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LINEAR-QUADRATI DIFFERENTIAL GAMES

↳ mz
y =Ay +B, a +Bzb,11T,.a =a,e,b =a,tR

i=

ijx,t,an6)!= -Teletiges + lade +yy

Pel-Hamiltonieus:

I*(a,b,x,Ri) =PT(A x +B,c +B2b) - XX -a as 1a-> +

=5 UNIQUE MATin a

&B(2,3,x,P) =PI(Ax +B,a +B2b) - 2x -

1b
=

2

= B2b - 1b +terms incep of b si cave in b

=>I UNIQUEMAXin b

I (angusto, annotEP is the UNIONENASH

equil. of(64, B, A, B),

De(p B,a - ER) =BYp, -a =0 (a =BYP,
->

u(, P) =linee in P,
/

continuous



Dy(P,B2b - () =B -
b =0=b

=BPz =

-(, 2) linea in Pa
=>out

>Hyp # is verified!

Write the system ofPDES 4,4.)
(R) us*(P)
-

S aut twilA++
B,BYDw,+=+IBe

2

lat-r-
e

i
=1,2

KiltleSyn(n), KiEC intime.

&x Wi =kilt) x Gw =t i =3 - i =x4
I ↳

Plug into the Syetsm
Sit: Si

=:Sfi
in
-

x

+

Ex +ki.Ax +Bikix+Bkjx=ix/Bi
2

ki;Bkix
-

=S,

x/i+Akik) =xii)x *7
-

kinitki Ski

() ki +ki(A +Sjkj) + (A+Kig)Ki =Mi-kSik; i =1,2



-
-compling(Res) S -MirisKnViniinterre tenk

s
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1k,T1 =a, 1 K2 =

02

Backward Grchy problem for 2 MATRIA RICCAT ODES.

Ihm. If Isal, Kiec' (Io, i), Sym(n)), contatte 5, i=1,2
of (RDS) in (toit). Then Wiltit=** salve

the system ofHBB equations in the rent. TheK

u(7,t=BIKiCHxi =1,2 fame Nash equil. for the

↳a diff, game.
Moreover such sol. Ki Ifor some to <T.

Proof We zw u(i) =BYPi, 4xWi =kisx =>
-

candidate wash feedback equil. One M,
*
sit-BKiX.

Is itan ammissible pain offledbacks.?The system
becomes

I y()
=Ay() +B,B!k,()y() +BBkt)13)

y(t) =x lineo (non-autonomes) homogen
System ofODES.

->FER", telto,i it has a unique sol, in (o, 5].
Verif. Then

I (ut, is admissible - it, is a NASH Ep.

Latthin. (RDSI has a sol.:use load I th ferODES,



must check Kilt (Sym(n) It.

HW: check 4,, 4* solve (RDS) =
> Apt=Kii=1,2.

⑭
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O-SUM DIFF, GAMES.

I i
=f(y,,5) I =Ie(y(e,a(1,5xe)) de +f(y(t))

t

y(t)
=x

AmaximisesI, B min 5.. Special

case ofthe general one:eq=l, lB = - 2,8A=8,85= -5

Simplified Pre-Hemiltewich:

I(a,bix,p) =pof(t,a,b) +e(x,4,b)

Hypothbis:I (ut,*):A"xiR-AxB continuous
-

(1,p) +x (4,4)(x,P)

e SAPDLEpoint:ofthe o-sun gene (A,4, I).

34P peremeters):i.e.

u (x,P) - augnot(a,nix,P

n(x,H=ain E(u, bix, P)

&. (nF,nE) edmissible feedbacks is a SADDLE POINT

farth oliff, gene starting of (x,t) if.

JA,+;4A,) <I(x,+;n,,y=) -5(x,+;4,,y)
*(HA,*) edmiss *(ut,up/colmiss.



G. Verification thm. Fe o-sum d.g.) Supp. I wes(to,1)
cout, at =T solution of

SIE) Sette(+
ecan,un =

Israce

es w(x,T) =f(x) and

(i*, *) (7,+) =(n,
*(4D,w(Ent), *(4, DxWCrit)) is a rein

ofomissible feedbacks => [h,, m) isa SADDLE

PointofD.C. among admiss, feedbacks.

I. Use verit. Mmfor Nash equil. NiW, we = - w

CLAIM:(W,, ve) solver the H5 system ofthe general
case: E9.

aw, + max(4wof(,9,4) +e,e,n)
=

0

is satisfied became -angnox /a,*ix,b)
by #bis.

E Take
- (IE)

- -Drof-l))
=0

-
- L

22
De Dis

2t

-> 2 +DW2of(x,,) +(y,) =0



a by Ass. #bis.:

eain("w.f(x,u,b) +ex,n,blb
- E
-RW

=angex(D,f(7,4,5) +2(x,n,b)}.

-- We sate. 2eg. ofthe system for wash
Gen Verif the

equil. => (h,*,*) eden, is also aNash Eark.

=>jut,nt is a saddle ofthe arsum, diff,gene.
⑤

MENTS on ISAACS' EQUATION.

8 =p.f(x,q,5) +e(x,9,6)

Hyp#bis => E(U,1x,p), nt(44); x,b) =

=mox hin (a,6;7,P),Enotecabitation
IE, an be e-written as

(11)
2w
- t not min(xw.f(t,9,5) +l(x,2,3) =02t

anch a (I2)

+mis not----

ahs. #bis=>(I) (C)

· (1) and (72) meuppes ever Iscace'egs.,



they sincide if(I). I

-

Application 1:L-a, o-sum diff senes.

y =Ay +B,a +Beb B, eMnam, BefMnxm
aC1E([0,T], RM), b(.)eL2 (Io, T], iRmn)

I =- flygx +es-1d +yce

M, G eSym(h). Ist player MAxes,2h pl. MIN.es.

Ex HW check. Hyp #bisholob, compute nt, ne*
· w(x,t) =xkC+x salves (IE) -> Isate.

(RDE -02) E
i
=
M

- kA-ATK +Kikk(T) =0

&:I uniquesal of1 in [0,5]?

G IfP0, M10, B2B-B, BY1 0 => [RDE-0Z

has a sul wad(-0,5), sym(n)) -> fiff.gene has a

saddle amongadm.le feedbacks initial +T.

If use the thim for opt. antol: it's enough to

check 7 B:B,B =BB "B
square root of A

Il

I

N

This istuebecame N 10. B



Application 1 Amodel ofADUERTISINS In DUOPOLY

Ref I Jorgensez -Zoccoin] 2112,850,13 are the
D

ofwonket of2 firms in competition.
Ass.:DUOPOLY 2,

+y2
=1 ai =advertising effort

offrm:
Dynamics (Lanchester olys. (

ii =2i(1- y,) - 2j4; i =1,2

Pazoff=Incons j"x, +;c,,22) =S14;2:-i de
t

zi= unitary price >0 +R;7;T)

Ri=0 2i20

#w ·Reformulate it as a o-suh gene y
=

7,

=1 - 7 Find: JI........

· Witepe-Ham. I, check Hyp. #bis compute u.* (Hint: treat

repeately p20¢Pc0(

·Look for solution of(IE) is it is reasonable to restrict to my=s
So (IE) simplifies
Ansatz:W(xH =RH+ + CH), find a system ofODEs for

k, thatcan be solved esplicitely


