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Need a motion of continuity wist, mesuces

Let9 be comact metic space with distance al(-,)

Look for a metric on PCC) <-> weak if anvergence.

Lef. P = 1, M, VEIP(G),Monge -Kantoworich olstane

(frosport...

%(n,r): =int(((,d(42"d8x,2), relaxal with
marginals (453

Menficae means f(BX4)
=

M(B), 5(QXB) =(B)
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Tum. Upr1 op is a metric on P(a) K

dp(Mn, M) t o ElM
asn-

Rot. [Cand] IF. Santamblogo.... Opt transhort far?
applied math.

P
=

z Wassenstein distance See Villani's books I

We use p=t., b= Kantororich-Rubinstein
est.

Duch famulation:



Thm. (K-R) Fr, reP(a)

d,(n,r) =sup[S, YN) dr-r) (x), 4:Q-
R Lip. with

ILipy
=1

If we lefs, above. B

We will stuoly (MFR) UNDER PERIODICITY ASSUMPTIONS

on the date F(x + k,M) =FCx,h) med

f(x +h) =g(x) mo(X +k) =mo(x)

FLAT TORUS I e
i

gecol mens8 actinuous in*"-periodic.
Basic contity on F

(F) F: TYxP(44) - icent, w.e.t. 10bx de

Exemple F(x,) =(qdk(x -z)dn(z) REPCTY
Label KELip (*), Lipk =11.

claim F:*PT")-RisLip.

(F(X,m) -F(z,r)) =))(k)+-2) - k(z- z)da(a))+
Ilz,u)

it
-x -z

+IS,kz- a)de(g) - fak(z-dr(a))
lastthe

-x-zId8+i/ad(-a
-Lip =1



=()+ -z+d,)r,w) =F is lip with ast. In
B
-

We study
-4 +HD+4) =f(x,m) in 4x50,55

(MF9) S M) -
dir (mDH(D(4) =0
x

m(x,0) =mo(t), u(x,T)
=f(x)

Def Apain (n, m) is a sol of(MFa) in4x(0,5) if

· ue Lipo** [o,T])

· mCo,t) is the density of MeP(T"), M.*4[0T, (T)

11mCo, +110-3It

C insolves 14eq. Viso. Sense

· m solves 24eg. WEAE SENSE

· m(x,0) =moC), u(t) =g(t) FraTY.

For UNIQUENESS We webe MONONMCITY Ass. oh F:

(Cesey-Lichs).

(M) 1,Fx,m,) - F(1,1)d(r, -2) 0
Fr,EYM, FMe

#.1M =mdxf(x,r) =f(x,m(x)

A: 1R"+ [0, +o) +i. Then (M) holds if 2xf(x,n) is

strictly increasing Fx:



I(f(x,mi) - f(t,mi) (m,() - m,(x) d1 >0 ifha sole

ine m,() +m,(x)
>0 ifm,() +m)

AB.= (M1 means."CROWDER PLACES On COSTLY
"

Ruck the last ex does Not satisfy (F).

Runk. Without (M) I executes of (MFS1 with multiple
solutions.

5(π-)
EX.2 F(x,n) =f(0,m ={()) =5(t) E EVEN

h= und Ias in Ex.1,0.
HwI check (F)

F(x,m) =1,f(1,1,5(2 -z)m(t)d)3(x -z)dy :(M)?

(FC+, m,) - FCx, wall (m, -m) dx =HW aseFubini
Sid $S ENEA

=If(9,1
-f12,27/2,9 -Ese

ifm, Imm

&

TheoemAss. Hec icouver, I sats. (I) 4(M).

M, m, 1, (42, m2) are solutions of(MFC) =>

n=42, m,
=

m,:

#. For implicity only for clessical solutions: this

asumption can be removed by an approximation argument.



ne =n,-42, m =m, - me seticfy.

(1)
- uf

=
- H(Du,) +H04) + F(m,) - F(m)

(2) S My
=dir(mmDHDua

(BC mIt =0
=0,u)

+ =t

=0

Mut. (e) by u st S -

0 id

T

*=_m +
ndxdt=S a dir G d tolt
-

Il 0 o = div (241-4.ru
-
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I mudx-f↳7
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-4x
Il

+ =T_ Imu,dx=-tadtett exten-(F) =-andr),
=0 I

↓

- t !In 400 da

=0 by(BC) 24d
-

=0 by
=0 =S(alm4+ - Gru)drot= periodicity

*(H(Du,) -HDun) +F(m) -F(m)) dad-
- u.(m, DHDn.) - m4H(Duel)

drdt =

=I(,(m, - we)(F(m) - F(m,))dxdt +

->I [Im, -mm) (HDn,) -H(Dur) - (Du, -Paz) ·(2, DHa.) -2DH(Du]
o zolf



CLAIM:[...] s0,Pf ofClain:Haver &C

=tp, ERYHIP.) - HIP2) =DHCP2)· (P. - Pel +m =0

H)P2) IHIP,) +..---- H(P.) - H(R) - DHCP) · (P, -R) +m, 20

Sustrect2st fun 24%:

(m, -m((P.) - #(P2)) - (0, - P2) (m, DH)P,) - m2 DH/P2))

P,
=DU, , Pz =DY =>CLAIM

=> 0 = ()--(F(x,m) - Fs+,m,))(m - m2) dxdt
↳

<0 It $C0 et F:

m, (,E) =m,1,7)

Intend (pol) (C) is out.in time

=>2,7,t) =m2(t) 5 xtt.

-F(x,m,) =F(+m)) =u; selre the

seme H-5 eg, by unig of visco. Solo I jet

~,
=

42 B

AN EXISTENTETHEMLe CMFCY. Assume

(F2):7230: FuEPCT")

(P((F)+,a)) +(4,F(x,x)) +14 xFxx,))) -2



ExF(x,h) =(k(x -y)dr(2) kecπ")

( F1 =sup(k)(dM?) = Il KIle Fer

4
-
F(x,r) =f+dk(x

- y)dr(y) =(4,Fsx,r) =(14klle

12
+F(4)

=(04k(x-y)dr) =12x)/2142k

=>F sets. (F2)
-

B

Tale (MFC) with H(p1=1 =DH=0

CMESI becomes

- 4+ -> u=FC
(MFa' I 2 - dim (mDu) =a

mIt ==m., 1+
=
+-8

IhmAss. (F) $(F2), m. eLT), geCCT" (ingre
=>Ia solution to (MF9'.

outline ofthe proof:

Step-12: = ( meC(to,T], PCTil):mc01 =mo]
itis Beach Spay C(0, T], MCT*) With sun-nah

&its CONVEX.

I

sigled measures

Step? For met solve



(H3)G
-
4
++i =F(x,m(t)) has & vist

u(0,T) =f
*

f(x,t) cont
solu

Iy!m 1 u

Sten.3 given u find ei ↳i te
(CE)

I 4-
dir (MPU) =0

HARDEST STEP.
-

h(x,0) =in

step.? met == =1.I,!2 -2

a fixed pointof1 -> solofMFCY

2p5 useschaben to get 5 offixed point.


