PROBLEM SHEET 4: SOBOLEV SPACES

Exercise 1 (Sobolev spaces in dimension 1).

(1)

(2)

Let p € [1,+00]. Show that there exists a constant ¢ > 0 (independent of p) such
that for all u € WP(R) there holds u € L®(R) with |lul|z~ < ¢||ul|w1rs. So the
injection W1P(R) — L*°(R) is continuous.

Hint: by density reduce to u € C}(R). Take G(u) = |u|P~'u and write G(u(z)) =
[7 LG (u(t))dt.

Let ¢ € C}(R) and define u,(z) := ¢(z + n). Show that u, is bounded in W?(R)
for any p € [1,+o0] and that is does not admit any converging subsequence in
L1(R) for any possible g € [1, 4+00].

Exercise 2 (Characterization of Sobolev spaces). Let u € LP(R™). Define mu(z) =
u(x + h).

(1)

Show that if u € WP(RY) for p € [1, +00) then
I = ully < |A[[Vullp.

Deduce that if u € W,5P(RY) for p € [1,+00) then for all open bounded set 2 and
all w CC €, there holds

1 Thw — vl ey < [A][ VUl ze@) for |h| < dist(w o0N).
Iy
f

Su(z+th)dt. Recall
(t))dt

Hint: reduce to smooth functions and write 7, u(z)— =
Jensen inequality: for ¢ convex @(;= fab ft)dt) < b% f o(
Show that if u € WH(R”Y) then

[mnu = ulloo < [AIIVU][co-

So u € WH(RY) has a representative which is a Lipschitz continuous function.

Hint: Observe that if u € WH°(RY) then u € W, (RY) for all p < +o00. Now
use the fact that lim, o0 || fllr) = || fllzeo(o) if f € LI(Q) for all ¢ < 400 for O
bounded open set.

Let p € (1, 400]. Assume there exists C' > 0 such that
Imhu = ull, < Clh|
Show that u € WHP(RY) and C > || Vul|,.
Hint: Consider [py uletted) @) o) da for some ¢ € C°(R"). Apply Hélder, and

t
show that for every i, f]R" Uy, dr < C||¢||p.

Exercise 3. Let U be an open bounded set with C* boundary in R™ . Show that for all
we Wy (U) N W22(U) there holds

IVull3 < flull]| Auly

where Au = divVu (in weak sense).
Hint: Recall the density result and the definition of I/VO1 P Integrate by parts.



