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Mathematical Programming models

min(max) f(x)

s.t. g,-(x) = b; (/= k)
gix)<b (i=k+1...
g(x)>b (i=kK+1...

x e R"
X1
X2
e x=| . | isa vector (column) of n REAL variables;
Xn

e f e g; are functions R" — R

e heR
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Linear Programming (LP) models

f e g; are linear functions of x

min(max) c1x1 + X2 + ... + CaXn

s.t. anx1+apxo+...+apxn, =bi (i=1...k)
apx1+ apxo + ...+ apx, < b; (I:k—{—l...k’)
apx1+ appxo + ...+ aipnx, > b; (i:k,—i-l...m)
xi €R (i:1...n)

Notice: for the moment, just CONTINUQUS variables are considered!!!

We need different methods for models with integer or binary variables.
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Resolution of an LP model

o fFeasible solution: x € R" satisfying all the constraints
o Feasible region: set of all the feasible solutions x

o Optimal solution x* [min]: ¢ x* < c¢Tx,V¥x € R", x feasible.

Solving a LP model is determining if it:
@ is unfeasible
@ is unlimited

@ has a (finite) optimal solution
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Solving an LP: example

The farmer problem:  max 6000 x7 + 7000 xp
s.t. xT+xp <11 7xr <70 3xp <18
10 xT + 20 xp < 145 x>0 xp >0

N 7xp =70 | —— Gradient of the objective
function

------- Level curves (orthogonal)
6000 x; + 7000 x, = K

N
Nxz- +20xp = 145

1 2 3 4 5 6 7
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Geometry of LP

The feasible region is a polyedron (intersection of a finite number of

closed half-spaces and hyperplanes in R”)

10,3
vertex

i fan
edge

1+

i
10031

0.3 1y

Zg +

3

r1+ 29+ 23
T1,%2,25 = 0

LEL

IA A TA LA
b o W N

LP problem: min(max){c’x : x € P}, P is a polyhedron in R".
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Vertex of a polyhedron: definition

@ z € R"is a convex combination of I5]
two points x and y if 3\ € [0,1] : 1 el
z=XMx+(1-N)y e

@ z € R" is a strict convex combination of two points x and y if
IXNe<(0,1)>:z= x4+ (1= N)y.

@ v € P is vertex of a polyhedron P if it is not a strict convex
combination of two distinct points of P:

Bx,ye P,A€(0,1):x#y,v=>Mx+(1-Ny
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Representation of polyhedra

. . . 4_|0o
z € R" is convex combination of “l6
: 7
xLx? XK i 3 A M A >0 X’ 5]
k k
Z)\,- =1land z= Z)\,-x’ e —‘]‘xl % 2+nx3+%x“
i=1 i=1 =S .
1|l T A2_|-7
= K

Theorem: representation of polyhedra [Minkowski-Weyl] - case ‘limited’

Polydron limited P C R", v, v2 ...,vk (v € R") vertices of P
if x € P then x = Y% A\v/ with \; > 0,¥i=1.kand S5 A =1

(x is convex combination of the vertices of P)

L. De Giovanni Linear Programming and Simplex

8/46



Optimal vertex: from graphical intuition to proof

Theorem: optimal vertex(fix min objective function)

LP problem min{c”x : x € P}, P non empty and limited
@ LP ha optimal solution

@ one of the optimal solution of LP is a vertex of P

Proof:
V={viv?... vk} v =argminc’v
veV
k k k k
c'x=cT g v = g NicTvi > Z/\,-CTV* =clv* Z/\,- =clv*
i=1 i=1 i=1 i=1
Summarizing: Vxe P, cTvi<cTx [ |

We can limit the search of an optimal solution to the vertices of P!J

L. De Giovanni Linear Programming and Simplex 9/46



Vertex comes from intersection of generating hyperplanes

max 13x; + 10x
s.t. 3x1 + b4 < 24
x1 + 4x, < 20
3x1 + 2x% < 18
Xy X1 ) X2 Z 0
N T B=ane (2,9/2)
A BN C=elNe (4,3)
__________ NN E=e3n(a=0) (6,0)
62 %0:(X1:0)0(X2 :0)
. N L A=e2Nn(x=0) (0,5)
E S Cooptimum!]
. e
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Algebraic representation of vertices
Write the constraints as equations

5 — 3 = 2 degrees of freedom:
we can set (any) two variables to 0 and obtain a unique solution!

+ 4X2
4x>
+ 2X2

+ s = 24

+ S = 20
+ s3 = 18

= " s=5=0 (2,9/2,0,0,3) B
i X1=52=0 (0,5,4,0,8) A
A B
o ss=s3=0 (3.2,4.2,-2.4,0,0)
not feasible!
el
0 =)
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Standard form for LP problems

min  CixX1 + Gxo + ...+ ChXp
s.t.  ajixy+ apxe+ ...+ apxn = b; (i =1... m)
xi € Ry (i=1...n)

minimizing objective function (if not, multiply by —1);

- variables > 0; (if not, substitution)
- all constraints are equalities; (4/— slack/surplus variables)
- b >0. (if not, multiply by —1)
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Standard form: example

max 5(—3x; +5xx — 7x3) + 34
s.t. —2x1+Txo+6x3 —2x1 <5
—3x1+x3+12 > 13

X1 +x < =2

X1§0

x2 >0
f=-x (%1>0)
X3:X3:F—X37 (3+20 , X3 >0)

min —3)?1—5X2+7X§_—7X3_

s.t. 4)?1+7x2+6xgr—6x3_+51:5
3)?1+X;_—X3_—52=1
)?1—X2—S3:2

2120, x%>0,x >0,x >0,5>0,5>0,s3>0.
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Linear algebra: definitions

Vi
V2

column vector v € R™1: v =

Vn

e row vector v € R¥™": v = [vy, v, ..., v

a1l a1 dlin
. a1l ali2 dln
@ matrix A ¢ R™" = .
dml adm2 -~ dmn
n
o v,w € R", scalar product v - w = Z viwi=viw=w'v
i=1
e Rank of A€ R™*", p(A), max linearly independent rows/columns
e B € R™™ jnvertible <= p(B) = m <= det(B) # 0
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Systems of linear equations

@ Systems of equations in matrix form: a system of m equations in n
variables can be written as:
Ax = b, where Aec R™" hc RM™e x € R".

@ Theorem of Rouché-Capelli:
Ax = b has solutions <= p(A) = p(A|b) = r (00"~ " solutions).
o Elementary row operations:
> swap row i and row j;
» multiply row i by a non-zero scalar;
» substitute row i by row i plus « times row j (a € R).
Elementary operations on (augmented) matrix [A|b] leave the same
solutions as Ax = b.

o Gauss-Jordan method for solving Ax = b: make elementary row
operations on [A|b] so that A contains an identity matrix of
dimension p(A) = p(A|b).
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Basic solutions

e Assumptions: system Ax = b, A€ R™*" p(A)=m, m<n

Basis of A: square submatrix with maximum rank, B € R™*™m

A=[BIN] BeR™™M det(B) 0

X
X = B ,xg € R xy € R"™™™
XN

Ax:b:>[B\N][§B ] = Bxg + Nxy = b
N

Xg = B~1p— B_lNXN

e imposing xy = 0, we obtain a so called basic solution:
X — X | _ B~ 1h
- XN o 0

many different basic solutions by choosing a different basis of A

variables equal to 0 are n — m (or more: degenerate basic solutions)
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Basic solutions and LP in standard form
min  cix1 + &xo + ... + ChXp
st. ajpxy +apxo+ ...+ apxy, = b; (i =1... m) s.t. Ax
xi € Ry (i=1...n)
e basis B gives a feasible basic solution if xz = B~1b

>0
3x1 +4x2 +s1 = 24 3 4 1 0 0 24
x1  +4x +s = 20 A= 1 4 0 1 O b= 20
3x1 +2x2 +s3= 18 3 2 0 01 18
3 4 0
Bi=|1 4 0
3 2 1
2
XB = b = 4, 5
3

x
2
I
L — |
g o
| I
I
| — |

x"=(29/2003 — vertex B
3 40
Bo=|1 4 1
3 20
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Vertices and basic solution

Feasible basic solution ~~ n — m variables are 0 ~~
intersection of the right number of hyperplanes ~~ vertex!

PL min{c"x: Ax = b,x > 0} P={xeR": Ax=b,x >0} J

Theorem: vertices correspond to feasible basic solutions

(algebraic characterization of the vertices of a polyhedron)

x feasible basic solution of Ax =b <<=  xis a vertex of P

Corollary: optimal basic solution

If P non empty and limited, then there exists at least an optimal solution
which is a basic feasible solution

T



Algorithm for LP (case limited): sketch

Consider all the feasible basic solutions:
@ put the LP in standard form min{cx : Ax = b, x > 0}
incumbent = +o0

repeat

let B be the corresponding submatrix of A

o

o

@  generate a combination of m columns of A

o

Q@ if det(B) == 0 then continue else compute xg = B~1b
(7

if xg > 0 and chB < incumbent then update incumbent

@ until(no other column combinations)
n! . .
; basic solution!!!

Complexity: up to n =
piexity- up m ) ml(n—m)

= Symplex method: more efficient exploration of the basic solutions
(only feasible and improving)
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Example

LP problem in standard form:

min z=—-—13x; — 10x
s.t. 3x1 + dxy + s = 24
x1 + 4x + S5 = 20
3x1 + 2xo + s3 = 18
xx , X , s , % 5, s3 =2 0
an initial basic feasible solution (vertex B):
3 4 07 10
e B=|1 40 N=1]0 1
3 2 1] 00
[ 2
@ Xp = 9/2 XN:|:51:|:|:0:|
3 S2 0
@ zg=cC x—chBJrchN——?l
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Example
Change basis: New basic solution = one non-basic variable increases

affecting xg and zp
xg = B7lb—B INxy
Tx =chxg+cyxny=ch(B7b— BN xy) + cf x
= cAB b+ (cf — cEBTIN) xy

z = C

Write xg and z as functions of only non-basic variables J

For the sake of manual computation, use Gauss-Jordan:

Ax = b ~ [BN|b] ~ [B'B=IBN=N|B'h=>b]

XB:E—I\-/XN zZ = ...
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Example x1

3
1
3
(R1/3) 1
(R2 — R1/3) 0
(Rs — Ry) 0
(R1—1/2 Ry) 1
(3/8 R) 0
(R3 + 3/4 R2) 0
X1
X2
$3
z = —13x3 — 10x

X2

N

4/3
8/3
-2

[y

9/2

—71

S1

1
0
0

1/3
~1/3
-1

1/2
~1/8
—5/4

1/2
1/8
5/4

21/4

S2

—

—

~1/2
3/8
3/4

S1
S1

S1

S1

24
20
18

12
—6

9/2

1/2
3/8
3/4

11/4

S2
S2
S2

2

L. De Giovanni Linear Programming and Simplex

22 /46



Example

z = —71 —|—21/4 S1 —11/4 S J

@ In order to minimize, it is convenient to increase s, (and keep s; = 0)

o Equalities have to be always satisfied...:

xx = 2 4+ 12 s
X2 = 9/2 — 3/8 S2

@ while preserving non-negativity:

x>0 = 241/25,>0 = s > —4 always!
x>0 = 9/2-3/85>0 = s < 12
s3>0 = 3—3/45220 = s < 4

@ New feasible and better solutions with sy =0and 0 < s, < 4

@ s, = 4 = s3 = 0: new basic, feasible and better solution

L. De Giovanni Linear Programming and Simplex 23 /46



Example

New basic solution! s, (now > 0) takes the place of s3 (now = 0):

340 10 X1 4
B=]11 41 N={0 0 xg=| x | =] 3
320 0 1 S2 4

5 0
XN:|:S; =10 zg=c'x=ckxg+cjxn=—82

Same arguments as before: xg and z as a function of xy:

X1 = 4 + 1/3 ST — 2/3 S3
X = 3 — 1/2 S1 — 1/2 S3
Sy, = 4 + 5/3 ST — 4/3 S3
z = 82 + 2/3 s + 11/3 s

Optimal solution! Visited 2 out of < g ) = 10 possible basis
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LP in canonical form

PL min{z = ¢"x : Ax = b, x > 0} is in canonical form with respect to
basis B if all basic variables and the objective are explicitly written as
functions of non-basic variables only:

z=2p + oy XN + Cw XN, oo+ Oy

n—m) XN(nfm)

XB, = b,‘ — 5,‘[\/1 XN — 5,'/\/2 XNy — -0 — giN(n—m) XN(n—m) (I = lm)

Zg scalar (objective function value for the corresponding basic solution)
b; scalar (value of basic variable /)

Bi index of the i-th basic variable (i=1...m)

N; index of the j-th non-basic variable (j =1...n—m)

coefficient of the j-th non-basic variable in the objective function (reduced cost of
the variable with respect to basis B)

coefficient of the j-th non-basic variable in the constraints that makes explicit the
i-th basic variable
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Simplex method: optimality check

@ Reduced cost of a variable: marginal unit increment of the objective
function

@ The reduced cost of a basis variable is cg, = 0

Theorem: Sufficient optimality conditions

Given an LP and a feasible basis B, if all the reduced costs with respect to
B are > 0, then B is an optimal basis

¢G=>0,Vj=1...n = B optimal

o Notice: the inverse is not true! [there may be optimal basic solutions
with negative reduced costs]
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Simplex method: basis change

From feasible basis B, obtain a B adjacent, feasible, improving

One column (= variable) enters and one variable leaves the basis

Entering variable (improvement): any x, : ¢, <0

zZ=2g+ Chxn = Zg < ZB

e Leaving variable (feasibility): [min ratio rule]

i} ) b .
XB,-20 = bj—apx,=>0Vi = th_f’,VIZa,'h>O
aip
b
t=arg min < — :3;, >0
i=1..m | ajp
b; :
Xh = = >0 = xp, =0 [xg, leaves the basis!]
th
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Simplex method: check for unlimited LP

o Let x4: ¢y <O.
z = zZg + Chn Xn

XB; — E,‘ — 3jn X (I:]_m)

o If 3;, <0, Vi=1...m, feasible solution with x, — +00

Condition of unlimited LP
There exists a basis such that

Ixp: (Gh < 0 A (Gn < 0, V i=1...m)

L. De Giovanni Linear Programming and Simplex 28 /46



Simplex method: summary

Init: PL in standard form min{cx : Ax = b, x > 0}, and an initial
feasible basis B

repeat

write the LP in canonical form with respect to B
z = 213 + Cny XNy + Chp XNy + v EN(nfm) XNy m)
XB; = b,‘ — 5,'/\/1 XNy — 5,’/\/2 XNy — oo — éiN(n—m) XN(n—m) (i =1... m)
if (¢; >0,V ) then B is an optimal basis: stop
if (3h:¢, <0and 3y <0, Vi) then unlimited LP: stop
Entering variable: any x, : ¢, <0
Leaving variable: xg, with t = arg min {f)' D aip > 0}
i=1..m | ajp
B+ B® A, © Ap, [basis change]
until (LP optimum found or unlimited)
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Simplex tableau
@ Represent the canonical form, can be used to operate Gauss-Jordan
e Objective function as a constraint (imposing the value of a new

variable z):
zZ=cx1+oxo+...+chxp ~ axitoxo+...+cpx,—2z=0

XB, o XB,, XN, . xN,_, z b
riga 0 cg0 0|chO 0| —1|00
riga 1 1 0 O O 0| 0O

B . NO . O | : | b0
riga m 0 1 | O 0 | O

Tableau in canonical form
o Elementary row (z included) operations: up to reading xg (and z) as

functions of xp
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Tableau and canonical form

XB, - XB,, XN, o XN,
—z 0 0 ] U, CN,_
XB; 1 0 O e D51 Ny e 51 N,
XB; ] ... La; Ny o ain,
XBm, 0 1 O . Dém Ny . §m N
z = 2zg + ENl XNy + EN2 XN, 4+ ... + EN(nfm) XN(nfm)
XB; = E,’ — .5,'/\/1 XN — 5,’/\/2 XNy — o0 — 5;/\/(”7,") XN(nfm) (i =1... m)
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Retrieving an intial feasible basis: two-phases method

@ Phase I: solve an artificial problem

wi= minw= 1Ty=yi+y+-+ym "
s.t. Ax+ly=b y= € RY
X,y 20 Ym

If w* > 0, the original problem is unfeasible, stop!
If w* =0, theny =20
> if some y in the (degenarate) basis, change basis to put all y out, thus
obtaining an xg feasible for the original problem!

@ Phase II: solve the problem starting from the provided basis B
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Simplex algorithm with matrix operations (i)

minz= c’x minz = C;XB—FC,;’I—XN
st. Ax =b st. Bxg+Nxy =0b
x >0 xg,xy >0
standard form with (feasible) basis
xg = B7'b—B INxy
z = cgxg+cyxn=chiB b+ (cf — cEBIN) xy
—Zz + E,CXN = —zp e b=B"1p
Ixe + Nxy = b e zg=cAiB7'b
o N=B"1IN
canonical (or tableau) form °0 &) =cf —cfBIN
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Simplex algorithm with matrix operations (ii)

Map the coefficients of the canonical form...

z = 2z + G, Xy + Gy Xy, + ...+ Coom) XVom)
Xg, = b — Ay, Xuy — iy, Xyy — .. — 5,',,(n_m) Xt m)
X,Bm = b,' — 5i1/1 X,,1 — 5,',/2 Xl,2 — e — 5,'1,("_,”) Xy(n_m)
—Zz + EX,—XN = —zp
. into matrix operations
Ixg + Nxy = b
e b=B1b ® b =[B!
_ Tp-1 P T B 1 _ Tb

@ zs=cgB b u =cg zZg=u
e N=B"'N ® N, =B'N,
@ &l =ci —cEBIN ° E,,j:[E,C]l,j :c,,j—uTNl,j
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The (revised) simplex algorithm

Q Let S[1], ..., B[m] be the column indexes of the initial basis

Q Let B = [Agpyl...|Agpm| and compute B e u” = cf B!

© compute reduced costs: ¢, = ¢, — u’ Ay, for non-basic variables xp,
@ If ¢, > 0 for all non-basic variables x;, STOP: B is optimal

© Choose any x; having ¢, <0

@ Compute b=B7tb=[ b; ]:":1 e Ap=Ny=B"1A, =1 a ]:11
@ If 3;, <0,Vi=1...m, STOP: unlimited

@ Determine t = argminj—1._m {l_);/é,-h, 3ip > 0}

@ Change basis: ([t] <+ h.

@ lterate from Step 2
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Example

Solve:
max 3x1 + X — 3x3
s.t. 2x1  + X — x3 < 2
x1 + 2%y  — 3x3 < b
2x1 + 2x0  — x3 < 6
x>0 , x>0 , x3<0
Standard form
min —3X1 — X2 — 3)'?3
s.t. 2x1 + X + X3 + x4
x1 + 20 + 3% + X5
2x1 + 2% + X3 + x5
X1 5 X2 3 )?3 , X4 , X5 , X6

AV

[e> RN @) BNE) BN \O)
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Matrices and initial basis

min —3X1 — X2 — 3)?3
s.t. 21 + x2 + X3 + xq
x1 + 2x0 + 3%3 + x5
2x1 + 2x% + X3
xx o, X 5, X3, x4 , X
2|1
A:[Al‘Ag‘A3‘A4‘A5‘A6]: 1]2
212
xT = [ X1 Xo X3 X4 X5 Xp ] cl =

+ Xe

1/0
0|1
00

= 2
= 5
- 6
> 0
0 2
0| b=1|5
1 6

[-3 -1 -3 0 0 0]

Feasible initial basis (suppose given): B = [A4|As|As]

plil=4 P2l =5

sl =6

L. De Giovanni Linear Programming and Simplex
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Iteration 1: steps 2-5

XEZ[X4 X5 Xﬁ] C;—:[O 0 0]
100 100
B=]|0 10 Bl=]|010
0 0 1 0 0 1
100
u'=cfB'=[0 0 0]|0 1 0|=[00 0]
0 01
SR
51:C1—UTA1:—3—[0 0 0] 1 =-3-0=-3
2
:1=
EQZCQ—UTAQZ—].—[O 0 O] 2 | =-1-0=-1 h=2(x enters)
2
:1:
E3ZC3—UTA3:—3—[O 0 0] 3 =-3-0=-3
1

L. De Giovanni Linear Programming and Simplex
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Iteration 1: steps 69

1 00 2 2 xa
b=B=|01 0 [5 =15 X5
001 6 6 X6

100 1 1

A,=B 1A, =101 0 2 | =12

001 2 2

2
}=arg (I) =1 ~ xa leaves

(column 2 replaces 5[1] that was 4)

Nlo1
NI

t:argmin{ %

sl =2

39 /46
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Iteration 2: steps 2-5

=[x x x| cg=[-10 0]
100 100
B=]1210 B'=|-210
2 01 -2 0 1
[ 100
u'=c¢gBt'=[-100]|-210|=[-10 0]
| -2 0 1
.
G=a-uA=-3-[-100]|1]|=-3-(-2)=-1
_2_
F 1T
G=c-uAg=-3-[-100]|3|=-3+1=-2 h=3
1
S (X3 enters)
1T
G=ca—-uAy= 0-[-100]|0|=0-(-1)=1
0
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lteration 2: steps 69

1 00 2 2 X0
b=Bb=| -2 10 51 =11 X5
-2 0 1 6 2 X6
100 1 1
A,=B1A3=| -2 1 0 3| = 1
-2 0 1 1 -1

1
t=argmin{ 2 1 X }zarg(I):2 ~ x5 leaves

(column 3 replaces column §[2] that was 5)

pl2] =3

L. De Giovanni Linear Programming and Simplex
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Iteration 3: steps 2-5

X;:[XQ X3 X6] CBT:[—l -3 0]
110 3 -10
B=1]2 30 Bl=| -2 10
2 11 —4 11
[ 3 -1 0
ul=c¢fB'=[-1 -3 0]| -2 10|=[3 -2 0]
-4 11
[ 2
C1=C1—UTA1——3—[3 -2 0] 1 :—3—(4):—7 h=1
2

(x1 enters)

It is not necessary to compute all reduced costs, stop as soon one of
them is negative!
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Iteration 3: steps 69

b=B1lp=

Ah = B_lAl =

t:argmin{ %

3 -1 0 2 1 X
—2 10 50 =11 3
4 11 6 3 X6

3 -1 0 2 5

2 10 1|=1|-3

4 11 2 -5

1
X X }=arg <g> =1 ~ xp leaves

Bl =1 (column 1 replaces column S[1] that was 2)

L. De Giovanni Linear Programming and Simplex
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Iteration 4

xp=[x % x| cg=[-3 -3 0]
2 10 3/5 —1/5 0
B=|1 30 Bt=|-1/5 2/5 0
2 11 ~1 0 1

ul =B =] -3

3/5 —1/5 0
-3 0][—1/5 2/5 0]:[—6/5 ~3/5 0]
-1 01

1
G=c-uTA=-1-[ —6/5 —3/5 o][z]:—1—(12/5)=7/5

2
E4=C4—UTA4=0—[—6/5 —3/5 0] :0—(6/5):6/5

GG=cs—u'As=0-—[ —6/5 —3/5 0| =0-(3/5)=3/5
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Optimal solution
Standard form (the one we solved by simplex method

X1 3/5 ~1/5 0
oxi| % | =B1b=] -1/5 2/5 0
X6 -1
o x{ =1/5;x3 =0; 85 =8/5; x; =0; x O'x6:
1/5
o ziyy=c'x*=ckxf=[-3 -3 0] 8/5

Optimal solution for the initial problem:
e xf=1/5

x; =0

x5 =—-X =-8/5

Zyax = —Zyn = 27/5.

L. De Giovanni Linear Programming and Simplex

first constraint satisfied with equality (since x; = 0)

1/5
8/5
4

= _27/5

second constraint satisfied with equality (since x = 0)
third constraint satisfied with a slack of 4 (since x§ = 4)
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