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* Bisimilarity as a fix point

ro no bisimulations + largest

I
fix point

-> theoretically "nice"
-> algorithmic consequences

-> ossection language

* recursione

fact : IN -

fact(m) = &
1 n = 0

J

n A Ext (m-1) n = 0

-
property of the function

7 = G f 1 f :N +N3

F : g -0 7

F(f) (n) = (a
if n = 0

m x F(m - 1) if n > 0

we claim that the factorial function fact i such that

F(fact) = fact

i.. fact is a fixpoint of F

↑?
is there one fixpaint ?

~ more thon one ?



Knaster-Torski fixpoint theorem

Fixed points for monotone functions in complete lattices

SPECIAL CASE : powerset lattice

A set 2t = 2 x 1 x = A)

ordered by I

A
A = Ga , b , c) -

Ga
,
b3 for , d 3 & b

,
ch

& -↑ - - ↑

403 abb &C3
↑

S

* Monotone function
F : 21-24 monotome if X

,
Ve24

If XeX then f(x) = fux)

example : F : 2 -

monotone

f(x) = 203 u (x +z(x e x}

:
2 - 2

non monotone

g(x) = 203842x(x X

p = 213 g(0) = 1) g((23) = P - 423

even number



Koster-Torski : Given F : 2 - 24 monotone
.

Then I has

⑦ lorgest fixpoint Fix (f) = U 2x =21/x = f(x))

② Smallest fix point fix(f) = 12x + 2
+

/ f(x)= x]

(1) let Post = 2 x 21/ X = f(x)

X = U Post
-

↑ largest fixpoint of f

il fixpoint f(x) = XM

(ii) For all X'e2 if X = f(x) then XXy

() * XM E Post ref(x) (ay

for all X E Post X = 0 Post = XM

Xef(x) E f(x)

Xm = U Post = f(x)Life
↓

XePort F is monotone

from (1 and monotomicity of f

=F (f(x)

Frate post =M = fixm)

X = f(x)

Cit XM is the largest fixpoint

for all 24 , if f(x) = X then XePost X UPost = Xr

I



A
&

& 2A
· XM

Post

f
X

·

* If A is finite ·

A

A FAC
Un

F(A) Frase (f(a))
Un

EFCA

:

· Fix(f)

:
fix

Flop

Frog

⑧

define f(x fo(x) = X
S
f(x) = Eff(xy

OBSERVATION : IfA 1 finite & F : 2 - 24 momotore

Cas Fix(f) = f (a) for some Ken

(6) fix(f) = f(x) for some e

=
EXERCIE FOR EXAM



* Bisimilarity as a fixpoint

bisimulation R = 420cXP20C Re 2
POSXPO

If PR Q them (i) if P & P' then QQ'oma P'R Q
-

(P
,
Q E R (i) if QQ' then PP' and P'R Q

--

O'QYER
We con consider F : 2 oxP20s - ProxPro

F(R) = & (a))
(i) if P & P' then QQ'oma /P &QJER &(i) if QQ' then PP' and !QUER

D
Proc Proc
2

observe :

Gen R E Pros R is a bisimulation if

P
,
QUE R = (P

,
Q) E F(R)

i
.

e
.

R = F(R) R is a post fixpaint of F

② F is momotore

③ = U <RI R bisimulation] = UGR1 Repost

= Fix (F)
↑
Knoster-Torski

* If our procente are finite-state

N = Fix (F) = F /Proc X Proc

ProsXProc & F(ProcXProc) E FCF/pOXin) = .... = e

↑
equivalences
-



Prox Proc

↑d
p · ·

Q
↓

& ·
P

q

F(R) = (a))
) if P & P' ten QQ'ond Siaer &(i) if QQ' then PP' and !QUER

Example :

Q2 = c
.
Q4 a

o

Qu
Q1 = b

. Qz + a
. Q3

:Q = c
. Q4 M

- -
-

Q = b
. 22 + a . Q3 + a

.

Q2
C &

b Qu

Pros = 201
,
Q2

,
Q3

,
Q44

F (Procroc) = Proc Proc I = G(P ,
P) / P e Poc)

F (ProPros) = I (a ,
Q4)

,
(4

,
Qu

(92
, 23)

,
(as,23 u I

FC (P20c x 20) = 2 (92
,
Q3)

, (93 ,2) u I

F3 (20 x P(0) = F2(POP20c) = A

Complexity

n = # States m = # transition P
number of terations m

S O(mm2
O

cost of each iteration m
2



Can you do better ?

Omn) Kommel & Smolka 183

Olm en( Page & Toron ~ 87

E data structures

for porations

· Trace equivalence

P-space complete

spo
a

EXP-TIME

Infinite States

· bisimilarity is undecidable

· B (bosia parallel locene
-> bisimilarity is decidable

-> trace cquivalence undecidable

i

* Petri mets

all equivalences are undecidable
, reachability decidable ( but not

primitive
recursive (


