
Problem sheet 2: Measure theory
Functions theory 2024/2025

Exercise 1.
Let µ be a Radon measure on Rn. We define the support of µ as

supp µ = Rn \N where N = ∪{A ⊆ Rn, A open set, µ(A) = 0}.
Prove that x̄ ∈ supp µ iff

´
Rn f(x)dµ(x) > 0 for all f ∈ Cc(Rn, [0, 1]) with f(x̄) > 0.

Exercise 2. Let µ be a Radon measure on Rn and f ∈ L1(µ), with f ≥ 0.

(1) Show that for every ε > 0 there exists δ > 0 such that if A is a Borel set with
µ(A) ≤ δ then

´
A
f(y)dµ ≤ ε. Hint: argue by contradiction. Recall that if µ(A) = 0

then
´
A
f(y)dµ = 0.

(2) Show that ν(A) :=
´
A
f(y)dµ is a Radon measure.

Exercise 3. Let Hs the Hausdorff s measure in Rn. Show that if s < n, then Hs is not a
Radon measure.

Exercise 4. Let f : Rn → Rk be a Lipschitz function (that is there exists C > 0, called
the Lipschitz constant of f , such that |f(x) − f(y)| ≤ C|x − y| for all x, y ∈ Rn). Show
that for all s > 0 and all A ⊆ Rn, there holds

Hs(f(A)) ≤ CsHs(A)

where C is the Lipschitz constant of f .
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