot(x/U/86400,CBOD, 'b −' , 'LineWidth' ,2);
66 NBODplot=plot(x/U/86400,NBOD, 'c −' , 'LineWidth' ,2);
67 Stermplot=plot(x/U/86400,Sterm, 'r −' , 'LineWidth' ,2);
68 R Pplot=plot(x/U/86400,R P, 'g' , 'LineWidth' ,1.5);
69 Lbtermplot=plot(x/U/86400,Bbterm, 'r:' , 'LineWidth' ,1.5);
70

71 title( 'Influence of the various terms' , 'FontSize' ,12, ' ...
FontWeight' , 'bold' )

72 %axis([0 5 −2 2])
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73 xlabel( 'Travel time [days]' );
74 ylabel( 'D.O. Deficit [mg/l]' );
75 legend( 'D 0' , 'CBOD B' , 'NBOD N' , 'S' , 'R−P' , 'B b' )
76 pause
77

78 figure(2)
79 D0termplot=plot(x/U/86400,D, 'b −' , 'LineWidth' ,2.5);
80 title( 'Dissolved oxygen deficit' , 'FontSize' ,12, 'FontWeight' , ' ...

bold' )
81 %axis([0 5 −1 3])
82 xlabel( 'Travel time [days]' );
83 ylabel( 'D.O. Deficit [mg/l]' );
84 pause
85

86 figure(3); hold on
87 %calculates the oxygen concentration as Os −D
88 O(:)=Os −D(:);
89 plot(x/U/86400,O, 'k' , 'LineWidth' ,2.5);
90 Osatplot=plot([0,L x/U/86400],[Os,Os], 'k −.' , 'LineWidth' ,1.5);
91 title( 'Dissolved oxygen concentration' , 'FontSize' ,12, ' ...

FontWeight' , 'bold' )
92 xlabel( 'Downstream disctance [m]' );
93 ylabel( 'D.O. Conc. O [mg/l]' );
94 pause
95 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
96 %Numerical solution
97 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
98 duration=86400 * 12; %duration of the simulation
99 dt=1500.; %integration time step

100 ntime=ceil(duration/dt); %number of temporal steps
101

102 %CBOD and NBOD concentrations as a function of x
103 CBODnum(1)=Bzero;
104 NBODnum(1)=Nzero;
105 for j=2:length(x)
106 CBODnum(j)=CBODnum(j −1) * (1 −rd * dx/U);
107 NBODnum(j)=NBODnum(j −1) * (1 −rn * dx/U);
108 end
109

110 %Inizialization to zero of the oxygen concentration vector
111 Onum=zeros(ntime,length(x));
112

113 %concentration of the oxygen at the section x=0
114 %given as an external forcing (Ozero = 0 −−−> clear water)
115 Ozero=0;
116 Onum(1,1)=Ozero;
117

118 contafig=0.;
119 figure(4)
120 for i=2:ntime
121 Onum(i,1)=Ozero;
122 for j=2:length(x)
123 Onum(i,j)=(1/(1+ra * dt)) * (Onum(i −1,j) −(U * dt/dx) * (Onum(i ...

−1,j) −Onum(i −1,j −1))+dt * (ra * Os−rd * CBODnum(j)−rn * ...
NBODnum(j)+P R−SsuH));

124 concentrationplot(j)=Onum(i,j);
125 end
126 concentrationplot(1)=Onum(i,1);



236 Appendice C: Esempi dinamica inquinanti convenzionali

127 concentrationplot plot=plot(x,concentrationplot, ' −b' , ' ...
LineWidth' ,3.0);

128 axis([0 max(x) 0 11])
129 title([ 'Instant is ' ,num2str(i * dt), 's' ])
130 ylabel( ' oxygen concentration' , 'FontSize' ,12)
131 xlabel( 'x(m)' , 'FontSize' ,12)
132 hold on
133 Osatplot=plot([0,max(x)],[Os,Os], 'k −.' , 'LineWidth' ,1.5);
134 plot(x,O, 'r' , 'LineWidth' ,1.5);
135

136 %produces a movie directly from Matlab
137 set(gca, 'nextplot' , 'replacechildren' )
138 %contafig=contafig+1.;
139 contafig=1;
140 M(contafig) = getframe;
141

142 %print a series of numbered figures to be manages by
143 %another software in order to produce a movie
144 %print( ' −djpeg',['fig' sprintf('%g',contafig)])
145 end
146

147 %command to create a movie with Matlab
148 %disp('Playing the movie...')
149 %movie(M)
150 %movie2avi(M,'Conc O','compression','Cinepak','colormap',jet,'...

fps',20,'quality',100)
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