Chapter 1
An introduction to Mean Field Game theory

Pierre Cardaliaguet and Alessio Porretta

Abstract These notes are an introduction to Mean Field Game (MFG) theory, which models differential games
involving infinitely many interacting players. We focus here on the Partial Differential Equations (PDE) approach of
MFGs. The two main parts of the text correspond to the two emblematic equations in MFG theory: the first part is
dedicated to the MFG system, while the second part is devoted to the master equation.

The MFG system describes Nash equilibrium configurations in the mean field approach to differential games with
infinitely many players. It consists in the coupling between a backward Hamilton-Jacobi equation (for the value
function of a single player) and a forward Fokker-Planck equation (for the distribution law of the individual states).
We discuss the existence and the uniqueness of the solution to the MFG system in several frameworks, depending on
the presence or not of a diffusion term and on the nature of the interactions between the players (local or nonlocal
coupling). We also explain how these different frameworks are related to each other. As an application, we show how
to use the MFG system to find approximate Nash equilibria in games with a finite number of players and we discuss
the asymptotic behavior of the MFG system.

The master equation is a PDE in infinite space dimension: more precisely it is a kind of transport equation in the space
of measures. The interest of this equation is that it allows to handle more complex MFG problems as, for instance,
MFG problems involving a randomness affecting all the players. To analyse this equation, we first discuss the notion
of derivative of maps defined on the space of measures; then we present the master equation in several frameworks
(classical form, case of finite state space and case with common noise); finally we explain how to use the master
equation to prove the convergence of Nash equilibria of games with finitely many players as the number of players
tends to infinity.

As the works on MFGs are largely inspired by P.L. Lions’ courses held at the Collége de France in the years 2007-2012,
we complete the text with an appendix describing the organization of these courses.
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1.1 Introduction

Mean field game (MFG) theory is devoted to the analysis of optimal control problems with a large number of small
controllers in interaction. As an example, they can model crowd motions, in which the evolution of a pedestrian depends



on the crowd which is around. Similar models are also used in economics: there, macroeconomic quantities are derived
from the microeconomic behavior of the agents who interact through aggregate quantities, such as the prices or the
interest rates. In the Mean Field Game formalism, the controllers are assumed to be “rational” (in the sense that they
optimize their behavior by taking into account the behavior of the other controllers), therefore the central concept of
solution is the notion of Nash equilibrium, in which no controller has interest to deviate unilaterally from the planned
control. In general, playing a Nash equilibrium requires for a player to anticipate the other players’s responses to his/her
action. For large population dynamic games, it is unrealistic for a player to collect detailed information about the state
and the strategies of the other players. Fortunately this impossible task is useless: mean field game theory explains that
one just needs to implement strategies based on the distribution of the other players. Such a strong simplification is
well documented in the (static) game community since the seminal works of Aumann [20]. However, for differential
games, this idea has been considered only very recently: the starting point is a series of papers by Lasry and Lions
[143]144,[145[[150], who introduced the terminology in around 2005. The term mean field comes for an analogy with
the mean field models in mathematical physics, which analyse the behavior of many identical particles in interaction
(see for instance [[L11} (176, [177]). Here the particles are replaced by agents or players, whence the name of mean field
games. Related ideas have been developed independently, at about the same time, by Caines, Huang and Malhamé
[1320[133][134}[135]), under the name of Nash certainty equivalence principle. In the economic literature, similar models
(often in discrete time) were introduced in the 1990s as “heterogeneous agent models” (see, for instance, the pioneering
works of Aiyagari [13] and Krussell and Smith [138]]).

Since these seminal works, the study of mean field games has known a quick growth. There are by now several
textbooks on this topic: the most impressive one is the beautiful monograph by Carmona and Delarue [68]], which
exhaustively covers the probability approach of the subject. One can also quote the Paris-Princeton Lectures by Gueant,
Lasry and Lions [128]] where the authors introduce the theory with sample of applications, the monograph by Ben-
soussan, Frehse and Yam [31]], devoted to both mean field games and mean field control with a special emphasis on
the linear-quadratic problems, and the monograph by Gomes, Pimentel and Voskanyan [[119]], on the regularity of the
MFG system. Finally, [S6] by the first author with Delarue, Lasry and Lions studies the master equation (with common
noise) and the convergence of Nash equilibria as the number of player tends to infinity.

This text is a basic introduction to mean field games, with a special emphasis on the PDE aspects. The central ideas
were largely developed in Pierre-Louis Lions’ series of lectures at the CollA ge de France [149] during the period
2007-2012. As these courses contain much more material than what is developed here, we added in the appendix some
notes on the organization of these courses in order to help the interested reader.

The main mathematical object of the text is the so-called mean field game system, which takes the form

(i) —O0wu—vAu+ H(x,Du,m) =0 in (0,7) x R?
(ii) Oym — vAm — div (D,H(z, Du,m)m) =0  in (0,T) x R? (1.1)
(#i1) m(0) = mgo , u(z,T) = G(x,m(T)) in R?

In the above system, the unknown u and m are scalar and depend on time ¢ € [0, 7 and space x € R?. The two
equations are of (possibly degenerate) parabolic type (i.e., v > 0); the first equation is backward in time while the
second one is forward in time. There are two other crucial structure conditions for this system: the first one is the
convexity of H = H(x,p,m) with respect to the second variable. This condition means that the first equation (a
Hamilton-Jacobi equation) is associated with an optimal control problem and is interpreted as the value function
associated with a typical small player. The second structure condition is that mg (and therefore m(t, -)) is (the density
of) a probability measure on R?. The Hamiltonian H = H (z,p,m), which couples the two equations, depends on
space, on the variable p € R? and on the probability measure .

Let us briefly explain the interpretation of this system as a Nash equilibrium problem in a game with infinitely many
small players. An agent (=a player) controls through his/her control « the stochastic differential equation (SDE)

dXs = b(Xs, as,m(s))ds + vV2vdBg (1.2)

where (B;) is a standard Brownian motion. He/She aims at minimizing the quantity



E

)

/0 L(Xs, as,m(s))ds + G(Xp,m(T))

where the running cost L = L(z, o, m) and the terminal cost G = G(x, m) depend on the position z of the player, the
control « and the distribution m of the other players. Note that in this cost the evolution of the measure m(s) enters as
a parameter. To solve this problem one introduces the value function:

)

T
u(t,) = inf E / L(X.,m(s), as)ds + G(Xz, m(T))

where the infimum is taken over admissible controls o and where X solves the SDE (T.2) with initial condition X; = x.
The value function u then satisfies the PDE (1.1}(i)) where

H(x,p,m) = Sl;p [=b(x,a,m) - p — L(z,m,a)].

Given the value function wu, it is known that the agent plays in the optimal way by using the feedback control
a* = a*(t, z) such that the drift is of the form b(z, a*(t, z), m(t)) = —D,H (x, Du(t, x), m(t)). Now, if all agents
argue in this way and if their associated noises are independent, the law of large numbers implies that their distribution
evolves with a velocity which is due, on the one hand, to the diffusion, and, on the other hand, on the drift term
—D,H (x, Du(t, ), m(t)). This leads to the Kolmogorov-Fokker-Planck equation (I.1}(ii)). The fact that system (T.T))
describes a Nash equilibrium can be seen as follows. As the single player is “small” (compared to the collection of
the other agents), his/her deviation does not change the population dynamics. Hence the behavior of the other agents,
and therefore their time dependent distribution m(¢), can be taken as given in the individual optimization. This cor-
responds to the concept of Nash equilibrium where all players play an optimal strategy while freezing the others’ choices.

The main part of these notes (Section[I.3)) is devoted to the analysis of the mean field game system (I.1)): we discuss
the existence and uniqueness of the solution in various settings and the interpretation of the system. This analysis takes
some time since the PDE system behaves in a quite different way according to whether the system is parabolic or not
(i.e., v is positive or zero) and according to the regularity of H with respect to the measure. These various regimes
correspond to different models: for instance, in many application in finance, the diffusion is nondegenerate (i.e., v > 0),
while v often vanishes in macroeconomic models. In most applications in economy the dependence of the Hamiltonian
H = H(x,p,m) with respect to the probability measure m is through some integral form of m (moments, variance),
but in models of crowd motion it is very often through the value at position x of the density m(x) of m. We will
discuss these different features of the mean field game system, with, hopefully, a few novelties in the treatment of the
equations. To keep these notes as simple as possible, the analysis is done for systems with periodic in space coefficients:
the analysis for other boundary problems follows the same lines, with additional technicalities. We will also mention
other relevant aspects of the MFG systems: their application to differential games with finitely many players, the long
time ergodic behavior, the vanishing viscosity limits,...

The second focus of these notes is a (short and mostly formal) introduction to the “master equation” (Section [I.4).
Indeed, it turns out that, in many applications, the MFG system (I.1)) is not enough to describe the MFG equilibria.
On the one hand, the MFG system does not explain how the agents take their decision in function of their current
position and of the current distribution of the players (in “feedback form™). Secondly, it does not explain why one can
expect the system to appear as the limit of games with finitely many players. Lastly, the PDE system does not allow to
take into account problems with common noise, in which the dynamic of the agents is subject to a common source of
randomness. All these issues can be overcome by the introduction of the master equation. This equation (introduced
by Lions in his courses at CollA“ge de France) takes the form of a partial differential equation in the space of measures
which reads as follows (in the simplest setting):



-0 U(t,z,m) —vAU(t,x,m)+ H(x, D, U(t,z,m),m) — u/ divy D, U(t, z,m,y) m(dy)
Rd

+ DmU(taxama y) 'DPH(yaDzU(tvyam)vm)m(dy) =0

Rd
in (0,7) x R x Py
U(T,x,m)=G(x,m) in RY x Py

where P is the space of probability measures on R¢ (with finite second order moment). Here the unknown is the
scalar quantity U = U(t,x, m) depending on time and space and on the measure m (representing the distribution of
the other players). This equation involves the derivative D,,U of the unknown with respect to the measure variable
(see Subsection [I.4.2). We will briefly explain how to prove the existence and the uniqueness of a solution to the
master equation and its link with the MFG system. We will also discuss how to extend the equation to problems with
a common noise (a noise which affects all the players). Finally, we will show how to use this master equation to prove
that Nash equilibria in games with finitely many players converge to MFG equilibria.

These notes are organized as follows: in a preliminary part (Section [I.Z), we introduce fundamental tools for the
understanding and the analysis of MFG problems: a brief recap of the dynamic programming approach in optimal
control theory, the description of the space of probability measures and some basic aspects of mean field theory. Then
we concentrate on the MFG system (I.I)) (Section [I.3). Finally, the analysis on the space of measures and the master
equation are discussed in the last part (Section [I.4). We complete the text by an appendix on the organization of P.L.
Lions’ courses on MEGs at the CollA"ge de France (Section|L.5).

1.2 Preliminaries

In this Section we recall some basic notion on optimal control and dynamic programming, on the space of probability
measures and on mean field limits. As mean field games consist in a combination of these three topics, it is important
to collect some preliminary knowledge of them.

1.2.1 Optimal control

We briefly describe, in a very formal way, the optimal control problems we will meet in these notes. We refer to the
monographs by Fleming and Rischel [106], Fleming and Soner [[107], Yong and Zhou [180] for a rigorous treatment
of the subject.

Let us consider a stochastic control problem where the state (X) of the system is governed by the stochastic
differential equation (SDE) with values in R<:

S S
X& = x—|—/ b(r, X,‘f,a,«)dr—i—/ o(r, X, a,)dB,. (1.3)
t t

In the above equation, B = (Bjs)s>¢ is a N —dimensional Brownian motion (starting at 0) adapted to a fixed filtration
(F)i>0,0:[0,T) x REx A — R¥and o : [0,7] x R? x A — RPN satisfy some regularity conditions given below
and the process o = (a) is progressively measurable with values in some set A. We denote by A the set of such
processes. The elements of A are called the control processes.

A generic agent controls the process X through the control « in order to reach some goal: here we consider optimal
control problems, in which the controller aims at minimizing some cost J. We will mostly focus on the finite horizon
problem, where J takes the form:



T
J(t,@,0) = E [ / L(s, X2, a,)ds + g(Xr)
t

Here T' > 0 is the finite horizon of the problem, L : [0, 7] x R x A — R and g : R¢ — R are given continuous maps
(again we are more precise in the next section on the assumptions on L and g). The controller minimizes J by using
controls in .A. We introduce the value function as the map u : [0, 7] x R? — R defined by

t = inf J(¢ .
u(t, ) (iIEIA (t,x, )

Dynamic programming and the verification Theorem.

The main interest of the value function is that it indicates how the controller should choose his/her control in order
to play in an optimal way. We explain the key ideas in a very informal way. A rigorous treatment of the question is
described in the references mentioned above.

Let us start with the dynamic programming principle, which states the following identity: for any ¢; < o,

ta
u(ty,x) = 111f4E [/ L(s, X, as)ds +u(te, Xi0) | - (1.4)
ac tl

The interpretation is that, to play optimally at time ¢;, the controller does not need to predict in one shot the whole
future strategy provided he/she knows what would be the best reward at some future time ¢, in which case it is enough
to focus on the optimization between ¢; and 2. So far, the optimization process can be built step by step like in
semigroup theory. This relation has a fundamental consequence: to play in an optimal way the agent only needs to
know the current state and play accordingly (and not the whole filtration at time ¢).

Fixnow ¢ € [0, 7). Choosing t; = t, ta = ¢t + h (for h > 0 small) and assuming that « is smooth enough, we obtain
by ItA”’s formula and (T-4) that

acA

u(t,z) = inf IE[/H_}L L(s, X, as)ds + u(t,x) + /H_h(atu(s,Xg) + Du(s, X&) - b(s, X%, ay)
t t
+ %Tr(aa*(s, X, ag) D2u(s, Xg)))ds} .
Simplifying by u(t, z), dividing by h and letting h — 0T gives (informally) the Hamilton-Jacobi equation
0= ;22 {L(t,x, a) + Owu(t,x) + Du(t,z) - b(t, z,a) + %Tr(aa*(t,x, a)D?ul(t, a:))} .
Let us introduce the Hamiltonian H of our problem: for p € R? and M € R?*4,

1
H(t,z,p, M) :=sup |—L(t,z,a) —p-b(t,z,a) — 2Tr(ao*(t,m,a)M)} )
ac€A

Then the Hamilton-Jacobi equation can be rewritten as a terminal value problem:

{ —0gu(t,z) + H(t,z, Du(t,x), D*u(t,x)) = 0 in (0,7) x R%,
w(T,z) = g(x) in R,

The first equation is backward in time (the map H being nonincreasing with respect to D?w). The terminal condition
comes just from the definition of u for ¢t = T'.



Let us now introduce o*(¢,2) € A as a maximum point in the definition of H when p = Du(t,z) and M =
D?u(t, ). Namely

H(t,z, Du(t,z), D*u(t,x)) = —L(t,z,a*(t,z)) — Du(t,z) - b(t, z,a*(t,z))

— %Tr(o’a*(t, x,a*(t,2))D?u(t, x)). (1.5)

We assume that o* is sufficiently smooth to justify the computation below. We are going to show that o* is the optimal
feedback, namely the optimal strategy to play at time ¢ in the state x. Indeed, one has the following “Verification
Theorem": Let (X2 ) be the solution of the stochastic differential equation

Xg* :Jj—|—/ b(r,Xf‘*,a*(r,Xf‘*))dT—&—/ o(r, Xf‘*,a*(r,Xf‘*))dB,.
t ¢
and set o = o* (s, X2 ). Then

u(t,z) = J(t,z, o).

Note that, with a slight abuse of notation, here a* = («?) is a control, namely it belongs to A. Strictly speaking, (o)
is the optimal control, a*(¢, ) being the optimal feedback.
Heuristic argument. By ItA”’s formula, we have

S

T
g(X¥) = u(T, X3 ) = ult,z) +/ (Byu(s, X&) 4+ Duls, X27) - b(s, X, a)
t
1 . . T . .
+ iTr(Ua*(s,X;" o) D%u(s, X )))ds—I—/ o (s, X2 ,a)Du(s, X2 ) - dBs.
t

Taking expectation, using first the optimality of a* in (I.5)) and then the Hamilton-Jacobi equation satisfied by u, we
obtain

T
E [Q(X%* )} = u(t,x) +E / (815“(5; X?*) - H(S,Xg*,DU(S, X?*),Dzu(’s,Xsa*)) - L(s,XSO‘*,a*))ds
t

S

=u(t,z) — E l/tTL(s,X?*,a:)ds] .

Rearranging terms, we find

T
u(t,z) = E / L(s, X% a2 )ds + g(X2)| |
t

which shows the optimality of o*. ]

The above arguments, although largely heuristic, can be partially justified. Surprisingly, the dynamic programming
principle is the hardest step to prove, and only holds under strong restrictions on the probability space. In general, the
value function is smooth only under very strong assumptions on the system. However, under milder conditions, it is at
least continuous and then it satisfies the Hamilton-Jacobi equation in the viscosity sense. Besides, the Hamilton-Jacobi
has a unique (viscosity) solution so that it characterizes the value function. If the diffusion is strongly non degenerate
(e.g.if N = d and o is invertible with a smooth and bounded inverse) and if the Hamiltonian is smooth, then the value
function is smooth as well. In this setting the above heuristic argument can be justified and the verification Theorem
can be proved to hold.

We finally recall that, whenever a* is uniquely defined from (I.5), then the Hamiltonian H is differentiable at
(Du, D?u) and

{Hp(t,x, Dul(t,z), D*u(t,z)) = —b(t,x,a" (t,z)), 16

Hp(t,z, Du(t, z), D*u(t,z)) = —iTr(00*(t,z, a*(t, ) D?(-))



This is a consequence of the so-called Envelope Theorem:

Lemma 1 Let A be a compact metric space, O be an open subset of R and f : A x O — R be continuous and such
that D, f is continuous on A x O. Then the marginal map

— inf
V(z) = inf f(a,2)
is differentiable at each point © € O such that the infimum in V (z) is a unique point a,, € A, and we have
DV (z) = D, f(az,x).

Proof. Let € O be such that the infimum in V() is a unique point a,, € A. Then an easy compactness argument
shows that, if a,, is a minimum point of V' (y) for y € O and y — =z, then a, — a.
Fix y € O. Note first that, as a, € A,

V(y) < f(amay> = f(aw,x) + Dxf(a:vazy) : (y —x) = V(x) + Dxf(a:vazy) : (y — ),

for some z, € [z, y].
Conversely,

V(l’) < f(ayax) - f(ayvy) + Dmf(ayvzy/;) : (lL’ - y) - V(y) + Dmf(ayvzé) : ($ - y),

for some z;, € [z, y].
By continuity of D, f and convergence of a,, we infer that

|V<y) - V(x) - Da:f(ama ‘r) ) (y - ZC)‘

lim
y—w ly — x|
<liminf|D, f(az,2y) — Do f(az, )| + ‘Dwf(ay,z;) — sz(aa:,m)‘ =0.
y—ax
O
Estimates on the SDE.

In the previous introduction, we were very fuzzy about the assumptions and the results. A complete rigorous treatment
of the problem is beyond the aim of these notes. However, we need at least to clarify a bit the setting of our problem. For
this, we assume the maps b and o to be continuous on : [0, 7] x R% x A and Lipschitz continuous in z independently
of ¢ and a: There is a constant &K > 0 such that, for any =,y € R%, ¢ € [0, +0), a € A,

|b(t,x,a) — b(t,y,a)| + |o(t,x,a) — o(t,y,a)| < K|z —yl.

Under these assumptions, for any bounded control o € A, there exists a unique solution to (I.3). By a solution we
mean a progressively measurable process X such that, for any 7' > 0,

T
/ X2 [2ds
t

E < 400

and (T.3) holds P—a.s. More precisely, we have:

Lemma 2 Let o be a bounded control in A. Then there exists a unique solution X to (I.3)) and this solution satisfies,
foranyT > 0andp € [2,400),



E

sup IXf“'p} SO+ |z”) + 116, 0, a) 15, + [lo (-, 0, ) 1),
telt,T]

where C = C(T, p,d, K).

Remark I In view of the above result, the cost J is well-defined provided, for instance, that the maps L : [0, T] x RY x
A — Rand g : R — R are continuous with at most a polynomial growth.

Proof. The existence can be proved by a fixed point argument, exactly as in the more complicated setting of the
McKean-Vlasov equation (see the proof of Theorem [2]below). Let us show the bound. We set M := ||b(-,0, ov.) [0 +
lo(-,0,a.)||0o- We have, by Holder’s inequality

)

/ o(u, X, a)dB,
t

XOP < C(p. T, d) (w + [ b X el +
t

/ o(r, XY, a,)dB,
¢

where the constant C'(p, T, d) depends only on p, T and d. Thus

E{sup |X;”’} < C(p.T.d) (mu/ E[|b(r, X*, ) "] dr + E { sup
t

t<r<s t<r<s

1)
Note that
|b(s, X' )| < [b(s, 0, c5)| + LIXJ| < M + LI X

and, in the same way,
(s, X2, a0)| < M+ L|X2]. (1.7)

So we have . s
/ E[|b(r, X}, o) [P] dr < 2P~ (MP(s — t) + Lp/ E [| X7 "] dr).
t t

By the Burkholder-Davis-Gundy inequality (see Theorem IV.4.1 in [172]), we have

Te(oo*(r, X2, 0y))dr " :
/

where the constant C), depends on p only. Combining Holder’s inequality (since p/2 > 1) with (I.7), we then obtain

p
E{sup } < C,E

t<r<s

/ o(u, X, o)dBy,
t

p s
E { sup ] < Cp(s — t)P/21gp1 <Mp(s —t)+ LP/ E[|X&P] dr> .
t

t<r<s

/ o(u, X2, 0, )dB,
t

Putting together the different estimates we get therefore, for s € [t, T,

E { sup |X,i”’} <C(p,T,d) (1+x|p+Mp+/( E[|X°] dr)
t

t<r<s

<C(p,T,d) (1 + [z[P 4+ MP +/ E [ sup |X3|p} dr) .
t

t<u<lr

We can then conclude by Gronwall’s Lemma. g

10



1.2.2 The space of probability measures

In this section we describe the space of probability measures and a notion of distance on this space. Classical references
on the distances over the space of probability measures are the monographs by Ambrosio, Gigli and SavarA© [19], by
Rachev and RAV4schendorf [I71], Santambrogio [174]], and Villani [[178], [179].

The Monge-Kantorovitch distance.

Let (X, d) be a Polish space (= complete metric space). We have mostly in mind X = R endowed with the usual
distance. We denote by P(X) the set of Borel probability measures on X . Let us recall that a sequence (m,,) of P(X)
narrowly converges to a measure m € P(X) if, for any test function ¢ € CP(X) (= the set of continuous and bounded
maps on X), we have

iim [ oama(de) = [ o(oymide).

Let us recall that the topology associated with the narrow convergence corresponds to the weak-* topology of the dual
of CP(X): for this reason we will also call it weak-* convergence. According to Prokhorov compactness criterium, a
subset IC of P(X) is (sequentially) relatively compact for the narrow convergence if and only if it is tight: for any € > 0
there exists a compact subset K of X such that

sup m(X\K) <e.
pner

In particular, for any 1 € P(X) and any € > 0, there is some X, compact subset of X with (X \X.) < ¢ (Ulam’s
Lemma).

We fix from now on a point 2o € X and we denote by P; (X) the set of measures m € P(X) such that

/ d(z, xo)m(dz) < +o0.
X

By the triangle inequality, it is easy to check that the set P; (X') does not depend on the choice of ;. We endow P; (X)
with the Monge-Kantorovitch distance:

di(my,mo) = s1¢1)p/X ¢(x)(my — ma)(dx) Ymy,ms € Py (X),

where the supremum is taken over the set of maps ¢ : X — R such that ¢ is 1 —Lipschitz continuous. Note that such a
map ¢ is integrable against any m € P;(X) because it has at most a linear growth.
We note for later use that, if ¢ : X — R is Lip(¢)—Lipschitz continuous, then

/X 6(z) (my — ma)(dz) < Lip(¢)dy (my, my).

Moreover, if X and X are random variables on some probability space (§2, F, P) such that the law of X is m;, then
di(m1,ma) <E[[ X1 — Xof], (1.8)

because, for any 1—Lipschitz map ¢ : X — R,

/X o) (ma — ma)(dr) = E[$(X,) — 6(X2)] < E[1X; — Xal].
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Taking the supremum in ¢ gives the result. Actually one can show that, if the probability space ({2, F,P) is “rich
enough" (namely it is a “standard probability space"), then

dl(ml,mg) = Xin)f( E[‘Xl — XQ”,

1,42

where the infimum is taken over random variables X; and X5 such that the law of X; is m;.
Lemma 3 d; is a distance over P1(X).

Proof. The reader can easily check the triangle inequality. We now note that dq (mq,m2) = di(ma, m1) > 0 since
one can always replace ¢ by —¢ in the definition. Let us show that d; (m1,m2) = 0 implies that m; = mo. Indeed,
if dy (m1,ms2) = 0, then, for any 1—Lipschitz continuous map ¢, one has [, ¢(x)(m1 — mz)(dz) < 0. Replacing ¢
by —¢, one has therefore [ ¢(x)(my — mz)(dx) = 0. It remains to show that this equality holds for any continuous,
bounded map ¢ : X — R. Let¢ € CP(X). We show in Lemma@]below that there exists a sequence of maps (¢, ) such
that ¢y, is k—Lipschitz continuous, with ||k ||co < ||#]|c0, and the sequence (¢, ) converges locally uniformly to ¢. By
Lipschitz continuity of ¢, we have [ + Prd(m1—mz) = 0.Since we can apply Lebesgue convergence theorem (because
the ¢y, are uniformly bounded and 1, and s are probability measures), we obtain that [ ¢(x)(m1 — mz)(dz) = 0.
This proves that m1 = ms.

Lemma 4 Let ¢ € CP(X) and let us define the sequence of maps (¢, by

on(w) = Inf o(y) +kd(y,2) ~ VoeX

Then ¢y, < @, ¢y, is k—Lipschitz continuous with ||dx||co < ||@||0o, and the sequence () converges locally uniformly
to ¢.
Proof. We have

on(z) = Inf o(y) + kd(y, ) < ¢(2) + kd(, ) = ¢(2),

so that ¢ < ¢. Let us now check that ¢ is k—Lipschitz continuous. Indeed, let z1,20 € X, ¢ > 0 and y; be
e—optimal in the definition of ¢y (z1). Then

or(2) < o(y1) + kd(y1, z2) < ¢(y1) + kd(y1, z1) + kd(z1, 22) < d(x1) + € + kd(z1, 22).

As ¢ is arbitrary, this shows that ¢y, is k—Lipschitz continuous. Note that ¢ (z) > —||¢||cc- AS ¢ < ¢, this shows

that [k [loo < [[#]]co-

Finally, let 2, — x and yj, be (1/k)—optimal in the definition of ¢y (). Our aim is to show that (¢ (xy)) converges
to ¢(x), which will show the local uniform convergence of (¢ ) to ¢. Let us first remark that, by the definition of y,
we have

kd(yk, vr) < dr(rr) — ¢(yx) + 1/k < 2[|¢f|oo + 1.

Therefore
d(y, ) < d(yx,zr) + d(xg, ) =0 as k — +o00.

This shows that (¢(yg)) converges to ¢(z) and thus
limkinf or(zr) > limkinf d(yr) + kd(yg,xx) — 1/k > limkinf d(yr) — 1/k = ¢(x).

On the other hand, since ¢ < ¢, we immediately have limsup ¢r(x;) < ¢(z), from which we conclude the
k

convergence of (¢ (xg)) to ¢(x). O

Proposition 1 Let (my,) be a sequence in P1(X) and m € P1(X). There is an equivalence between:
i) di(my,m) =0,

12



ii) (my,) narrowly converges to m and/ d(x,x)my(dz) — / d(x, z9)m(dx).
X

b's
iii) (my,) narrowly converges to m and lim sup d(x, xo)my(dzx) = 0.
R—4o00 g BR(iEO)C

Sketch of proof. (i) = (ii). Let us assume that dy(m,,m) — 0. Then, for any Lipschitz continuous map ¢,
we have [ ¢my,(dz) — [¢m(dx) by definition of dy. In particular, if we chose ¢(z) = d(z,zo), we have

d(z, zg)m,(dz) — d(z,zo)m(dx). We now prove the weak-* convergence of (m,,). Let ¢ : X — R be

X
continuous and bounded and let (¢ ) be the sequence defined in Lemma Then

[ otma = my(de) = [ outmn, —mdz) + [ (6= 6u)m — m)(da).
Fix ¢ > 0. As ([ d(x, z0)my(dz)) converges and m € Py (X), we can find R > 0 large such that

sup my (X\Br(20)) + m(X\Br(zo)) < e

On the other hand, we can find k large enough such that ||¢3, — @|| L~ (B,(xy)) < € by local uniform convergence of
(¢1). Finally, if n is large enough, we have | [ ¢y (m,, — m)(dz)| < &, by the convergence of (m,,) to m in d;. So

/ (6 — én)d(my, —m)
X\Br(zo)

< ‘/ék(mn - m)(dx))‘ + ([[@rlloc + I@llcc) (M (X\Br(z0)) + m(X\Br(zo)))

+ 2|6k — Dl L (Br(xo))

+ +

] [ ot —m)(a

< \ [ ontmo —my(a

/B (&= 0 m —m(a)

<&+ 2|¢] o€ + 2¢.

This shows the weak-* convergence of (m,,) to m.
(#4) = (i4i). Let us assume that (m,,) narrowly converges to m and / d(x, xo)my, (dz) — / d(x, zo)m(dx).
X X

—+0

We have to check that Rlim sup / d(x,x9)mu(dz) = 0. For this we argue by contradiction, assuming that
Br(zo)©

there is € > 0 and a subsequence still denoted (m,,) and R,, — +00 such that

/ d(x,x0)my,(dz) > e.
Br,, (z0)°
Then, for any M > 0 and any n large enough so that R,, > M,

/ d(x, xo)my(dr) = / (d(x, o) N M)my,(dz) —|—/ d(x,xo)mp(dz) — M My, (dx)
X X B (zo0)° B (zo)®

> / (d(x, zo) A M)my,(dz) + € — Mmy, (Bar(z0)°).
p's

We let n — 400 in the above inequality to get, as ( [y d(z, 29)mn(dx)) converges to [ d(x,xo)m(dx) and (my)
converges to m narrowly,

/ d(x,x9)m(dx) > / (d(x, zo) A M)m(dx) + € — Mm(Bar(x0)®).
X p's
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As [y d(x,z0)m(dx) is finite, the last term in the right-hand side tends to 0 as M tends to infinity while the first one
tends to [ d(x,zo)m(dx) by monotone convergence: this leads to a contradiction.

R—+oco p

(#9) = (747). Let us assume that (m,,) weakly-* converges to m and that lim sup / d(x,x0)my(dz) = 0.
BR(ZE())C

Fix € > 0. In view of the last condition, we can find R > 0 large enough such that

sup/ d(x,x0)mp(dz) <e and / d(z,zo)m(dz) < e.
Br(wo)© Br(zo)®

n

As the sequence (m,, ) converges, it is tight by Prokhorov theorem, and we can find a compact subset K of X such that
sup mn(de) < R7'e and / m(dr) < R™'e.
n Ke¢ c

Let KCy be the set of 1—Lipschitz continuous maps on X which vanish at z. Note that, for any ¢ € Iy, we have

¢(x)] = [¢(x) — d(z0)| < d(z, zo).

Therefore

d;(my,m) = sup /X o(x)(my, —m)(dx)

pEKo

<o | | ot@)m, —myan) + [

d(z, zo)(my, + m)(dx) + / d(z, z9)(m, +m)(dx)
$€Ko Br(zo)\K

Br(zo)©

< sup / o(x)(my, — m)(dm)] + R(my, +my)(K€) + 2¢
Pey LK

< sup / as(m)(mn—m)(da:)] e,

$EKo

By Ascoli-ArzelA , there exists ¢,, € Ko optimal in the right-hand side. In addition, we can assume that (¢,,) converges
uniformly, up to a subsequence, to some 1—Lipschitz continuous map ¢ : K — R. We can extend ¢,, and ¢ to X by
setting

Gn(z) = sup[dn(y) — d(y,2z0)],  d(x) = sup[d(y) — d(y, z0)].

yeEK yeK

Then one easily checks that (¢,,) converges uniformly to ¢ in X, so that, by weak-* convergence of (m,,) to m we
have:

117an bn(x)(m, —m)(dx) = 0.
X

As the (qgn) are 1-Lipschitz continuous and coincide with ¢,, on K, we have, arguing as above,

dy (my, m) < /K Gn(x) (M —m)(dz) + 4e < /X Gn(x)(my, — m)(dz) + 6¢.

Letting n — +oo0 in this inequality implies d1 (m.,, m) — 0. More precisely, we have proved that this holds for at least
a subsequence of m,,. But since this argument applies to m,, as well as to any of its subsequences, a standard argument
allows us to conclude the desired result. ]

In the case where X = R, we repeatedly use the following compactness criterium:

Lemma 5 Let v > 1 and K C Py (R?) be such that
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sup/ |z|" p(dx) < 400 .
pnek JRd

Then K is relatively compact for the d; distance.

Note that bounded subsets of P;(R?) are not relatively compact for the d; distance. For instance, in dimension
d = 1, the sequence of measures p,, = ”T_léo + %571 satisfies da (g, 09) = 1 for any n > 1 but p,, narrowly converges
tOé&

Proof of Lemma[5] Let ¢ > 0 and R > 0 sufficiently large. We have for any p € K:

wdr) < < <c, (1.9)

where C' = sup,,cxc [ga |2|"p(dz) < +00. So K is tight.

Let now (u,) be a sequence in K. From the previous step we know that () is tight and therefore there is
a subsequence, again denoted (u,), which narrowly converges to some p. By and (iii) in Proposition 1| the
convergence also holds for the distance d;. (]

The d- distance.

Here we assume for simplicity that X = R<. Another useful distance on the space of measures is the Wasserstein
distance dy. It is defined on the space P»(R?) of Borel probability measures m with a finite second order moment (i.e.,
Jza lzPm(dz) < +00) by

1/2
da(m1, ma) — inf ( |- y|27r<x,y>> ,
R4 x R4

T

where the infimum is taken over the Borel probability measures 7 on R? x R? with first marginal given by m; and
second marginal by ms:

[ swntindy) = [ o@ma), [ swrindy) = [ owmaldy) voe PR,
Rd xR Rd R4 xR Rd
Given a “sufficiently rich" probability space (§2, F,P), the distance can be defined equivalently by

da(ma,ma) = inf (B [|1X = ¥2))"”,

where the infimum is taken over random variables X, Y over {2 with law m; and ms respectively.

1.2.3 Mean field limits

We complete this preliminary part by the analysis of large particle systems. Classical references on this topic are the
monographs or texbooks by Sznitman [[177], Spohn [176] and Golse [111].

We consider system of N —particles (where N € N* is a large number) and we want to understand the behavior of
the system as the number N tends to infinity. We work with the following system: for¢ = 1,..., N,

N
. . . 1
i i N i N . - i
dX] =b(X},m¥,)dt +dB},  my, = ;:1: O (1.10)

Xt=27
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where the (B?) are independent Brownian motions, the Z* are i.i.d. random variables in R? which are also independent
of the (B?). The map b : R x P;(R%) — R? is assumed to be globally Lipschitz continuous. Note that, under these
assumptions, the solution (X*) to (T.T0) exists and is unique, since this is an ordinary system of SDEs with Lipschitz
continuous drift. A key point is that, because the (Z?) have the same law and the equations satisfied by the X* are
symmetric, the X have the same law (they are actually “exchangeable").

We want to understand the limit of the (X?) as N — +oc. The heuristic idea is that, as NV is large, the (X*) become
more and more independent, so that they become almost i.i.d. The law of large numbers then implies that

N
1 o - o _
=N "u(XE X)) ~E [p(XE, X :/sz,y]P’idy,
N;:l(t 7) [(t t)} Rd(f, )Px;(dy)

where Xt’ is an independent copy of X and E is the expectation with respect to this independent copy. Therefore we
expect the X" to be close to the solution X" to the McKean-Vlasov equation

{dxg’ = b(X/, L(X]))dt + dB], (L11)

Xi=2z

This is exactly what we are going to show. For doing so, we proceed in 3 steps: firstly, we generalize the law of large
numbers by considering the convergence of empirical measures (the Glivenko-Cantelli law of large numbers), secondly
we prove the existence and the uniqueness of a solution to the McKean-Vlasov equation (I.T1)) and, thirdly, we establish
the convergence.

The Glivenko-Cantelli law of large numbers.

Here we consider (X, ) asequence of i.i.d. random variables on a fixed probability space (£2, F,P), with E[| X1 |] < +o0.
We denote by m the law of X;. The law of large numbers states that, a.s. and in L',

N
. 1
i 3 =5l

Our aim is to show that a slightly stronger convergence holds: let

T
m% = Z Ox,
n=1

Note that m¥ is a random measure, in the sense that mY is a.s. a measure and that, for any Borel set A C X, m¥ (A)
is a random variable. The following result is (sometimes) known as the Glivenko-Cantelli Theorem.

Theorem 1 If E[| X1 || < 400, then, a.s. and in L*,

Nlirilm d;(m%,m) =0.

Remark 2 1t is often useful to quantify the convergence speed in the law of large numbers. Such results can be found
in the text books [[171]] or, in a sharper form, in [68, Theorem 5.8], see also the references therein.

Sketch of proof. Let ¢ € Cp(X). Then, by the law of large numbers,

N
[ oam¥(a) = 53" 6(X,) =BB(X)]  as

n=1



By a separability argument, it is not difficult to check that the set of zero probability in the above convergence can be

chosen independent of ¢. So (m¥) converge weakly-* to m a.s. Note also that

N
1
g d(x, xo)m%(dx) =~ ,; d(Xn, x0)

where the random variables (d(X,,, 7¢)) are i.i.d. and in L'. By the law of large numbers we have

/ d(x, zo)m¥ (dz) — d(x, zo)m(dx) a.s.

By Proposition (m¥) converges a.s. in d; to m. It remains to show that this convergence also holds in expectation.
For this we note that

v, m) =sup [ 6(m —m)(ds) < sup . g o)~ | ofx)mid),

where the supremum is taken over the 1—Lipschitz continuous maps ¢ with ¢(0) = 0. So

N
1
dim¥om) < £ 301X+ [ ajm(de).
=1

As the right-hand side converges in L', d; (m¥, m) is uniformly integrable which implies its convergence in expectation
to 0. ]

The well-posedness of the McKean-Vlasov equation.

Theorem 2 Let us assume that b : R? x Py (R?) — R? is globally Lipschitz continuous and let Z € L*(§2). Then the
McKean-Viasov equation

dX, = b(Xy, £(X,))dt + dB,
Xo=27

has a unique solution, i.e., a progressively measurable process such that |E { foT | X |2ds} < o0 forany T > 0.

Remark 3 By ItA”’s formula, the law m; of a solution X solves in the sense of distributions the McKean-Vlasov
equation
{ Ormy — %Amt + div(mb(z,my)) =0 in (0,7) x R4
mo = L‘(Z) in Rd.

One can show (and we will admit) that this equation has a unique solution, which proves the uniqueness in law of the
process X.

Proof. Let « > 0 to be chosen later and E be the set of progressively measurable processes (X;) such that
X :=E {/ e‘at|Xtdt} < 4o00.
0

Then (F, || - || g) is a Banach space. On E we define the map & by
¢

B(X) = Z+ | b(XoL(X,)ds+By, >0
0
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Let us check that the map @ is well defined from E to E. Note first that $(X) is indeed progressively measurable. By
the L—Lipschitz continuity of b (for some L > 0),

B(X),] < 12] + / (X, £(X,))[ds + | B

t
< |Z|+t|b(075o)|+L/ (1Xs| + d1(£(X5), 60))ds + | By,
0

t
where one can easily check that d; (£(X5),d0) = E [/ |Xs|ds} . So
0

+oo

+o00 +oo t
E [/ e (X )|dt| < o E[|Z]] + a2[b(0,8)| + 2LE [/ e—at/ |Xs|dsdt] +/ e"™E[|By|] dt
0 0 0 0
2L “+o00 “+o0
— a*l]EHZ” + 0[72|b(0,50)| + —E |:/ eas|Xs|d8:| + Cd/ t1/267atdt7
«Q 0 0

where C; depends only on dimension. This proves that #(X) belongs to E.
Let us finally check that @ is a contraction. We have, if X|Y € F,

B(X); — B(Y),| < / (X, £(X,)) — b(Ya, £(Y2)] dt

t t
< Lip(b) (/ dl(]P’Xs,]P’ys)dt—&—/ X, —Y3|dt> .
0 0

Recall that d; (Px,,Py,) < E[| X, — Y;|] . So multiplying by e~** and taking expectation, we obtain:
+oo
000 - o()lle =5 [ [ et a0, — o).l a

—+oo t
< 2Lip(b)/ e*at/ E[|Xs — Ys|] dsdt
0 0

2Lip(b
< 20 vy

(0%

If we choose a > 2Lip(b), then P is a contraction in the Banach space E' and therefore has a unique fixed point. It is
easy to check that this fixed point is the unique solution to our problem. (]

The mean field limit.

Let (X*) be the solution to the particle system (T.T0) and (X*) be the solution to (T.TT). Let us note that, as the (B)
and the (Z") are independent with the same law, the (X} ) are i.i.d. for any ¢ > 0.

Theorem 3 We have, for any T > 0,
N—=too j=1,.,N |te[o,T]

lim sup E [ sup | X} — Xﬂ} =0.

Remark: a similar result holds when there is a non constant volatility term o in front of the Brownian motion. The
proof is then slightly more intricate.

Proof. We consider
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t
X - Xi = / (b(XE,m.) — b, £(Xi))) dr.

By the uniqueness in law of the solution to the McKean-Vlasov equation we can denote by m(t) := L(
N
1
independent of 7). Then, setting mgt = Z 0% i and using the triangle inequality, we have
j=1
X; - X2 [ pxiom) — b md )| ds [ R mY) ~ (T ms)| ds
0 0
t t
< Lz‘p(b)/ (1X?— X| +d1(m)]¥1,mx ))ds+sz(b)/ dl(mgs,m(s))ds
0 0
et N t
< Lip(t) [ (0= X+ 5 31 = Xdds+ Lip(0) [ di(m m()ds,
j=1
since
N
d; (th mX Z
Summing over¢ = 1,..., N, we get
1T M ty N t
¥ S = X < 2ip0) [ 5 ST IXE - Kilds+ Lin(t) [ s m(s))s.
i=1 j=1
Using Gronwall Lemma, we find, for any 7' > 0, and for some constant Cr depending on Lip(b),
1 & T
sup — X - X} < C’T/ di(mY ,m(s))ds,
S 5 2% - X [y m(

X7 (it is

(1.12)

(1.13)

where C depends on 7" and Lip(b) (but not on N). Then we can come back to (I.12), use first Gronwall Lemma and
then (T.13) to get, for any T' > 0, and for some (new) constant C'r depending on Lip(b) and which might change from

line to line,

T N
L 1 o
sup X}~ X < Cr [ (5 S21X = X2+ ol m(s))ds
t€[0,T] 0 J=1

T
<Cr / di(m,m(s))ds.
0

We now take expectation to obtain

E

sup | X; — X
te[0,T]

< Cr /OTIE [dl(m%§7m(s))ds] .

One can finally check exactly as in the proof of Theorem [I]that the right-hand side tends to 0.
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1.3 The mean field game system

In this section, we focus on the mean field game system of PDEs (henceforth, MFG system) introduced by J.-M. Lasry
and P.-L. Lions ([144]], [[145]]). It takes the form of a backward Hamilton-Jacobi equation coupled with a forward
Kolmogorov equation
—Owu — eAu+ H(z, Du,m) =0,
oym — eAm — div(mH,(z, Du,m) = 0, (1.14)
m(0) = mp, u(T) = G(x,m(T)).
The Hamilton-Jacobi equation formalizes the individual optimization problem and is solved by the value function of
each agent, while the Kolmogorov equation describes the evolution of the population density.

We will first derive in a heuristic way the MFG system (I.14). Then we will discuss several PDE methods used to
obtain the existence and uniqueness of solutions, in both the diffusive case (¢ > 0) and the deterministic case (¢ = 0).
In order to give a more clear and complete presentation of the PDE approach, we will mostly focus on the simplest
form of the system (where the cost of control is separate from the mean-field dependent cost):

—Owu — eAu+ H(z, Du) = F(z,m)
uw(T) = G(z,m(T))
Oym — eAm — div(m Hy,(x, Du)) =0

m(0) = my,

(1.15)

where we will distinguish two kind of regimes, depending on the case of smoothing couplings F, G (operators on the
space of measures) rather than on the case of local couplings (functions defined on the density of absolutely continuous
measures). Sample results of existence and uniqueness will be given in both cases.

For simplicity, we will restrict the analysis of system (I.T5) to the periodic case. This means that  belongs to the
d—dimensional torus T?¢ := R?/Z%, and all z-dependent functions are Z?—periodic in space. We denote by P(T9)
the set of Borel probability measures on T%, endowed as before with the Monge-Kantorovich distance d;:

di(m,m’)=sup [ ¢d(m—m') Vm,m' € P(T%),
¢ JTd

where the supremum is taken over all 1—Lipschitz continuous maps ¢ : T¢ — R. This distance metricizes the narrow
topology on P(T4). Recall that P(T4) is a compact metric space. For T' > 0, we set Qr := (0,T) x T

1.3.1 Heuristic derivation of the MFG system

We describe here the simplest class of mean field games, when the state space is R?. In this control problem with
infinitely many agents, each small agent controls his/her own dynamics:

XS:x—i-/ b(XT,ar,m(r))dr+/ o(X,, ap,m(r))dB,, (1.16)
¢ ¢

where X lives in RY, « is the control (taking its values in a fixed set A) and B is a given M —dimensional Brownian
motion. The difference with Section is the dependence of the drift with respect to the distribution (m(¢)) of all
the players. This (time dependent) distribution (m(t)) belongs to the set P(R?) and is, at this stage, supposed to be
given: one should think at (m(t)) as the anticipation made by the agents on their future time dependent distribution.
The coefficients b : RY x A x P(R?) — R?and o : R x A x P(R?) — R™*M are assumed to be smooth enough
for the solution (X) to exist.

The cost of a small player is given by
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J(t,x, o) =E l/ L(Xs,as,m(s))ds + G(Xp,m(T))| . (1.17)

Here T > 0 is the finite horizon of the problem, L : R? x A x P(R?) — R and G : R? x P(R%) — R are given
continuous maps.
If we define the value function u as
u(t,z) = iralf J(t,x, o),

then, at least in a formal way, u solves the Hamilton-Jacobi equation

{ —Owu(t, z) + H(x, Du(t,x), D*u(t,z), m(t)) = 0 in (0,7) x R?
u(T,z) = G(x,m(T)) in R?

where the Hamiltonian H : R? x R? x R4 x P(R?) — R is defined by

1
H(x,p, M,m) :=sup |—L(z,a,m) —p-b(z,a,m) — §Tr(aa*(az, a,m)M)
acA

Let us now introduce a* (¢, z) € A as a maximum point in the definition of H when p = Du(t,z) and M = D?u(t, x).
Namely

H(z, Du(t,z), D*u(t,z),m(t)) = —L(x, o (t,z),m(t)) — Du(t,z) - b(x, o* (¢, z), m(t))

- %Tr(aa*(x,a*(t,x))DQu(t,x)7m(t)). (1.18)

Recall from Subsection [I.2.1|that o* is the optimal feedback for the problem. However, we stress that here w and o*
depend on the time-dependent family of measures (m(t)).

We now discuss the evolution of the population density. For this we make the two following assumptions. Firstly
we assume that all the agents control the same system (I.16) (although not necessarily starting from the same initial
position) and minimize the same cost J. As a consequence, the dynamics at optimum of each player is given by

dX$ = b(XS, a%(s, X3),m(s))ds + o (XS, " (s, XJ), m(s))dBs.

Secondly, we assume that the initial position of the agents and the noise driving their dynamics are independent: in
particular, there is no “common noise" impacting all the players. The initial distribution of the agents at time ¢ = 0 is
denoted by mg € P(R?). From the analysis of the mean field limit of Subsection (in the simple case where the
coefficients do not depend on the other agents) the actual distribution (12(s)) of all agents at time s is simply given by
the law of (X ) with £L(X{) = my.

Let us now write the equation satisfied by (72(s)). By ItA”’s formula, we have, for any smooth map ¢ : [0,7) x R? —
R with a compact support:

T
0= E[6(T,X7)) = E[6(0.X5)] + [ B[010(s,X5) + X 0" (5. XD m(5) - Do X:)
+ %Tr(o’a*(X:,oz*(s, X:),m(s))D2¢(s,X;‘))]ds
T
= [ o0aman) + [ [ [o(s.2)+ b0 (s.2).m(s)) - Do)
+ %’I‘r(oa*(m,a*(s, m)7m(s))D2¢(s,x))}ﬁl(t,dm)ds

After integration by parts, we obtain that (m(t)) satisfies, in the sense of distributions,
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om — = ZD m(t, v)ag;(z, o (t,2),m(t)) + div(m(t, 2)b(z, o (t,x),m(t))) =0 in (0,T) x R,
m(0) = mo in RY,

where a = oo™.
At equilibrium, one expects the anticipation (m(t)) made by the agents to be correct: m(t) = m(t). Collecting the
above equations leads to the MFG system:

—0pul(t, x) + H(x, Du(t,x), D*u(t, z), m(t)) = 0 in (0,7) x RY,
Om — = ZD m(t, z)a;j(z, o (t, ), m(t)) + div(m(t, 2)b(z, a*(t, ), m(s))) =0 in (0,T) x R,
m(0) = mo, u(T,z) = G(x,m(T)) in RY,

where o* is given by (I.I8) and a = oo ™.
In order to simplify a little this system, let us assume that M/ = d and o = v/2¢I; (where now ¢ is a constant). We
set (warning! abuse of notation!)

H(xvpv m) ‘= sup [—L((E, avm) —p- b(l'v a, m)]
acA

and note that, by Lemmal(I] under suitable assumptions one has (see (1.6)
Hp(gjv Du(tv SC), m(t)) = 76(1‘7 o (ta I), m(t))
In this case the MFG system becomes

—Owu(t,x) — eAu(t,x) + H(z, Du(t,z),m(t)) =0 in (O T) x RY,
oym — eAm(t, x) — div(m(t, z) Hy(z, Du(t, x) m(t)) = in (O,T) x R4,
m(0) = mo, u(T,z) = G(z,m(T)) in RY,

This system will be the main object of analysis of this chapter. Note that it is not a standard PDE system, since the first
equation is backward in time, while the second one is forward in time. As this analysis is not too easy, it will be more
convenient to work with periodic boundary condition (namely on the d—dimensional torus T¢ = R¢/Z%).

1.3.2 Second order MFG system with smoothing couplings

We start with the analysis of the MFG system (1.15). Hereafter, we assume that « belongs to the d—dimensional torus
T, In this Section we assume that the coupling functions are smoothing operators defined on the set C°([0, T, P(T4)).
To stress that the couplings are operators, we will write their action as F'[m] and G[m], so the system will be written as

—Owu — eAu+ H(t,x, Du) = F[m]

w(T) = G[m(T)] (1.19)
Oym — eAm — div(m Hy,(t,z, Du)) =0 ’
m(0) = mg.

Definition 1 We say that a pair (u,m) is a classical solution to (1.19) if

(i) m € C°([0,T], P(T%)) and m(0) = mg; u € C(Qr) and u(T) = G[m(T)]
(ii) u, m are continuous functions in (0,7 x T?, of class C? in space and C' in time, and the two equations are
satisfied pointwise for z € T? and t € (0, 7).
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Let us stress that the above definition only requires u,m to be smooth for ¢ € (0,T"), which allows mg to be a
general probability measure. Of course, the smoothness can extend up to ¢ = 0 and/or ¢ = T in case mg and/or G|
are sufficiently smooth. We also notice that the above definition requires H,(x, p) to be differentiable, in order for m
to be a classical solution. It is often convenient to use a weaker notion as well: we will simply say that (u,m) is a
solution of (without using the adjective classical) if (u, m) satisfy point (i) in the above Definition, m and Du
are locally bounded and if both equations are satisfied in the sense of distributions in (0, T’), i.e. against test functions
¢ € C1((0,T) x T?¢) with compact support in (0, T).

The smoothing character of the couplings F, G is assumed in the following conditions:
F:C%(0,T],P(T%)) — C°(Qr) is continuous with range into a bounded set of L> (0, T; W5 >°(T%)) (1.20)
and similarly
G : P(TH N LY(T9) — C°(T) is continuous with range into a bounded set of W1 (T4). (1.21)

We notice that functions F'(¢, z,m) which are (locally) Lipschitz continuous on Q7 x P(T9) naturally provide with
corresponding operators given by F'[m| = F(t,z, m(t)); the above assumption is satisfied if, for instance, F is
Lipschitz in z uniformly for m € P(T¢). Examples of such smoothing operators are easily obtained by convolution.

As is now well-known in the theory, a special case occurs if the operators F, G are monotone. This can be understood
as an extension of the standard monotonicity for L? operators (indeed, F' and G are defined in L2(Q7) and L?(T%)
respectively). For instance, F' is said to be monotone if

/OT/W (F[mi1] — F[ma))d(my —mg) >0 ¥Ymy,my € C°([0,T], P(T%))

and a similar definition applies to G. Let us observe that the monotonicity condition on F, G is satisfied for a restricted
class of convolution operators, but one can take for instance F[m] = f(k*m)xk, where f is a nondecreasing function
and k£ > 0 a smooth symmetric kernel.

We start by giving one of the early results by J.-M. Lasry and P.-L. Lions.

Theorem 4 ([144],[145]) Let F, G satisfy conditions (@) . Assume that H € CH(Qr x R?) is convex with
respect to p and satisfies at least one of the two following assumptions:

Jeo>0: [Hy(t,z,p)| <co(l+p|) V(t,z,p) € Qr x R? (1.22)

Je1>0: Hylt,a,p)-p>—ci(l+|p*) V(t,z,p) € Qr x R? (1.23)

Then, for every mq € P(T?), there exist u € L°°(0,T; WH*°(T4)) N C°(Qr) and m € C°([0,T], P(T%)) such that
(u,m) is a solution to (1.19).
In addition, let F, G be monotone operators. If one of the two following conditions hold:

fon’]l‘d(F[ml] — F[mg])d(ml — mg) =0= F[ml] = F[mg} (1.24)
de(G[mﬂ — G[mﬂ)d(’ﬂh — mg) =0= G[ml] = G[mg}
H(t7$7pl) - H(tvxap2) - Hp(t71'7p2)(p1 *PQ) =0= Hp(taxapl) = Hp(t7x7p2) Vp17p2 S Rd (125)

then (u, m) is unique in the above class.
Finally, if in addition H, € C*(Qr x R%) and F is a bounded map in the space of Holder continuous functions,
then (u,m) is a classical solution.

Proof. We start by assuming that my is Holder continuous in T<. We set

X :={m e C%0,T], L*(T%) : m >0, [ m(t)=1Vtec[0,T]},
’]I‘d
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and we define the following operator: for ;1 € X, if u,, denotes the unique solution to

—0wuy, — eAuy, + H(t,z, Du,) = Fu]
un(T) = G[(T)],

then we set m := &(u) as the solution to

Oym — eAm — div(mH,(t,z, Du,)) =0,
m(0) =myg.
We observe that, for given 1 € X, F[u] belongs to L>(0, T; W1°°(T<)) and G|u] is Lipschitz as well. If condition
is satisfied, then H has at most natural quadratic growth since |H (t,z,p)| < ¢(1 + |p|?) for some constant
¢ > 0. Hence the classical parabolic theory applies (see [142 Chapter V, Thm 3.1]); there exists a constant K > 0 and
a € (0,1) such that Du,, € C*(Qr) and
D |oo < K . (1.26)

More precisely, the constant K is independent of 1 due to the assumptions on the range of F, G in (I.20)-(L.21).

By contrast, if condition @ holds true, then H has not necessarily natural growth; however, a gradient estimate
follows by using the classical Bernstein’s method. This means that we look at the equation satisfied by w := |Du|?.
Assuming u to be smooth, a direct computation gives

Opw — eAw = —2|D*u|? — 2Du - D (H (t,x, Du) — F[m])
< —H,-Dw —2H,(t,z, Du) - Du+ 2DuDF[m)|
< —Hp - Dw + 2¢1(1 4 |Dul?) + [Dul® + || F[m] |31,

where we used both assumptions (1.20) and (1.23). Since | F[m]||w 1. is bounded uniformly with respect to m, we
conclude that there exists C' > 0 such that

Ow —eAw+ H, - Dw < C(1+w).

Attime t = T we have ||w(T)| s < ||[DG[m]||%, < C, so we deduce, by maximum principle, that

| Dul%, = [Jw]le < Cr (1.27)

for some constant C'r depending on 7', ¢1, F, G. Therefore, (I.26) holds true under condition (I.23) as well.

Eventually, we conclude that Hy (¢, z, Du,,) is uniformly bounded for u € X. By parabolic regularity (see e.g.
[142] Chapter V, Thms 1.1 and 2.1]), this implies that m is uniformly bounded in C*(Qr), for some v € (0, 1). In
particular, the operator & has bounded range in C*(Q7 ), so the range of @ is a compact subset of X . The continuity of
@ is straightforward: if y1,, — p1, we have F[u,] — F[u] in C(Q7), so u,, converges uniformly to the corresponding
solution u,,, while Du,, converges a.e. to Du,,, hence H,(x, Du,) — Hp(z, Du,) in LP(Qr) for every p > 1, which
entails the convergence of m,, towards m = ®(u). By Schauder’s fixed point theorem (see e.g. [110]) applied to @, we
deduce the existence of m such that m = ®(m), which means a solution (u, m) of (1.19).

For general mg € P(T%), we can proceed by approximation. Given a sequence of smooth functions my,, converging
to mg in P(T9), the corresponding solutions u,, will satisfy uniformly thanks to -. Using as
before the parabolic regularity one gets that Du,, is relatively compact in C°([a,b] x T9) for all compact subsets
la,b] C (0,T). Hence H,(t,z, Du,) converges in L”(Qr) for every p < co. By standard stability of Fokker-Planck
equations, this implies the compactness of m,, in C°([0, T]; P(T%)). In particular, we deduce both the initial and the
terminal condition (due to the continuity of G). Finally, the limit couple (u,m) satisfies u € L>(0, T; W1 (T9)),
m € C°([0,T); P(T%)) and is a solution of . In fact, by the parabolic regularity recalled before, this solution
satisfies m, Du € C*(Qr) for some o € (0, 1). If F is a bounded map in the space of Holder continuous functions,
then we bootstrap the regularity once more. We have that F'[m] is Holder continuous, so is H (¢, z, Du) and therefore
by Schauder regularity (see e.g. [142, Chapter IV]) u belongs to C**+2:2+%(Q7) for some o € (0,1). If H,, is C1,
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this implies that div(H, (¢, z, Du)) is Holder continuous as well, and we conclude that m is also a classical solution
in (0,7).

Uniqueness: Let (ug,m1) and (uz, m2) be solutions of (1.19) such that u; € L>(0,T; W1 (T4)) N C(Q) and
m; € C°([0,T]; P(T9)). As we already used above, the m; are locally bounded and Holder continuous; therefore,

my — mo can be justified as test function in the equation of u; — u9 (and viceversa) in any interval (a, b) compactly
contained in (0, T'). It follows that

d
5 [ = u)m ) = [ (Pl] = Flmal)(m ~ ma)
Td Td
+ mq {H(t,x, Dug) — H(t,z, Duq) — Hy(t,z, Duy)(Dug — Duq)} (1.28)
Td
+ | mo{H(t,z,Du1) — H(t,x, Dug) — Hp(t,z, Dug)(Dus — Dus)}
Td

where the equality is meant in the weak sense in (0,7"). By convexity of H and monotonicity of F, it follows that
Jpa (w1 —uz)(my —ms) is non increasing in time. Moreover, this quantity is continuous in [0, 7] because u; € C(Qr)
andm; € C°([0, T]; P(T?)). By monotonicity of G, this quantity is nonnegative at ¢ = T',however it vanishes for t = 0.
We deduce that it vanishes for all ¢ € [0, 7. In particular, the previous equality implies that all terms in the right-hand
side are equal to zero. If condition holds true, this implies that F[m;] = F[ms] and G[m1(T)] = Glm2(T)];
hence, by uniqueness of the parabolic equation (namely, by maximum principle), we deduce that u; = us. This implies
H,(t,x,Du1) = Hy(t,z, Duy), and for the Fokker-Planck equation this implies that m; = ms. Indeed, given a
bounded drift b € L°°(Q7), one can easily verify with a duality argument that if u € C°([0,T]; P(T%)) is a weak
solution of the equation Oy — Ap — div(bp) = 0 and p(0) = 0, then p = 0. Alternatively, if holds true, then
we first obtain that H, (¢, x, Du1) = H,(t, z, Dus), hence we deduce that m; = mg and we conclude by uniqueness
of u. ]

Remark 4 Uniqueness of the solution of (T.19) is not expected in general if Lasry-Lions’ monotonicity condition fails.
This lack of uniqueness is well-documented in the literature: see for instance [25} 40l |68l [149]. By contrast, it is
relatively easy to check that uniqueness holds if the horizon is “short” or if the functions H and G do not “depend too
much” on m, see e.g. [23]].

The existence part of the above result can easily be extended to more general MFG systems, in which the Hamiltonian
has no separate structure:

—Owu — eAu+ H(t,z, Du,m(t)) =0 in (0,7) x T¢
oym — eAm — div (m Hp(t, z, Du,m(t))) =0 in (0,7) x T¢ (1.29)
m(0) =myo , w(T,z) = GIm(T)] in T¢

The notion of classical solution is given as before. A general existence result in this direction sounds as follows.

Theorem 5 Assume that H : Qp x R x P(T9) — R is a continuous function, differentiable with respect to p, and
such that both H and H,, are C'* continuous on Q1 x R? x P(T?), and in addition H satisfies the growth condition

Hz(taxapam) ‘P2 *00(1 + |p|2) V(t,x,p, m) € QT X Rd X P(Td) (130)

for some constant Cy > 0. Assume that G satisfies and that mo € P(T?). Then there is at least one classical

solution to (I.29).

Remark 5 Of course, the solution found in the above Theorem is smooth up to ¢ = 0 (respectively ¢t = T) if, for some
B € (0,1), mg € C*P(T?) (respectively, G[m] is bounded in C?*#(T%) uniformly with respect to m € P(T%)).

The proof is relatively easy and relies on gradient estimates for Hamilton-Jacobi equations (as already used in
Theorem [ above) and on the following estimate on the McKean-Vlasov equation
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Ogm —eAm — div (m b(t,z,m(t))) =0 in (0,7) x T¢
(1.31)
m(0) = mg
To this purpose, it is convenient to introduce the following stochastic differential equation (SDE)
dX; = b(t, Xy, L(X¢))dt ++/2edB;,  t€[0,T]
Y. — 7 (1.32)
0= %o

where (B;) is a standard d—dimensional Brownian motion over some probability space ({2, .4, P) and where the initial
condition Zy € L'(2) is random and independent of (B;).

We assume that the vector field b : [0, 7] x T¢ x P(T%) — R is continuous in time and Lipschitz continuous
in (2, m) uniformly in ¢. Under the above condition on b, we have proved in Subsection that there is a unique
solution to (I.32). This solution is closely related to equation (T.3T).

Lemma 6 Under the above condition on b, if L(Zy) = mo, then m(t) := L(Xy) is a weak solution of and
satisfies
di(m(t),m(s)) < co(1+ [|b]lo)|t — s|? Vs, t € [0,T] (1.33)

Jor some constant ¢y = ¢o(T) independent of € € (0, 1].

Proof. The fact that m(t) := £(X;) is a weak solution of (1.31)) is a straightforward consequence of ItA s formula: if
¢ : Qr — R is smooth, then

(1, X)) = (0, Zo) + / lo1(5, X2) + Dip(s, X.) - b(s, Xovm(s)) + eAp(s, X,)] ds + / Dy(s. X,) - dB,.

t
Taking the expectation on both sides of the equality, we have, since E [ / Dy(s, X5) - dBS} =0,
0

Elp(t,X:)]=E [@(0, Zy) +/0 [p:(s, Xs) + Dp(s, Xs) - b(s, Xs,m(s)) + eAp(s, X;)] ds} .

So by definition of m/(t), we get

/]Rd o(t, z)m(t,dz) = /]Rd »(0, 2)mo(dx) +/0 /]Rd [pe(s, ) + Dp(s,x) - b(s,x,m(s)) + eAp(s,z)] m(s,dx) ds

hence m is a weak solution to (I.3T)), provided we check that m is continuous in time. This is the aim of the next
estimate. Let ¢ : T? — R be 1-Lipschitz continuous and take, for instance, s < t. Then, using (1.8)), we have

di(m(t),m(s)) <E[|X: — Xs|] <E {/ (T, X, m(7))| dr + V2 |B; — Bs|| < ||blloo(t — 5) 4+ \/2e(t — )

(1.34)
which yields (T-33). O

Remark 6 Observe that not only the estimate (I.33) is independent of the diffusion coefficient e, but actually the precise
form (1.34) shows that, when £ — 0, the map m(t) becomes Lipschitz in the time variable.
We further notice that an estimate also follows, similarly as in @), for the Wasserstein distance. Indeed, recalling

that dy(mq,mg) = infx y (]E UX — Y|2] ) 1/2, proceeding similarly as in (1.34)) yields
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do(m(t), m(s)) < t—sEU 1b(r, X m(7) |d7y+o<) ase = 0

V]t —s| (// |b2mdxdt> +o0(l) ase—0.

We prove now Theorem [5}
Proof of Theorem
For a large constant C to be chosen below, let C be the set of maps 1 € C°([0,T], P(T%)) such that

sup L) 20) (1.35)

s#t |t—$|%

Then C is a closed convex subset of C°([0, 7], P(T%)). It is actually compact thanks to Ascoli’s Theorem and the
compactness of the set P(T¢). To any u € C we associate m = ¥(u) € C in the following way. Let u be the solution to

—Oyu —eAu+ H(t,z, Du, p(t)) =0  in (0,7) x T¢ (136)
WT) = Glu(T)]  inT '
Then we define m = ¥ (u) as the solution of the Fokker-Planck equation
Oym —eAm — div (m Hp(t, z, Du, pu(t))) =0 in (0,7) x T¢
R (1.37)
m(0) = mg in T.

Let us check that ¥ is well-defined and continuous. We start by assuming that /1 is globally Lipschitz continuous. Then,
by standard parabolic theory (see e.g. [142, Chapter V, Thm 6.1]), equation (I.36) has a unique classical solution w.
Moreover, u is of class C*+/2:2+¢(Qr) where the constant a do not depend on 4. In addition, the Bernstein gradient
estimate holds exactly as in Theorem ] which means that

[Dulloc < K

for some constant K only depending on T, | DG[]||« and on the constant Cy in (1.30). Due to (I.21)), the constant
K is therefore independent of ;.. We see now that the global Lipschitz condition on H can be dropped: indeed, it is
enough to replace H (t,z,p, m) with H(t,z,p,m) = C(p)H (t,z,p,m) + (1 — ¢(p))|p| where ¢ : RY — [0,1] is a
smooth function such that ((p) = 1 for |p| < 2K and {(p) = 0 for |p| > 2K + 1. Thanks to the gradient estimate,
solving the problem for H is the same as for H.

Next we turn to the Fokker-Planck equation . Since the drift b(¢, x) := —H, (¢, z, Du(z), u(t)) belongs to
L (Qr), there is a unique solution m € C°(]0, T], P(’H‘d)), moreover, since b is bounded independently of 1, say by
a constant Cy, from Lemma@]we have the following estimates on m:

dy(m(t), m(s)) < co(1 + | Hy(-, Du, 1) ||so) |t — 5|2 < co(1+ Co)|t — sz Vs, t €[0,T].
So if we choose C so large that C; > ¢o(1 + C2), then m belongs to C. Moreover, if we write the equation in the form
oym —eAm — Dm - Hy(t, x, Du, pu(t)) — m divH, (¢, z, Du, p(t)) =0

then we observe that m is a classical solution in (0, 7). Indeed, since u € C'T/22+(Qr) and t — pu(t) is Holder
continuous, the maps (¢, ) — H,(t,z, Du, 1(t)) and (¢, z) — divH,(¢, z, Du, u(t)) belong to C*(Qr), so that the
solution m belongs to C1+*/2:2+(Q) ([142, Chapter IV, Thm 10.1]).

We have just proved that the mapping ¥ : u — m = ¥(u) is well-defined from C into itself. The continuity of
¥ can be proved exactly as in Theorem [d] We conclude by Schauder fixed point Theorem that the continuous map
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@ — m = W¥(u) has a fixed point i in C. Let @ be associated to i as above. Then (%, fz) is a solution of our system
(1.29). In addition (@, z) is a classical solution in view of the above estimates. O

Let us mention that there are no general criteria for the uniqueness of solutions to in arbitrary time horizon
T, except for the Lasry-Lions” monotonicity condition (I.24) for the case of separate Hamiltonian treated in Theorem
In case of local dependence of H (¢, x, p, m) with respect to the density m of the measure, a structure condition on
H ensuring the uniqueness was given by P.-L. Lions in [149] (Lessons 5-12/11 2010) and will be discussed later in
Theorem T3] in the subsection devoted to local couplings.

Otherwise, the uniqueness of solutions to can be proved for short time horizon, e.g. using directly the Banach
fixed point theorem for contraction mappings, in order to produce both existence and uniqueness of solutions (as in
the papers by Caines, Huang and MalhamA®© [[132]], under a smallness assumption on the coefficients or on the time
interval).

1.3.3 Application to games with finitely many players

In this subsection, we show how to apply the previous results on the MFG system to study a N —player differential
game in which the number N of players is “large”.

The N —player game
The dynamic of player ¢ (where i € {1,..., N})is given by
dXiP=v'(X},..., XN al, ... aN)dt +V2dB:, X} =27,

where (BY) is a d—dimensional Brownian motio The initial condition X for this system is also random and has
for law o € P1(R?), and we assume that all Z* and all the Brownian motions (B}) (i = 1,..., N) are independent.
Player i can choose his bounded control o with values in R? and adapted to the filtration (F; = o{X}, BI, s <
t, 7=1,...,N}). We make the structure assumption that the drift b of player i depends only on his/her own control
and position and on the distribution of the other players. Namely:

bz, ..., 2N, al, . oY) = b2t o, wmd ), where x = (z1,...,2") € (RY)Y and m* = 2530_7‘,
J#i

where b : T? x R x P(T4) — R? is a globally Lipschitz continuous map. We have denoted by 7 : RY — T the
canonical projection and by 7w the image of the measure m by the map 7. The fact that the players interact through
the projection over T? of the empirical measure mZL % is only a simplifying assumption related to the fact that we have
so far led our analysis of the MFG system on the torus. Indeed, here we systematically see maps defined on T¢ as
7% —periodic maps on R,

The cost of player ¢ is then given by

T
TNt ..., aN) = TN (o (@) ) =E /0 Lix},...,xN o}, ..., aM)dt + G{(X4H, ..., XN)

Here again we make the structure assumption that the running cost L’ of player i depends only on his/her own control
and position and on the distribution of the other players’ positions, while the terminal cost depends only on his/her
position and on the distribution of the other players’ positions:

! In order to avoid the (possible but) cumbersome definition of stochastic processes on the torus but, at the same time, be able to use the
results of the previous parts, we work here with diffusions in R?® with periodic coefficients and assume that the mean field dependence of
the data is always through the projection of the measures over the torus.
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Li(xl, e el 704N) = L(xﬂaﬂwﬁmfjﬂ, Gi(xl, . ,CL‘N) = G(ﬂcﬂ7rjjm,1:7’i)7
where L : T¢ x RY x P(T4) — Rand G : T? x P(T%) — R are continuous maps, with
|L(z,a,m) — L(z', c, m')| + |G(z,m) — G(z',m")| < K(|x — 2’| + d1(m,m")),
the constant K being independent of «.. In addition, we need a coercivity assumption on L with respect to «:
L(z,a,m) > C Ya| - C, (1.38)

where C is independent of (z,m) € T¢ x P(T%). These assumptions are a little strong in practice, but allow us to
avoid several (very) technical points in the proofs.
In that setting, a natural notion of equilibrium is the following.

Definition 2 We say that a family (a',...,a&") of bounded open-loop controls is an e—Nash equilibrium of the
N —player game (where £ > 0) if, for any i € {1,..., N} and any bounded open-loop control o,

TN (@ (a7) ) < TN (o, (@) ) + e

The MFG system and the N —player game.

Our aim is to understand to what extent the MFG system can provide an € —Nash equilibrium of the N —player game,
at least if [V is large enough. For this, we set

H(z,p,m) = sup {-b(z,a,m) - p— L(z,a,m)}
acRd

and we assume that H, G and mg := 7fmy satisfy the assumptions of Theorem 5]

Hereafter, we fix (u,m) a classical solution to (T.29) (here with ¢ = 1). Following the arguments of Subsection
[I.3.1] we recall the interpretation of the MFG system. In the mean-field approach, a generic player controls the solution
to the SDE

t
X, =X, +/ b(X,, s, m(s))ds + V2B,
0

and faces the minimization problem
T
infJ(a)  where  J(a)=E [ / L(X,, a0, m(s)) ds + G (Xz, m(T))
@ 0

In the above dynamics we assume that Xy is a fixed random initial condition with law mq € P(T%) and the control o
is adapted to some filtration (F;). We also assume that (B;) is a d—dimensional Brownian motion adapted to (F;) and
that X and (B;) are independent.

Then, given a solution (u,m) of (1.29), u(0) is the optimal value and the feedback strategy o* such that
b(z, a*(t,x),m(t)) := —H,(x, Du(t, z), m(t)) is optimal for the single player. Namely:

Lemma 7 Let (X;) be the solution of the stochastic differential equation

det = b(Xy, a*(t, X3), m(t))dt +/2dB;
Xo = Xo

and set a; = a*(t, X;). Then
inf 7(o) = J(@) = / u(0, x) mo(dzx) .



Our goal now is to show that the strategy given by the mean field game is almost optimal for the N —player problem.
We assume that the feedback a*(¢,x) defined above is continuous in (¢, z) and globally Lipschitz continuous in
uniformly in ¢. With the feedback strategy a* one can associate the open-loop control &* obtained by solving the system
of SDEs:

dX} = (X}, a"(t, X]),my " )dt + V2dB;, X, = 2" (where X; = (X},..., X)), (1.39)

and setting @! = a*(t, X}). We are going to show that the controls &' realize an approximate Nash equilibrium for the
N-player game.

Theorem 6 Assume that (Z) are i.i.d. random variables on R such that E[|Z|7] < +oc for some q > 4. There exists

a constant C' > 0 such that, for any N € N*, the symmetric strategy (&', ...,a") is a Cex—Nash equilibrium in the
game JlN, e j]{,V where
N~1/2 if d <4
en:=14 N~Y2In(N)ifd =4
N—2/d if d>4

Namely, for any i € {1,..., N} and for any control o adapted to the filtration (F;),
TN (@' (@)) < TN (@ (@) i) + Cen.

The Lipschitz continuity assumption on H and G with respect to m allows us to quantify the error. If H and G are
just continuous with respect to m, one can only say that, for any € > 0, there exists Ny such that the symmetric strategy
(at,...,a) is an e—Nash equilibrium in the game 77", ..., J# for any N > Nj.

Before starting the proof, we need the following result on product measures which can be found in [68]] (Theorem
5.8. See also the references therein):

Lemma 8 Assume that (Z;) are i.i.d. random variables on R? of law i such that E[|Zo|9] < +oo for some q¢ > 4.
Then there is a constant C, depending only on d, q and E[| Zy|4], such that

CN~—1/2 if d<4
E [do(m),pu)] <4 CN~Y2In(N)ifd=4
CN—2/d if d >4

Proof of Theorem 6} From the symmetry of the problem, it is enough to show that
T (@ (@) 22) < TP (@, () j22) + Cen (1.40)

for any control a, as soon as N is large enough. We note for this that the map b(t, z,m) := b(x, o (t, ), 7fm) is
globally Lipschitz continuous in (2, m) uniformly in ¢ thanks to our assumptions on b and «*. Following the proof of
Theorem [3]in Subsection[I.2.3] we have therefore that

N
1 S
E | sup NE |X; - X{|| +E

te[0,T] i—1

T
sulzf | X} —XZ|1 < CT/ E {dl(mgs,m(s))ds , (1.41)
0

t€[0,T
where X; = (X1,..., X¥) solves
dX} = b(X!, o (t, X)), et L(X0))dt +V2dBi,  Xi= 7"

By uniqueness in law of the solution of the McKean-Vlasov equation, we have that the X7 are i.i.d. with a law m(s),
where m(s) solves
om — Am — div(mb(z, o (¢, x), mim(t)) = 0, m(0) = myp.

In view of the assumption on b, it is easy to check that
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E[ sup |X}!Y <C1+E[|Z1)) < +oo.
te[0,T]

Therefore using Lemmal8] we have

E
te[0,T] te[0,T]

sup di(m gl,m(t))l <E[sup dy(m Xl,m(t))] < Cep.

Note also that, by the uniqueness of the solution of the McKean-Vlasov equation (this time in T%), we have that
wim = m since both flows solve the same equation. Hence

E [ sup_dy (rzm’y! m(t))
te[0,T]

<E [ sup di(m 1,771(75))] < Cep.
te[0,T]

Using (T-4T) we obtain therefore

E | sup Z|X® X/|| +E

telo, T]

sup | X} — X’|1 < Cen.
te[0,T]

In particular, by Lemma([7]and the local Lipschitz continuity of L and G, we get

T
le(d17(@j)j22):E / L(de wﬁm )dS—I—G(X%,Wﬁmg’Ti)
0

T
<E / L(XL al,m(s)) ds + G(X+, m(T))| + Cen
0

g/ u(0, z)mg(dz)dz + Cey. (1.42)
Td

Let now o be a bounded control adapted to the filtration (F;) and (Y}') be the solution to
Ay = b(Y;', of, my " )dt + V2dB}, Yy = 27,

and _
dY; = b(Yy,ap,my) )dt + V2dB;, Yy = 7.

We first note that we can restrict our analysis to the case where E| fo |a; |ds] < A, for A large enough. Indeed, if

E[ fOT |al|ds] > A, we have by assumption (T-38) and inequality (T.42)), as soon as A is large enough (independent of
N) and N is large enough:
T
| latias
0

> / (0, z)mo(dz)dx + 1 > le(@l, (@j)jZQ) +1—-Cen
'ﬂ‘d

> g (@', (67)2) — (C/2)en

T (ot (@) j>0) > CT'E -CT>Cct'A-CT

T
From now on we assume that / lal|ds < A. Let us first estimate d, (mé\; ! mX ')). Note that we have, by Lipschitz
0

continuity of b,
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t
ml—xﬂé(’/ (V) = X2+ ol —all + di(my' my.)ds
0
t 1 N
1 1 ~1
SC/O(IYS = XJ o —al + g D 1YY — XI|)ds

=2
while for i € {2,..., N} we have, arguing in the same way,
. _ t . 1 M .
V=X <0 [ = X g S - X,
J#i
So

N t
1 . - 1
P ‘YZ 7XZ‘ S C/ (7| o —1| 4+ = |Yz Xz
N; t t 0o N Z

By Gronwall lemma we obtain therefore

1Y c [t
— |Yi—Xi|§—/ lal — allds.
N; ¢ =N

So
sup dl(mgl,mx )) < sup 72 Vi — X}
t€[0,T telo, T]
N ) , C T
< sup YZ—XIS—/ a;—’ids.
te[oT]Nﬁlzzl‘t t‘ N 0 | I
As E[fOT |al — allds] < A, this shows that
E | sup dl(ﬂﬁmY 'm(s))| <E| sup dl(mg 1,m§ Y1+ | sup dl(ﬂ'ﬁmg’sl,m(s))]
te[0,T] te[0,T] te[0,T)
CA

< —+Cey<C
< N+ en < Cuen,

where C4 depends also on A. Therefore, using again the Lipschitz continuity of L and G with respect to m, we get

T
le(alv(@j)jﬁ) =E / L(Y O‘evﬂ'ﬁmY )dS+G(YTa7THmY )
0

T
>E / LYY al,m(s)) ds + G(X4,m(T))| — Caen
0
> Jrau(0,2)mo(dz) — Cacen,
where the last inequality comes from the optimality of & in Lemmal[7] Recalling (T.42)) proves the result. O

We conclude this subsection by recalling that the use of the MFG system to obtain e —Nash equilibria (Theorem
E[) has been initiated—in a slightly different framework—in a series of papers due to Caines, Huang and MalhamA®©:
see in particular [[131]] (for linear dynamics) and [132]] (for nonlinear dynamics). In these papers, the dependence with
respect of the empirical measure of dynamics and payoff occurs through an average, so that the CTL implies that the
error term is of order N—'/2. The genuinely non linear version of the result given above is a variation on a result by
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Carmona and Delarue [67] (see also [68]], Section 6 in Vol. II). Many variations and extensions of these results have
followed since then: we refer to [[68] and the references therein.

We discuss below, in Section [T.4.4] the reverse statement: to what extent the MFG system pops up as the limit of
Nash equilibria. Let us just underline at this stage that this latter problem is much more challenging.

1.3.4 The vanishing viscosity limit and the first order system with smoothing couplings.

We now analyze the vanishing viscosity limit for system (I.19) and the corresponding existence and uniqueness of
solutions for the deterministic problem

—Owu + H(t,x, Du) = F[m]

T)= T
u(T) = Glm(T) s
Ogm — div(m H,(t,z, Du)) =0
m(0) =myg.
To this purpose we strengthen the assumptions on F', G, H. Namely, we assume that
F:C%0,T); P(T%)) — C°(Qr) is continuous with range into a bounded set of L>(0, T'; W2>°(T%)) (144)
and F is a bounded map from C*([0, T]; P(T?)) into C*(Q7), for any « € (0,1). '
Similarly, we assume that
G : P(T?%) — C°(T?) is continuous with range into a bounded set of W2 (T%). (1.45)
Moreover we assume that H € C?(Q, x R?) and satisfies
Jep >0 : cO_1 I; < Hpp(t,z,p) < coly Y(t,z,p) € Qp x R? (1.46)
and one between (1.23) or the following condition:
Je >0 |Hpp(t,z,p)| <er(1+pf), |Hep(t,z,p)| < (14 |p|) V(t,z,p) € Qr x R (1.47)

Under the above smoothing conditions on the couplings F, G, it will be possible to consider u as a viscosity solution of
the Hamilton-Jacobi equation and to make use of several regularity results already known from the standard viscosity
solutions’ theory. Hence, the notion of solution which is the most suitable here is the following one.

Definition 3 A couple (u,m) is a solution to (1.43) if u € C°(Qr) N L>(0, T, WL>(T4)), m € C°([0, T]; P(T4)),
w is a viscosity solution of the Hamilton-Jacobi equation, with w(7") = G[m(T)], and m is a distributional solution of
the continuity equation such that m(0) = my.

Assumptions (T.44) and (I.43)), together with the uniform convexity of the Hamiltonian ((T.46))), are crucial here in
order to guarantee an estimate of semiconcavity for the function w. This is usually a fundamental regularity property
of solutions of first order equations, but this is most relevant here because of the properties inherited by the drift term
H,(t,z, Du) in the continuity equation. Let us recall the definition and some properties of semi-concavity. Proofs and
references can be found, for instance, in the monograph [50].

Definition 4 A map w : RY — R is semi-concave if there is some C' > 0 such that one of the following equivalent
conditions is satisfied:

1. the map z — w(z) — $|z|? is concave in RY,
2wz + (1= N)y) > dw(z) + (1 — Nw(y) — CX(1 — N)|x — y|? forany 2,y € R?, X € [0,1],
3. D%w < C I, in the sense of distributions,
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4. (p—q)-(x —y) < Clz —y|? for any 2,y € R% p € DTw(z) and ¢ € DT w(y), where D w denotes the
super-differential of w, namely

y—=x ly — x|

We will use later the following main consequences of semi-concavity (see e.g. [50]).

Lemma 9 Let w : R? — R be semi-concave. Then w is locally Lipschitz continuous in R, and it is differentiable at x
if and only if D" w(x) is a singleton.
Moreover DT w(z) is the closed convex hull of the set D*w(z) of reachable gradients defined by

D*w(z) = {p € R, Iz, — x such that Dw(x,,) exists and converges to p} .

In particular, for any x € R%, DT w(z) is a compact, convex and non empty subset of RY.

Finally, if (wy,) is a sequence of uniformly semi-concave maps on R% which pointwisely converges to a map
w : RY — R, then the convergence is locally uniform, Dw,(x) converges to Dw(z) for a.e. v € R? and w is
semi-concave. Moreover, for any ©,, — x and any p, € D w,(z,), the set of cluster points of (py) is contained in
Dt w(z).

The following theorem is given in [143], and some details also appeared in [S9]. Here we give a slightly more
general version of the result.

Theorem 7 Let mo € L>®(T%). Assume - and that at least one between the conditions and
holds true. Let (u¢,m®) be a solution of (1.19). Then there exists a subsequence, not relabeled, and a couple
(u,m) € WHo°(Qr) x L>=(Q7) such that

u® —u in C(Qr), ms —m in L>®(Qr)— weak*,
and (u,m) is a solution of in the sense of Definition [3]

Proof.

Step 1. (bounds for u®, m®) Let us recall that, by Theorem u® and m® are classical solutions in (0, T"). First of all,
by maximum principle and (T.44)-(T.43), it follows that u° is uniformly bounded in Q7. The next key point consists in
proving a semi concavity estimate for u°. To this purpose, let £ be a direction in R%. We drop the index ¢ for simplicity
and we set uge (¢, z) = D?u(t, z)¢ - £ Then we look at the equation satisfied by w := uge + A(u + M)? where A\, M
are positive constants to be fixed later. Straightforward computations give the following:

—0yw — eAw + Hp(t,x, Du) - Dw + Hee(t, x, Du) + 2He,, (t, 2, Du) - Duge + Hpp(t, x, Du)Dug - Dug
= (F[m))ee — 2\ (u + M) (H(t, 2z, Du) — F[m]) — 2Xe|Dul? .

We choose M = [|ul| + 1, and we use the coercivity of H which satisfies, from (1.46), H (¢, z,p) > scg " [p|* — ¢
for some constant ¢ > 0. Therefore we estimate

—Ow — eAw+Hy,(t,z, Du) - Dw + Hee(t, x, Du) + 2Hep(t, x, Du) - Duge + Hpp(t, ¢, Du)Dug - Dug

< (Flm])ee = Acg ' [Dul® + e X (1 + Julloc) (1 + [ E[m] ] o) -

Now we estimate the terms with the second derivatives of H, using condition (T:46) and one between (I.23) and (T:47).
To this purpose, we notice that, if (@) holds true, then we already know that DuF is uniformly bounded in @, see
(1.27) in Theorem@ Then the bounds assumed in (1.47) come for free because H is a C? function and the arguments

(t, z, Du) live in compact sets. Therefore, we can proceed using (1.47) in both cases. Thanks to Young’s inequality,
we estimate

1
Hee(t,x, Du) + 2Hep(t, x, Du) - Dug + Hpp(t, x, Du)Dug - Duge > gcal\DudQ — ¢(1+ |Dul?)
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hence we deduce that
1
—Oyw—eAw+H,(t, x,Du)~Dw—|—§cal|Du§|2 < c(1+|Dul?)+ || D2, Fm]|lco —Acg [ Dul2 +c A (14| F[m] || o0)

where we used that ||u|| is bounded and we denote by c any generic constant independent of €. The terms given by F'[m)
are uniformly bounded due to (I.44). Thus, by choosing A sufficiently large we deduce that, at an internal maximum
point (¢, ) of w, we have [Du¢|? < C for a constant C' independent of €. Since |Dug| > |uge| > |w| — ¢f|ul|%, this
gives an upper bound at the maximum point of w(t, z-), whenever it is attained for ¢ < T. By the way, if the maximum
of w is reached at T', then maxw < ||G[m]|w2.~ + c|lu||%. We conclude an estimate for max w, and therefore an
upper bound for u¢¢. The bound being independent of £, we have obtained so far that

D*uf(t,xr) < C V(t,xz) € Qr

for a constant C' independent of . Since u° is Z?-periodic, this also implies a uniform bound for || Dt || .

At this stage, let us observe that the above estimate has been obtained as if u¢e was a smooth function, but this is a
minor point: indeed, since u € C12(Q7) and H € C2, we have w € C°(Q7) and the above computation shows that
—Oyw — e Aw + Hp(z, Du) - Dw is itself a continuous function; so the estimate for w follows applying the maximum
principle for continuous solutions.

Now we easily deduce an upper bound on m® as well. Indeed, m* satisfies, for some constant K > 0

oym —eAm — Dm - Hy(t,z, Du) = mTr (pr(t, x, Du)Dzu) <Km
thanks to the semi concavity estimate and the upper bound of H,,, given in (1.46). We deduce that m* satisfies
Im=[loe < €5 {Imolo - (1.48)

Step 2. (compactness) From the previous step we know that Du® is uniformly bounded. Lemma [6] then implies
that the map ¢ — m?(t) is Holder continuous in 7(T¢), uniformly in . This implies that m* is relatively compact in
C([0,T], P(T%)). Moreover, from the uniform bound (1.48), m* is also relatively compact in the weak—* topology
of L*>(Qr). Therefore, up to subsequences m® converges in L>—weak* and in C°([0, 7], P(T%)) towards some
m € L>®(Qr) N C°([0,T], P(T%)). In particular, m(0) = my. In order to pass to the limit in the equation of m*?,
we observe that the uniform semi concavity bound implies that, up to subsequences, Hy, (¢, z, Du®) almost everywhere
converges towards H,(t, z, Du) (see Lemma@), and then it converges strongly in L' (Q7) by Lebesgue theorem. This
allows us to pass to the limit in the product m®H, (¢, x, Du®) and deduce that m is a distributional solution of the
continuity equation.

We conclude now with the compactness of u°. Since Du® is bounded, we only need to check the uniform continuity of
uf in time, which is done with a standard time-translation argument. First we observe that, as G[m®(T')] € W2 (T%),
the maps wt (z,t) = G[m&(T)] + C1(T — t) and w™ (z,t) = GIm*(T)] — C1(T — t) are, respectively, a super and
sub solution of the equation of v, for C'; sufficiently large (but not depending of ¢). Hence, by comparison principle

[u®(t) = Gm*(T)][loe < CL(T' = 1). (1.49)
For h > 0, we consider u§ (z,t) = u®(z,t — h) in (h, T'), which satisfies
=0, — eAuj, + H(t — h,z, Duj,)) = F[m®](t — h).

Because of the uniform Holder regularity of the map ¢ — m*(t) in P(T?) and the assumption (1.44) (with o = 1),
we have

o IFlme)(e = b) = Flm)(0)l < CVh

and since H is locally Lipschitz and Du* is uniformly bounded we also have
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sup |H(t— h,x,Duj) — H(t,z,Duj)| < Ch.
te(h,T)

For the terminal condition we also have, using (T.49),
[uf,(T) = u(T)lloo = [u*(T" = h) = G[m*(T)]l[cc < Crh.
By the L stability (say, the comparison principle) we deduce that
[uf(t = h) — u*(t)]|oc < C(T —t) Vh+ Cih.

This proves the equi-continuity of ¢ in time, and so we conclude that u¢ is relatively compact in C%(Qr).

By continuity assumptions on F' and G, we know that G[m?(T')] converges to G[m(T)] in C°(T%), and F[m*]
converges to F[m] in C°(Qr). It is now possible to apply the classical stability results for viscosity solutions and we
deduce, ase — 0, that  is a viscosity solution of the HJ equation —0;u+ H (¢, x, Du) = F[m], withu(T) = G[m(T)].
Note that, as H (¢, z, Du) and F[m] are bounded, by standard results in viscosity solutions’ theory it turns out that u
is Lipschitz continuous in time as well. ]

Let us now turn to the question of uniqueness of solutions to (T.43). On one hand, the uniqueness will again rely
on the monotonicity argument introduced by Lasry and Lions; on another hand, the new difficulty lies in showing the
uniqueness of m from the continuity equation; this step is highly non trivial and we will detail it later.

Theorem 8 Let mo € L>°(T?), and let H and F satisfy the conditions of Theorem [71 In addition, assume that F,G

are monotone (nondecreasing) operators, i.e.

T
/ / (Flma] — Flmal)d(my —ma) >0 Vmy,ms € CO([0,T), P(T%))
0 Jrd
and
/ (Glma] — Glma])d(my —mz) >0 Ymy,my € P(T%) .
Td
Then (T.43) admits a unique solution (in the sense of Definition[3) (u, m) such that m € L*(Qr).

Proof. We first observe that the Lasry-Lions monotonicity argument works perfectly in the setting of solutions given
above. Indeed, let (u', m!) and (u?,m?) be two solutions of (1.43) in the sense of Definition |3} with the additional
property that m', m? € L>°(Qr). We recall that for m = m?, we have the weak formulation

T
/ / (—=myp +m Hy(t,z,Du) - Dp) =0 Yo € CH(0,T) x T?). (1.50)
0 Td

Since m € L*°(Qr), by an approximation argument it is easy to extend this formulation to hold for every ¢ €
W1 (Qr) with compact support in (0, T"). We recall here that u = u® belongs to L>°(0, T, W°°(T)) by definition
and then, by properties of viscosity solutions, it is also Lipschitz in time. Hence u € W1°°(Q7). In particular, u is
almost everywhere differentiable in ()7 and, by definition of viscosity solutions, it satisfies

— dwu+ H(t,x, Du) = F[m) a.e. in Qr. (1.51)

Let here £ = £(t) be a function in W1°°(0, T') with compact support. Using (1.50) with m = m® and ¢ = v/ ¢ and
(1.51)) for w7, i, j = 1,2, we obtain the usual equality (1.28) in the weak form
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/ / (w1 — uz)(my — m2)0,€ = / £ (F[ma] — Fma])(m1 — mo)
0 Jra 0 Jrd
T
+ /0 [ €m0, Du) = H(t. . D) = Hy (1.0, Dus) (Duz = D)}

T
+ / Emo {H(t,x, Dur) — H(t,x, Dus) — Hp(t, x, Duz)(Dus — Dua)} .

0 Jrd
(1.52)

Now we take & = & (t) such that £ is supported in (6,7 —¢), £ = 1 fort € (2¢,T — 2¢) and £ is linear in (e, 2¢) and
n (T —2¢, T — ). Of course we have £, — 1 and all integrals in the right-hand side of (1.52)) converge by Lebesgue
theorem. The boundary layers terms give

2e
/ / U1 - Uz ml m2 atfs = / / U1 - U2 m1 m2 - */ / Ul - UZ)(ml mz)
T4 T4 Td

where we can pass to the limit because m* € C°([0, 7], P(T%)) and u* € C(Qr). Therefore letting ¢ — 0 in (1.52),
and using the same initial condition for m', m? we conclude that

T
/ (Gl (T)] — Glma(T)]) d(ma(T) — ma(T)) + / / (Flma] — Flmal)(my — mo)
0 T4
T
+ /0 » mq {H(t,x, Dug) — H(t,z, Du1) — Hy(t,z, Duy)(Dug — Duq)}
+ /T mo {H(t,z, Duy) — H(t,xz, Dus) — Hp(t,x,DuQ)(Dul — Dug)} =0.
0 Td

Thanks to the monotonicity condition on F, G, and to the strict convexity of H, given by (I.46), this implies that
Du' = Du? ae.in {m!' > 0} U {m? > 0}. In particular, m' and m? solve the same Kolmogorov equation: m! and
m? are both solutions to

oym — div(mD, H (t,z, Du*(t,z))) = 0, m(0) = my.

We admit for a while the (difficult) fact that this entails the equality m' = m? (see Lemmal[l0]below). Then u' and u?
are two viscosity solutions of the same equation with the same terminal condition; by comparison, they are therefore
equal. (]

In order to complete the above proof, we are left with the main task, which is the content of the following result.
Lemma 10 Assume that u € C(Qr) is a viscosity solution to
— O+ H(t,z,Du) = F(t, ), w(T,x) = ur(x), (1.53)

where H : [0,T] x T? x R® — R satisfies the conditions of Theorem E]and F € C(Qr) N L*>(0,T; W2 (T%)),
ur € W2’00(Td).
Then, for any mg € L= (T4), the transport equation

Oym — div (mHy(t, z, Du)) = 0, m(0,x) = mo(x) (1.54)
possesses at most one weak solution in L>°.

The proof of the Lemma is delicate and is the aim of the rest of the section. The difficulty comes from the fact that
the vector field H,, (¢, z, Du) is not smooth: it is actually discontinuous in general. The analysis of transport equations
with non smooth vector fields has attracted a lot of attention since the Di Perna-Lions seminal paper [98]. We rely
here on Ambrosio’s approach [16, [17], in particular for the “superposition principle” (see Theorem [0 below). A key
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point will be played by the semi concavity property of w. In particular, this implies that H, (¢, x, Du) has bounded
variation; nevertheless, this does not seem to be enough to apply previous results on the continuity equation, where the
vector field is usually supposed to have a non singular divergence. We will overcome this problem by using the optimal
control representation of H,, (¢, z, Du) and the related properties of the characteristic curves.

Let us first point out some basic properties of the solution u of (I.53)). Henceforth, for simplicity (and without loss
of generality) we assume that F' = 0 in , which is always possible up to defining a new Hamiltonian H=H-F.

We already know that « is unique and Lipschitz continuous, and it is obtained by viscous approximation. Therefore,
one can check (exactly as in Theorem[7)) that u is semiconcave in space for any ¢, with a modulus bounded independently
of . Moreover, we will extensively use the fact that u can be represented as the value function of a problem of calculus
of variations: .

utr) = int [ L(s.9(5)(6))ds + ur(o(T) (1.59)

where L(t,x, &) = sup,cga[— - p — H(t, 2, p)] and where v € AC([0,T]; T%) are absolutely continuous curves in
[0, T). For (¢t,z) € [0,T) x T¢ we denote by .A(t, x) the set of optimal trajectories for the control problem (T.53).
One easily checks that, under the above assumptions on H, such set is nonempty, and that, if (¢,,x,) — (¢,2) and
Yn € A(tn, ), then, up to some subsequence, ~y,, weakly converges in H! to some y € A(t, x).

We need to analyze precisely the connection between the differentiability of u with respect to the x variable and the
uniqueness of the minimizer in (I.53). The following properties are well-known in the theory of optimal control and
Hamilton-Jacobi equations (see e.g. [50, Chapter 6]), but we will give the proofs for the reader’s convenience.

Lemma 11 (Regularity of u along optimal solutions) Let (t, ) € [0,7] x T¢ and vy € A(t, x). Then

1. (Uniqueness of the optimal control along optimal trajectories) for any s € (t,T), the restriction of v to [s, T is the
unique element of A(s,7y(s)).

2. (Uniqueness of the optimal trajectories) Du(t, x) exists if and only if A(t, x) is reduced to a singleton. In this case,
A(t) = —Hp(t, z, Du(t,x)) where A(t,z) = {v}.

Remark 7 In particular, if we combine the above statements, we see that, for any v € A(t,z), u(s,-) is always
differentiable at y(s) for s € (¢,T), with Y(s) = —H,(s,v(s), Du(s,7(s))).

Proof. We recall that, since H is C? and strictly convex in p, then L is also C? and strictly convex in &, which ensures
the regularity of the minimizers. So if v € A(t, x), then - is of class C? on [t,T] and satisfies the Euler-Lagrange
equation

@ Le(s7(3),3(5) = Lals,7().4() Vs € [1.T] (156)

with the trasversality condition
Dur(y(T)) = —Le(T,(T), 4(T))- (1.57)

Lety; € A(s,v(s)). For any h > 0 small we build some 7, € A(t, ) in the following way:

(7) if 7 €t,s—h)
" (T) = v(s—h)—i—(T—(s—h))71(8+h)2;7(8_h) if 7€ [s—h,s+h)
71(7) ifrels+h,T)

Since ), ,, and 1 are optimal for u(s,y(s)), the concatenation vy of V... and 71 is also optimal for u(t, x). So,
comparing the payoff for v (which is optimal) and the payoff for ~;, we have

s s+h s+h s _ .
/S_h L(r,y(7),%(7))dr +/S L(7,v (1), (7))dr — /s_h L(7, v (7), 7i(s+ h)2h ol h))dr <o0.

We divide this inequality by h and let h — 07 to get
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L(s,7(s),7(s)) + L(s,7(s), 71(s)) — 2L(s,7(s), %("Y(S) +791())) <0

since limy, 0, se[s—h,s+h] Th(8) = () = 71(s). By strict convexity of L with respect to the last variable, we conclude
that 4(s) = 41(s). Since we also have y(s) = 71(s), and since both (-) and = (-) satisfy on the time interval [s, T']
the second order equation (I.36), we conclude that y(7) = 71(7) on [s, T]. This means that the optimal solution for
u(s,7y(s)) is unique.

Next we show that, if Du(t, z) exists, then A(t,x) is a reduced to a singleton and ¥(t) = —H, (¢, z, Du(t, x))
where A(t, r) = {7}. Indeed, let v € A(t, z). Then, for any v € RY,

T
uww+v>sl’me@y+uﬁwww+uTwav+w.

Since equality holds for v = 0 and since left- and right-hand sides are differentiable with respect to v at v = 0 we get

by (L.56)-(L.57):
T
Du(t, x) :/t L,(s,7(s),%(s))ds + Dup(~(T))
T
— [ 4 Lels2(6),3(5) + Durly(T) = ~Le(t,.3(0)

By definition of L, this means that ¥(t) = —H,(t,z, Du(t,z)) and therefore (-) is the unique solution of the
Euler-Lagrange equation with initial conditions y(t) = « and §(t) = —H,(t, z, Du(t, x)). This shows the claim.

Conversely, let us prove that, if A(t, z) is a singleton, then wu(t, -) is differentiable at . For this we note that, if
p belongs to D*u(t,x) (the set of reachable gradients of the map w(t,-)), then the solution to (I.56), with initial
conditions y(t) = z, ¥(t) = —H,(t, z, p), is optimal. Indeed, by definition of p, there is a sequence x,, — x such that
u(t, ) is differentiable at z,, and Du(t, x,) — p. Now, since u(t, -) is differentiable at x.,,, we know by what proved
before that the unique solution 7, (-) to (I.56) with initial conditions 7,,(t) = xy,, Yn(t) = —Hp(t, z,, Du(t, z,)),
is optimal. Passing to the limit as n — oo implies (by the stability of optimal trajectories), that y(+), which is the
uniform limit of the ~,,(+), is also optimal.

Now, from our assumptions, there is a unique optimal curve in A(¢, z). Therefore D*u(t, x) has to be reduced to a
singleton, which implies, since u(t, -) is semi-concave, that u(t, -) is differentiable at z (Lemma[9). O

We now turn the attention to the solutions of the differential equation

i(s) = —Hy(5,7(s), Dus, () ac.in[t,T]
{v(t):x. (1.58)

Here we fix a Borel representative of Du(t,z) (e.g. a measurable selection of DT u(t,x)), so that the vector field
H,(t,x,Du(t,z)) is defined everywhere in Q). In what follows, we say that + is a solution to (L.58) if v €
AC([0,T); T9), if u(s, -) is differentiable at y(s) for a.e. s € (t,T) and if

v(s) =x — /ts H,(7,~v(1), Du(r,v(1)))dr Vs € [t,T].

We already know (see Remark that, if v € A(t, ), then ~ is a solution to (1.58)); now we show that the converse is
also true.

Lemma 12 (Optimal synthesis) Let (t,z) € [0,T) x T¢ and ~(-) be a solution to . Then the trajectory -y is
optimal for u(t, ).

In particular, if u(t, -) is differentiable at x, then equation has a unique solution, corresponding to the optimal
trajectory.

Proof. We first note that +(+) is Lipschitz continuous because so is u. Let s € (¢, T") be such that equation (1.58) holds
(in particular u(s, -) is differentiable at y(s)) and the Lipschitz continuous map s — u(s,y(s)) has a derivative at s.
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Since w is Lipschitz continuous, Lebourg’s mean value Theorem [94) Th. 2.3.7] states that, for any h > 0 small, there
is some (s, yn) € [(s,7(s)), (s + h,¥(s + h))] and some (¢, &%) € CoD; ,u(sh, yn) with

u(s + hyy(s + 1)) — uls,y(s) = Eh+ €8 - (v(s + h) = 1(s)) (1.59)

(where CoDj ,u(s,y) stands for the closure of the convex hull of the set of reachable gradients D} ,u(s,y)). From

CarathA©odory Theorem, there are (A7, & €hi),_; 115 such that A > 0, S AR =1, with (et ehiy e
Dy ,u(sn,yn) and

.....

(1 €0 =Y A, Enhy

2

Note that the /¢ converge to Du(s, y(s)) as h — 0 because, from Lemma@, any cluster point of the £/ must belong
to D u(s,~(s)), which is reduced to Du(s,v(s)) since u(s, -) is differentiable at v(s). In particular, £* = >, AMigh
converges to Du(s,y(s)) as h — 0.

Since w is a viscosity solution of (T.33) and (&%, ") e Dy ,u(sh,yn), we have

=& 4 H(snyyn €01 = 0.
Therefore £ = Z Moight — Z NYUH (s, yn, €71) converges to H (s, (s), Du(s,y(s)) as h — 0.

i i
Then, dividing (1.59) by h and letting h — 07 we get

%U(sﬁ(s)) = H(s,7(s), Du(s,7(s)) + Du(s,y(s)) - ¥(s) -

Since §(s) = —Hp(s,7(s), Du(s,v(s))), this implies that

@ a5 7(3)) = ~Lls, (), 3(3)) e in (1,7)

Integrating the above inequality over [¢,T"] we finally obtain, since u(7T,y) = ur(y),

T
ul, 1) = / L(5,7(5),4(s)) ds + ur (+(T)) .

which means that +y is optimal. The last statement of the Lemma is a direct consequence of Lemma[TT}H2). (]

The next step is a key result by Ambrosio (the so-called superposition principle) on the probabilistic representation
of weak solutions to the continuity equation

B+ div(pb(t, z)) = 0. (1.60)
For this let us define for any ¢ € [0, T the map e; : C°([0, T], T¢) — T9 by e,(7y) = v(¢t) for v € C°([0, T], T4).

Theorem 9 ([16]) Let b : [0,T] x T¢ — R? be a given Borel vector field and p be a solution to (T.60) such that
fQT |b]2 dp < 0o. Then there exists a Borel probability measure 1 on CO([0,T], T¢) such that u(t) = e.n for any t

and, for n—a.e. v € C°([0,T),T%), « is a solution to the ODE

Y(s) = b(s,7(s))  ae.in[0,T]
{7(0) — (1.61)

We will also need the notion of disintegration of a measure and the following well-known disintegration theorem,
see for instance [[19, Thm 5.3.1].
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Theorem 10 Let X andY be two Polish spaces and \ be a Borel probability measure on X X Y. Let us set n = wx i\,
where T is the standard projection from X x Y onto X. Then there exists a pu-almost everywhere uniquely determined
family of Borel probability measures (A;) on'Y such that

1. the function x — )\, is Borel measurable, in the sense that x — )\, (B) is a Borel-measurable function for each
Borel-measurable set B C Y,
2. for every Borel-measurable function f : X x Y — [0, 400,

/nyf(x’y)dA(x’y) = LLf(x,y)dAx(y)du(x).

We are finally ready to prove the uniqueness result:

Proof of Lemma Let m be a solution of the transport equation (T.54). We set I := C°([0, T, T%). From Ambrosio
superposition principle, there exists a Borel probability measure 7 on I" such that m(t) = e;#n for any ¢ and, for n—a.e.
v € I', v is a solution to the ODE 4 = — H,,(¢,v(¢), Du(t,y(t))). We notice that, since m € L*(Qr), for any subset

E C Qrp of zero measure we have
T T
/ / 1{'y(t)€E'}d77 = / / 1E dmt =0
o Jr o JTe

which means that y(t) € E° for a.e. t € (0,T) and n—a.e. v € I'. In particular, since u is a.e. differentiable, this
implies that u(t, -) is differentiable at v(t) for a.e. ¢t € (0,T) and n—a.e. v € I'. As mg = eplfn, we can disintegrate
the measure 7 into n = [}, n.dmg(z), where v(0) = x for 1, —a.e. v and mo—ae. x € T?. Therefore, since my is
absolutely continuous, for mo—a.e. x € T¢, 1, —a.e. map v is a solution to the ODE starting from 2. By Lemma
we know that such a solution ~ is optimal for the calculus of variation problem (T:33). As, moreover, for a.e. x € T¢
the solution of this problem is reduced to a singleton {¥, }, we can conclude that dn, (y) = &5, for mp—a.e. z € T4
Hence, for any continuous map ¢ : T — R, one has

¢(@)ym(t,z))dr = | ¢(3x(t))mo(x)dz
Td Td

which defines m uniquely. |

1.3.5 Second order MFG system with local couplings

We now consider the case that the coupling functions F, G depend on the local density of the measure m(t, x). Thus
we assume that F' € C°(Q, x R) and G € C°(T¢ x R) and we consider the system

—Owu — eAu+ H(t,x, Du) = F(t,z,m(t,x))
w(T) = G(z,m(T,x))

i (1.62)
Om — eAm — div(m H,(t,z, Du)) =0
m(0) =myg.
‘We assume that both nonlinearities are bounded below:
JepeR: F(t,z,m) > ¢, G(z,m) >co V(t,z,m) € Qp x Ry (1.63)

where R = [0, 00). We observe that F, G could be allowed to be measurable with respect to ¢ and x, and bounded
when the real variable m lies in compact sets. However, we simplify here the presentation by assuming continuity with
respect to all variables.
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Existence and uniqueness of solutions

For local couplings, there are typically two cases where the existence of solutions can be readily proved, namely
whenever F, G are bounded, or H (¢, x, p) is globally Lipschitz in p. We give a sample result in this latter case. We
warn the reader that, in the study of system (I.62)) with local couplings, the notion of solution to be used may strongly
depend on the regularity of (u, m) which is available. As a general framework, both equations will be understood in
distributional sense, and a basic notion of weak solution will be discussed later.

In this first result that we give, assuming mg and H), (¢, z, p) to be bounded, the function m turns out to be globally
bounded and regular for ¢ > 0. Then (u, m) is a solution of in the sense that m € L*(Qr) N L2(0, T; H(T4))
is a weak solution of the Fokker-Planck equation, with m € C°([0,T], L}(T¢)) and m(0) = mg, whereas u €
C(Qr) N L?(0,T; HY(T4)), with u(T) = G(x,m(T)), and is a weak solution of the first equation.

Theorem 11 Let mo € L>(T?), mg > 0 with de mo = 1. Assume that H (t,x,p) is a Carathéodory function such
that H is convex and differentiable with respect to p and satisfies

3B8>0: [Hy(t,z,p)|<B  Y(t,z,p) € Qr x R?. (1.64)

Then there exists a solution (u, m) to with Du,m € C*(Qr) for some o € (0,1). If F(t,z,m) is a locally
Hélder continuous function and H (t,z,p), H,(t, x,p) are of class C*, then (u,m) is a classical solution in (0,T).
Finally, if F(t,z,-), G(x, ) are nondecreasing, then the solution is unique.

Proof. For simplicity, we fix the diffusion coefficient e = 1. We set
K ={m e C°0,T]; L*(T%)) N L>=(Q7) : ||m||e < L} (1.65)
where L will be fixed later. For any p1 € K, defining u,, € L*(0,T; H*(T¢)) the (unique) bounded solution to

—Opuy, — Auy, + H(t,z, Duy,) = F(t, x, 1)
uu(T) = G, u(T)),

one sets m := ®(u) as the solution to

{@m — Am — div(mH,(t,z, Du,)) =0,

m(0) =myg.

Due to the global bound on H), there exists L > 0, depending only on /5 and ||mg|| s, such that |m| s < L. This fixes
the value of L in , so that K is an invariant convex subset of C°([0, T]; L?(T%)). Continuity and compactness
of @ are an easy exercise, so Schauder’s fixed point theorem applies which yields a solution. By parabolic regularity
for Fokker-Planck equations with bounded drift, m is C*(Qr) for some o > 0, and so is Du from the first equation.
Finally, if the nonlinearity F' preserves the Holder regularity of m, and if H, H,, are of class C", then the Schauder’s
theory can be applied exactly as in Theorem E], so u and m will belong to C'*2:2+%(Q7) for some a € (0,1) and
they will be classical solutions.

The uniqueness follows by the time monotonicity estimate (I.28), which still holds for any two possible solutions
(u1,my1), (uz, ma) of system , because they are bounded. The convexity of H and the monotonicity of F, G imply
that F'(t, z,mq) = F(t,z,m2) and G(z,m1(T)) = G(x,m2(T)). This readily yields u; = us by standard uniqueness
of the Bellman equation with Lipschitz Hamiltonian and bounded solutions. Since H), (¢, z, Duq) = Hp(t, z, Dua),
from the Fokker-Planck equation we deduce m; = mo. O

Let us stress that the global Lipschitz bound for H implies a global L>° bound for m and Du, which is independent
of the time horizon T as well. We will come back to that in Section[[.3.6]

Remark 8 The existence of solutions would still hold assuming the minimal condition that the initial distribution
mgo € P(T4). The proof remains essentially the same up to using the smoothing effect in the Fokker-Planck equation,
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where ||m(t)|oo < Ct~2 for some C only depending on the constant 3 in . However, it is unclear how to prove
uniqueness when my is just a probability measure, unless some restriction is assumed on the growth of the coupling
F'. Of course one can combine the growth of F' with respect to m and the integrability assumption of m in order to
get uniqueness results for some class of unbounded initial data, but this is not surprising.

Remark 9 The monotonicity condition on F' and G can be slightly relaxed, depending on the diffusive coefficient € and
on ||mol|co- In particular, if H satisfies and is locally uniformly convex with respect to p, there exists a positive
value v, depending on H, I, € and ||mg||c, such that (1.62) admits a unique solution whenever F'(z,m) + ym is
nondecreasing in m. The value of  tends to zero if ||mg|lcc — 00 or if ¢ — 0. Indeed, this is an effect of diffusivity,
which could be understood in the theory as the impact of the independent noise in the players’ dynamics against a
mild aggregation cost. This phenomenon was observed first in [149]] and recently addressed in [91] in relation with the
long-time stabilization of the system.

When the Hamiltonian has not linear growth in the gradient, the existence and uniqueness of solutions with local
couplings is no longer a trivial issue. The main problem is that solutions can hardly be proved to be smooth unless the
growth of the coupling functions F, G or the growth of the Hamiltonian are restricted (see Remark [T2] below).

On one hand, unbounded solutions of the Bellman equation may be not unique. On another hand, if the drift
H,(t, z, Du) has not enough integrability, the standard parabolic estimates (including boundedness and strict positivity
of the solution) are not available for the Fokker-Planck equation. This kind of questions are discussed in [[165]], where
a theory of existence and uniqueness of weak solutions is developed using arguments from renormalized solutions and
L'-theory. We give a sample result of this type, assuming here that the Hamiltonian H (¢, z, p) satisfies the following
coercivity and growth conditions in Q7 x R%:

H(t,z,p) > alp|* —~ (1.66)
|Hp(t, 2z, p)| < B(1+|p|) (1.67)

for some constants «, 3, v > 0.
We stress that, under conditions (I.66)-(1.68), and for couplings F, G with general growth, the existence of smooth
solutions is not known.

Definition 5 Assume (1.60)-(1.68)). A couple (u, m) is a weak solution to system (1.62)) if
s F(t,z,m) € LY(Qr), G(z,m(T)) € L*(T%) and u € L?(0,T; H'(T)) is a distributional solution of

—Owu — eAu+ H(t,z, Du) = F(t,z,m(t,x))

s m e C°[0,T); LY(T?)), m|Du|? € L*(Qr) and m is a distributional solution of

{Btm —eAm —div(m Hy(t,x,Du)) =0

m(0) =myg.

Let us stress that the terminal condition for u is understood in L*(T¢), because u € C°([0,T]; L*(T%)) as a
consequence of the equation itself.

The following result is essentially taken from [[163]], although the uniqueness statement that we give below generalizes
the original result, by establishing that the uniqueness of u always holds m-almost everywhere. This seems to be the
most general well-posedness result available so far for system (I.62)), in terms of the conditions allowed on H and
F, G. Later we discuss the issue of smooth solutions, some special cases, and several related results, including other
possible approaches to weak solutions.

Theorem 12 [/[165]]] Assume that H (t, x,p) is convex in p and satisfies conditions (1.66)-(1.68), and that F, G satisfy
and G(z,-) is nondecreasing. Then, for any mqo € L>(T?), there exists a weak solution to ((1.62).
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If we assume in addition that F(x,-) is nondecreasing, then F(x,m) = F(xz,m) and G(z,m(T)) = G(z,m(T))
Jor any two couples of weak solutions (u, m), (@, m). Moreover, if at least one of the following two assumptions holds:
(i) F(x,-) is increasing
(i) H(t,x,p) — H(t,z,q) — Hy(t,x,q) - (p — q) = 0 = H,(t,x,p) = Hy(t,x,q) Vp,q € R?
then m = m and u = 4 m-almost everywhere.

In particular, there is at most one weak solution (u, m) with m > 0 and, if mo > 0 and log(mg) € L'(T?), there
exists one and only one weak solution.

Remark 10 We stress that if (u,m) is a weak solution such that u,m € L°(Qr), then both u and m belong to
L?(0,T; H'(T%)) and the two equations hold in the usual formulation of finite energy solutions, e.g. against test
functions ¢ € L2(0,T; H*(T%)) N L>°(Qr) with 8;p € L(0,T; HY(T<)") + L'(Q7). This fact can be deduced, for
instance, from the characterization that weak solutions in the sense of DeﬁnitionE]are also renormalized solutions (see
[165) Lemma 4.2]).

In addition, if (u, m) are bounded weak solutions, further results in the literature can be applied: since F'(x,m) is
bounded and H has at most quadratic growth, it turns out that D is also bounded for ¢ < T, which is enough to ensure
that m € C*(Qr) and m(t) > 0 for ¢ > 0. In other words, bounded weak solutions are regularized with standard
bootstrap arguments. In particular, under the assumptions of Theorem 12} bounded weak solutions are unique.

The existence part of Theorem [I2]requires many technical tools which we will only sketch here, referring to [165]]
for the details. It is instructive first to recall the basic a priori estimates of the system (1.62), which explain the natural
framework of weak solutions. We stress that the estimates below are independent of the diffusion constant €.

Lemma 13 Assume that (u,m) are bounded weak solutions to system and F,G are continuous functions
satisfying ({I.63). There exists a constant K, independent on €, such that

T T T
/ / m{H,(t,z, Du)Du — H(t,xz, Du)} +/ H(t,z, Du) +/ / F(t,z,m)m +/ G(z,m)m < K.
0 Jrd 0 Jrd 0 Jrd T4
(1.69)
The constant K depends on ||mg|| oo, T || H (t, 2,0)||c0, co and  sup  [F(t,x,m) + G(z,m)].

m<2[lmo|leo

Proof. We omit the dependence on ¢ of the nonlinearities, which plays no role. Since u and m are bounded, they can
be used as test functions in the usual weak formulations of both equations. This yields the energy equality

» G(z,m(T))m(T) + /0 /Jl‘d F(z,m)m+ /0 » m [Hy(z, Du) - Du— H(z, Du] = » mou(0)  (1.70)

which implies

[, Gammymm) + [ ' [, Famm+ [ ' [ (. D) Du= (e, D) < ol [ al0):

Tdu
< lFmolla { [ [w@my+ [ a@man- [*] H(a:,Dw} Hlimoll [ ut0)-

where we used that [, u(0) = fOTde F(z,m)+ [pa Gx,m(T)) — fOTde H(x, Du).

Now we estimate the right-hand side of the previous inequality. From assumption (I.63) and the maximum principle,
we have that u is bounded below by a constant depending on ¢ and the L°°- bound of H(x, 0), so last term is bounded.
We also have F'(z,m) < 5—~— F(z,m)m + C, for some constant C dependingon ~ sup  F(z,m). Similarly

= 2[fmoll
= m<2mo e

we estimate G(x, m). Therefore, we conclude that (1.69) holds true. O

Proof of Theorem [12] (sketch).
Without loss of generality, we fix the diffusion coefficient € = 1.
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Existence. To start with, one can build a sequence of smooth solutions, e.g. by defining F"(¢t,z,m) = p™ *
F(t, - p" xm))(x), G"(xz,m) = p" x G(-, p" x m))(z), where x denotes the convolution with respect to the spatial
variable and p" is a standard symmetric mollifier, i.e. p"(z) = n® p(nx) for a nonnegative function p € C°(R?) such
that [, p(z)dz = 1.

The existence of a bounded solution u", m" is given, for instance, by Theorem 4 From assumption (I.63)) and the
maximum principle, we have that ™ is bounded from below. Due to the a priori estimates , applied to (u™, m™),
and thanks to (T.68) and (I.66)), we have that

u™ is bounded in L2((0,T); H'(T%), and m™ | Du™|? is bounded in L' (Qr).
In addition, we have that
F(t,z,m™),G(x,m™(T)) are bounded and equi-integrable in L' (Q7) and L!(T?), respectively. (1.71)
The heart of the existence proof consists then in considering both the stability properties of the viscous HJ equation
— o — Au"™ + H(t,x, Du™) = f™ (1.72)
for some f™ converging in L' (Q7), and the compactness of the Fokker-Planck equation
om”™ — Am"™ — div(m"b") =0 (1.73)

where m™ |b"|? is bounded (or eventually, converging) in L(Qr).

Indeed, as a first step one uses to show that m™ is relatively compact in L'(Q7), as well as in
CO([0, T); W=14(T9)) for some dual Sobolev space W ~1:¢(T¢), and for every ¢ we have that m"(t) is relatively
compact in P(T?). Using the extra estimates , m™(T) is relatively compact in the weak L' topology and
F(t,z,m™) is compact in L'(Q7). If we turn the attention to the Bellman equation (1.72)), the L' convergence of f"
is enough to ensure that u™, Du™ are relatively compact in L'(Qr) and, thanks to existing results of the L*-theory for
divergence form operators, one concludes that u™ — u which solves

-0 — Au+ H(t,x, Du) = F(t,z,m).

The convergence of Du™ now implies that m™ H, (¢, z, Du™) — m Hy(t,z, Du) in L'(Qr) and m can be proved
to be a weak solution of the limit equation. The proof of the existence would be concluded if not for the coupling in
the terminal condition w(7'); in fact, to establish that u(T") = G(x, m(T')) some extra work is needed, and this can be
achieved by using the monotonicity of G(z, -). For the full proof of this stability argument, we refer to [L65][Thm 4.9].

Uniqueness. To shortness notations, we omit here the dependence on ¢ of the nonlinearities H, F'. A key point for
uniqueness is to establish that both v and m are renormalized solutions of their respective equations (see [165, Lemma
4.2]). This means that if (u, m) is any weak solution, then u satisfies

— 01Sh(u) — ASy(u) + S (u)H (x, Du) = F(x,m)S} (v) — Sy (v)| Du|? (1.74)

where Sy, (1) is the sequence of functions (an approximation of the identity function) defined as

1 if[s| <1
Sp(r)=hS (%) , where S(r) = [ S'(r)dr, S'(r)=<2—|s| ifl<]s|<2 (1.75)
0 if || > 2

Notice that Sy, (r) — 7 as h — oo and since S, has compact support the renormalized equation (1.74) is restricted to
a set where v is bounded. Similarly m is also a renormalized solution, in particular it satisfies

9;Sn(m) — AS,(m) — div(S, (m)m Hy(x, Du)) = w,,  forsome w, "—3 0in LY(Q7). (1.76)
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We recall that the renormalized formulations are proved to hold for all weak solutions, since F'(z,m) € L'(Qr) and
since m|Du|?> € L'(Qr). In addition, it is proved in [165, Lemma 4.6] that, for any couple of weak solutions (u, m)
and (@, M), the following crossed regularity holds: m|Da|?, m|Du|? € L*(Qr). This is what is needed in order to
perform first the Lasry-Lions’ argument on the renormalized formulations, and then letting n — oo and subsequently
h — oo to conclude the usual monotonicity inequality:

[ [ Fm) = ) =i+ [ (6 m()) - GlanT))m(T) - m(7)
0 JTd

Td

T
+ / m [H(z,Da) — H(xz, Du) — H,(xz, Du)(Dt — Du)]
0 Jrd
T
+ / m [H(z, Du) — H(x, D) — Hy(x, D@)(Du — D)) < 0.
0 Jre
This implies, because F'(z, ), G(x, -) are nondecreasing,
F(z,m)=F(z,m), G(z,m(T))=G(z,m(T)) (1.77)

and, from the convexity of H(z, ),

H(z,Du) — H(z, Du) = Hy(x, Du)(Da — Du) in{(¢t,z) : m(t,x) > 0}
H(xz,Du) — H(z, Du) = Hy(z, Da)(Du — Da) in{(t,z): m(t,x)>0}.

3

(1.78)

We warn the reader that (I.77) does not imply alone that u = @, because unbounded weak solutions to the Bellman
equation may be not unique. So we need to use some extra information.

We first want to show that m = . This is straightforward if F'(z, -) is increasing. Otherwise, suppose that
holds true. Then we deduce that

m Hy(z, Du) = m H,(x, Da) m Hy(z, Du) = m H,(x, D) ae.in Qr. (1.79)
We take now the difference of the renormalized equations of m, m, namely
Ot (Sp(m) — Sp(m)) — A(Sn(m) — Sp(m)) — div(S,, (m)m H,(xz, Du) — S;,(m)m Hy(x, Dd)) = w, — &p

and we aim at showing that, roughly speaking, |[m(t) — 1(t)||11(pay is time contractive. To do it rigorously, we

consider the function O.(s) = for TET(T)dr, with T.(r) = min(e,r); then O.(s) approximates |s| as ¢ — 0. Using

Te(Sn(m)=Sn (M)

= as test function in the previous equality we get

1 T
. @E[Sn(m(t)) - Sn(m(t))] + */ T |DT-(Sn(m) — Sn(m))|2 < ”WnHLl(QT) =+ ”‘Dn”Ll(QT)

T €Jo
1 (T
=2 [ (Sutmm @, Da) S, ()i Hy D) DTS, (m) — S, ()
0 JTd
where we used that the test function is smaller than one. Thanks to Young’s inequality we deduce

T
/ O:[Sn(m(t)) — Sn(m(t))] < */ |8, (m)m Hy(x, Du) — S, (m)m Hp (2, DW)[* 1|5, (m)-5, (m) | <<}
Td 0 JTd

+ lwnllz1(@r) + l@nll21(@r)-
(1.80)

Now we use (1.79): if one between m, /n is positive, then H,(z, Du) = H,(z, Da), so

46



T
/O » S, (m)m Hy(z, Du) — S, (m)m Hy(x, D@)| 15, (m)—s, (7)|<e}

T
=/0 /T |1 (m)m — St (m)m|* [ Hy(x, Du)|* 1(js, (m)—s.. (i) | <)

and since
Sy, (m)ym — S}, (m)m|* [Hy (2, Du)|* 15, (m) s, (m)|<e}y < Ce (m +m)(1 + |Dul?)

we can let n — oo using Lebesgue’s theorem since m|Dul|?, m|Du|?> € L*(Qr). Therefore, letting n — oo, from
(T-80) we obtain (for a.e. ¢ > 0):

- e -
Om(t) (0] < 1 [ [ Im—ml [Hyw Do 1
g (1.81)

1

T
E/ \m—rh\ |Hp(x7Du)|21{mfﬁz|<5}-
0 JTd

Last term converges to zero as € — 0 (using again Lebesgue’s theorem), whereas the first integral converges to
lm(t) — m(t)|| 1 (re). Hence, by letting ¢ — 0 we get |[m(t) — m(t)||z1(rey = 0. This concludes the proof of the
uniqueness of m.

Now we show that u is unique m—a.e.; to this purpose, we are going to show that

m(t)(u—a)4(t) <0 forae t <T. (1.82)
Td
To prove (1.82), we subtract the renormalized formulations for u, @. By using the convexity of H, we have
— 0i(Sn(w) — Sn(@)) — A(Sk(u) — Sh(@)) + Sy, (w) Hy(z, Da)D(u — @) + (Sy(u) — S,(@))H (2, Da)
< F(z,m)(S},(u) = S;,(a@) — Sy, (w)| Dul? + Sy (@)| Daf*.

_ T(Sn(w)=Sn(@)y
= ;

T:(t)
t

We multiply this equation by . , using that

0 < . <1 we get, in weak sense,

— 0 O:[(Sh(u) = Su(@))+] — AO:[(Sn(u) — Sp(@))+] + e Sy (u) Hy(x, D) D(u — i)
< |9k (u) — Sy (@) [H (:v Di) + F(z,m)| + |5}/ (u)| [Dul* + | S}/ (@)| | Dal* .

Now we multiply by S,,(m) this equation, we integrate in (¢,7"), we use that u(T) = @(T") and (1.76). We obtain
[, Sume)e.l(shu(e) - site / / 4 (m) mH, (2, Du)p. D(Sh () ~ (@)
[ sum st By Dp iy < [ [ S.m 1850 — LI 1D + P

/ [, SetmlIsil1Duf? + |57 @) 1D / /e — S (@) +]wn

where we used that DO, [(Sy (u(t)) — Sn(t(t)))+] = we D(Sk(u) — Sk (@)). Now we let n, h — oo, which is allowed
using that F'(x, m)m, m|Du|*, m|Di|?> € L'(Qr). First we let n — oo, so that we can use the L!-convergence to
zero of w,, (whereas Sy, (u), Sy, (1) are bounded functions). Once n has gone to infinity, we let b — oo, so that S} — 1;
using dominated convergence in each term and Fatou’s lemma in the first integral, we get

moe-{u(v) - a(t)s] - [ [ miy.DwpD -0+ [ [ meo o DOD@-1) <0

Td Td
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for a.e. t € (0,7T). Since m Hy(x, Du)D(u — @) = m H,(xz, Di)D(u — @) from (where now m = m), we
deduce that [, m(t)O.[(u(t) — u(t))4+] < 0. Letting ¢ — 0 yields . Reversing the roles of u, 4, we conclude
that u = u m-a.e.

Finally, it is proved in [165] that, if log mg € Lt (’]I‘d), then we have m > 0 a.e., in which case we deduce that u = u
almost everywhere. (]

Several comments and remarks are in order as far as the previous result and MFG systems with local couplings are
concerned.

Remark 11 (extensions of Theorem

(i)  The result of Theorem[I2]also holds with homogeneous Dirichlet or Neumann boundary conditions; this extension
already appears in [163]]. Let us stress that this is one of the main advantage for the use of renormalized solutions,
which are well adapted to boundary conditions. Indeed, through the use of renormalization one wishes to approximate
a weak solution with its own truncations, which often preserve natural boundary conditions. By contrast, the
approximation of weak solutions through mollification introduces many technical problems when dealing with
boundary conditions.

Results on the whole space R are also available in [166], assuming mq € L'(T%) N L>(T); in that case u belongs
to L>((0,T) x R?) + L>(0,T; L*(R%)) and m € L>(0,T; L' (R%)).

(ii) Similar results hold by assuming the Hamiltonian coercive with g-growth, namely replacing |p|? with |p|? in
@, @) and a ¢ — 1-growth for H,, where 1 < ¢ < 2. However, general uniqueness results in this case have
been proved so far only for the periodic case or for the whole space ([165], [166]).

(iii) The same results hold for more general diffusion coefficients, namely if the Laplacian is replaced by the divergence
form operator div(A(t,z)D(-)) with A(t,z) € L°(0,T; W°°). In particular, this includes the case where Au
is replaced by Tr(co(t,x)o*(t,2)D?u) for a bounded, Lipschitz and elliptic matrix o (¢, ), modeling diffusion
processes associated to stochastic dynamics with Lipschitz diffusion coefficients.

Remark 12 (smoothness of solutions) Solutions of system (I.62)) with local couplings can be proved to be more regular
under growth restrictions on H (¢, z, p) and/or on F' (¢, x,m).

An easy case occurs when

|Hy(t,z,p)| < C(1+[p|”")  withq < 2. (1.83)

Indeed, since F'(t,z,m) € L'(Qr) (regardless of the growth of F, see estimate ) then any weak solution u
belongs to L*(0, T; W1*(T)) for any s < g—ﬁ. If (1.83) holds, this implies that H,, (¢, z, Du) € L" for some r > d+2;
in turn, by standard parabolic results, the solution of the Fokker-Planck equation becomes bounded in this case, and
actually even Holder continuous. One concludes that u is bounded as well, from the first equation, and actually D is
Holder continuous as well. Smoothness up to C? regularity then follows according to the smoothness required on the
coefficients.

A somewhat similar situation occurs if F' has restricted growth, namely if

|F(t,z,m)] < C(1+m")

with v < %; in this case estimate implies that F(t,z,m) € L"(Qr) for some r > %, and the standard
parabolic regularity immediately gives the boundedness, and then smoothness, of u, m.

The above two situations are straightforward applications, using parabolic regularity, of the a priori estimates (I.69);
in particular they do not require any smoothness in the x-dependence of the nonlinearities, and directly apply to weak
solutions in order to obtain their boundedness. We recall that proving boundedness of weak solutions is enough to show
that they are unique, see Remark [I0}

However, in order to get smooth solutions, one can go beyond the above conditions up to using refined estimates
on the system. This was addressed first by P.-L. Lions, who showed that F'(x,m) ~ m" with v < ﬁ was enough
to ensure smoothness of solutions, standing on second order estimates which further exploit the monotonicity of the
coupling F'. This issue has been extensively investigated later in a series of papers by D. Gomes and co-workers (see
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e.g. [1L17]], [L18]]; most results are encoded in the book [119]]), coupling the second order estimates with regularity
estimates for the Fokker-Planck equation obtained through the adjoint method introduced by L.C. Evans. In this series
of contributions, some growth conditions on /7 and F' have been given which allow to have smooth solutions, both
for sub quadratic and for super quadratic Hamiltonians. They are specially important for the case that H(x, p) grows
superquadratically in p, because in that situation the approach through weak solutions as developed in Theorem [I2]
cannot be used. It must be said that the aforementioned regularity results usually require smoothness of the Hamiltonian
and periodic setting, and the smoothness of solutions remains largely open under general growth assumptions.

Remark 13 (quadratic Hamiltonian and Hopf-Cole reduction) In the special case that H (¢, z,p) = 3|p|*> + b(t,z) - p,
the system (1.62)) can be transformed into a system of semi linear equations. By introducing the two new unknowns:
w=e"%and ¢ = me?, then (1.62) (with ¢ = 1) is equivalent to the system

—Oyw — Aw+b- Dw + %wF(t,a:,gpw) =0

Oup — Ap — div(bp) + LoF(t,z,pw) =0 (1.84)

w(T) = e~ Gzp(Mw(T))/2 ©(0) = %
Notice that the system (1.84) appears to be simplified, compared to (I.62), but the initial-terminal conditions are
both coupled. The initial condition at ¢ = 0 makes sense because w > 0 by strong maximum principle. Still by
maximum principle, the function ¢ is positive as well. Assuming G(z, -) to be nondecreasing, the condition w(7") =
e~ G@e(T)w(T))/2 defines w(T) implicitly as a function of (T"); hence the final condition reads as w(T") = 1(x, p(T))
for a function 1 defined by the implicit relation (1) — e~ 2G@r¥(") = 0, for r > 0.

When b = 0 and G only depends on z, it is proved in [60] that weak solutions to are bounded. The proof uses

a Moser iteration scheme, and it can be easily verified that the proof still holds, without additional difficulty, for the case
that b € L>(0,T; W1>°(T9)) and G(z, -) is monotone. The equivalence between (1.84) and (for this special
H) is easy to verify for bounded solutions, since the maximum principle gives ¢, w > 0,s0 u = —2logw, m = w ¢
defines (u, m) back from (1.84). Once solutions are shown to be bounded, then they are smooth (m, Du € C*(Qr)) by
standard bootstrap arguments, and they are classical solutions in Q if F'is locally Holder continuous. Therefore, system
possesses regular, and even classical, solutions in the special case that H (¢, z, Du) = b(t,z) - Du + 3|Dul?,
with b Lipschitz continuous in x, and this holds true without any growth restriction on the couplings F), G.

We mention here further related results on weak solutions and on systems with local coupling.

* Under general assumptions, essentially the conditions of Theorem [I2] above, it has been proved that the discrete
solutions of finite difference schemes, as defined in [3)], converge to weak solutions as the numerical scheme
approximates the continuous equation, i.e. as the mesh size tends to zero. This result is proved in [9] and provides
an independent, alternative proof of the existence of weak solutions.

» A different notion of weak solution was introduced in [104] relying on the theory of motonone operators. In
particular, if F, G are nondecreasing, then problem can be rephrased as A(m, u) = 0 where A is a monotone
operator (on the couple (m, u)) defined as

[ Owu+ Au+ f(m) — H(x, Du)
A(m,u) = (3tm — Am — div(mH,(z, DU)))

Since (A(m,u) — A(u,v), (m — p,u — v)) > 0, where the duality is meant in distributional sense, A defines
a monotone operator. Then the Minty-Browder theory of monotone operators suggests the possibility to define a
notion of weak solution (u,m) as a couple satisfying

(A(p,v),(m —p,u—v)) >0  Y(p,v) € C*Qr)>. (1.85)

This notion requires even less regularity on (m, u) than in Deﬁnition and of course the existence of a couple (m, u)
satisfying (1.85) is readily proved by weak stability and monotonicity, as in Minty-Browder’s theory. However, the
uniqueness of a solution of this kind is unclear, and has not been proved so far.
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* The study of non monotone couplings F(x,m) in leads to different kind of questions and results. This
direction has been mostly exploited for the stationary system ([81]], [87]) and in special examples for the evolution
case. We refer the reader to [92]].

In a different direction, it is worth pointing out that the assumption that F'(x, m) be bounded from below could be
relaxed by allowing F'(x,m) — —oc as m — 07 as in the model case F'(z,m) ~ logm for m — 0. Results on
this model can be found e.g. in [116], [127].

We conclude this Section by mentioning the case of a general Hamiltonian function H (¢, x, Du, m), as in problem
, where now H : Q7 x R% x [0, +00) — R is a continuous function depending locally on the density m. In
his courses at Collége de France, P.-L. Lions introduced structure conditions in order to have uniqueness of solutions
(u, m) to the local MFG system:

—Owu — eAu+ H(t,z, Du,m) =0 in (0,7) x T¢
Oym — eAm — div(m Hp(t, z, Du,m)) =0 in (0,T) x T¢ (1.86)
m(0) = my, u(z,T) = G(x,m(T))) in T4

Assuming H (t,z,p,m) to be C' in m and C? in p, the condition introduced by P.-L. Lions can be stated as the
requirement that the following matrix be positive semi-definite:

1
2 2
m 8ppH f2m 8pmH

>0 Y(t,xz,p,m). (1.87)

L@ T —onH

2 pm

Notice that condition implies that [ is convex with respect to p and nonincreasing with respect to m. In
particular, when H has a separate form: H = H (t,z,p) — f(x, m), condition reduces to Hy, > 0 and f,, > 0.
As usual, this condition needs to be taken in a strict form, so that Lions’ result would state as follows in terms of smooth
solutions.

Theorem 13 Assume that G(x,m) is nondecreasing in m and that H = H (t, z,p,m) is a C* function satisfying (we
omit the (t,x) dependence for simplicity)

(H(p2,m2) — H(p1,m1))(mg —my) — (moHp(p2, mg) — myHy(pr,m1)) - (p2 —p1) <0, (1.88)

with equality if and only if (my, p1) = (ma, p2). Then system (I.86) has at most one classical solution.

Proof. The proof is a straightforward extension of the usual monotonicity argument. Let (u1,m;) and (ug, mg) be
solutions to (T.86). We set

m=mg—mi, i =uy—uy, H=H(t x, Dus,my) — H(t,x, Duy, m;).

Then, subtracting the two equations we get

d

o Td(UQ(t) — (1)) (ma(t) —ma(t))

:/ (e Qi+ )i+ (e A + div(ma Hy (£, 2, Dug, ma) — miy Hy (£, 7, Duy, my )

d

d
:] Hm— (moHy(t, x, Dug, ma) —miHpy(t,z, Duy,my)) - Da < 0
T

by condition (T88). Since [i,(uz(t) — u1(t))(ma(t) — my(t)) vanishes at t = 0 and is nonnegative at ¢ = T' (by
monotonicity of G(, -)), integrating the above equality between 0 and T gives

T
/ H m — (maH,(t, x, Dus, ma) — mi1Hy(t, x, Dug,my)) - Da = 0.
0 J1d
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Since (T.88) is assumed in strict form, this implies that D% = 0 and /m = 0, so that m; = mg and w1 = us. O

Remark 14 Tt is immediate to check that if the matrix in is positive definite, then (I.88) holds in the strict form.
Indeed, set p = pa — p1, M = my — my and, for § € [0, 1], po = p1 + 0(p2 — p1), me = mq + 6(mg — my). Let
I(G) = (H(x»PG, m@) - H(xvplv ml))m - ﬁ : (mng(x, .D’ZL(), m@) —mg ~Hp($7 Dula ml))

Then

1'0) =~ (5" )

1
2 2
mg O, H 3me Opm H 7
m)

1 ~

30 (02, H)"  —0,H

If condition (1.87) holds with a strict sign, then the function I(#) is decreasing and, for (p1,m1) # (p2, m2), one has
1(0) = 0> I(1) = (H(p2, mz2) — H(p1,m1))(ma — m1) — (maHy,(p2, m2) — miHy(p1,m1)) - (p2 — p1)-

We stress that another way of formulating (1.88) is exactly the requirement that () be decreasing for every (p1,m1) #
(p 2, 112 ) .

The main example of Hamiltonian satisfying (I.88)) is given by the so-called congestion case.

1 2
Example 1 Assume that H is of the form: H(z,p,m) = 2(L_p), where o, o > 0. Then condition (T.87) holds if

o+ m)«
and only if & € [0, 2]. Notice that H is convex in p and nonincreasing in m if &« > 0. Checking condition (1.87)) we find

OmH 2 1 o 2 alpl* Iy a? p@p
(0} s Lig o = 0 Jt

m T4 Tpm pm Imat2 e 4 m2a+2
B 2alp|’ly o pRp
Am2a+2 T T4 m2at2

which is positive if and only if o < 2.

This example (in the generalized version H = 0"41—)7: - with a < M) was introduced by P.-L. Lions in [149]
(Lesson 18/12 2009) as a possible mean field game model for crowd dynamics. In this case, the associated Lagrangian
cost of the agents takes the form of L(z, ) = 3 (o +m)®|q|?, where g represents the velocity chosen by the controllers;
the cost being higher in areas of higher density models the impact of the crowd in the individual motion. The case
o = 0 is also meaningful in this example and was treated by P.-L. Lions as well, even if it leads to a singular behavior
of the Hamiltonian for m = 0.

As explained before, the existence of classical solutions with local couplings only holds in special cases, and this of
course remains true for the general problem ([_1;%]) (see e.g. [L13], [121]], [123] for a few results on smooth solutions
of the congestion model). Therefore, the statement of Theorem [I3]is of very little use. However, a satisfactory result
of existence and uniqueness is proved in [[10] for general Hamiltonians H (¢, 2, Du, m) which include the congestion
case (including the singular model with ¢ = 0). This is so far the unique general well-posedness result which exists

for the local problem (1.86).

1.3.6 The long time ergodic behavior and the turnpike property of solutions

It is a natural question to investigate the behavior of the MFG system (1.62) as the horizon T tends to infinity. Here
we fix the diffusion constant € = 1 and we consider nonlinearities F, H independent of ¢. As explained by Lions in
[149] (see e.g. Lesson 20/11 2009), the limit of the MFG system, as the time horizon 7" tends to infinity, is given by
the stationary ergodic problem
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A= Au+ H(z,Du) = F(z,m)  inT?
—Am —div (m Hy(z,Du)) =0  in T¢ (1.89)
m = 1 s u = O
Td Td

This system has also been introduced by Lasry and Lions in [[143] as the limit, when the number of players tends to
infinity, of Nash equilibria in ergodic differential games. Here the unknowns are (A, u, m), where A € R is the so-called
ergodic constant. The interpretation of the system is the following: each player wants to minimize his/her ergodic cost

J(z,a) :=inf limsup E

® T—+oo

T
% /0 {H"(Xp, —ar) + F(Xy, m(Xy)) bt

where (X;) is the solution to
dXt = thdt -+ \/§dBt
X() =T

It turns out that, if (A, u, m) is a classical solution to (I.89), then the optimal strategy of each player is given by the

feedback o*(z) := —H,,(x, Du(z)) and, if X, is the solution to

{dXt = a*(X;)dt +V/2dB; (1.90)
XO =X

then m(-) is the invariant measure associated with (.90) and, setting &; := o*(X}), then J (z, &) = X is independent
of the initial position.

The “convergence” of the MFG system in (0, 7") towards the stationary ergodic system was analyzed in [60],
[61] when the Hamiltonian is purely quadratic (i.e. H(z, p) = |p|?), in [65] where the long time behavior is completely
described in case of smoothing coupling and uniformly convex Hamiltonian, and in [167]] for the case of local couplings
and globally Lipschitz Hamiltonian. The case of discrete time, finite states system is analyzed in [[114].

The “long time stability” takes the form of a turnpike pattern for solutions (u”', m™) of system ; namely, the
solutions become nearly stationary for most of the time, which is related to the so-called turnpike property of optimality
systems (see e.g. [170]). This pattern is clearly shown in numerical simulations as one can see in the contribution
by Achdou & Lauriere in this volume. The strongest way to state this kind of behavior is through the proof of the
exponential estimate

|lmT (t) — 1| oo + | Du” (t) — Dii]|os < K(e™t 4+ e “T=8) vt e (0,T) (1.91)

for some K, w > 0, where (u,m) is a solution to (1.89).
Notice that a weakest statement is also given by the time-average convergence (which is a consequence of (I.91)), if
this holds true)

1 T
lim / / (|Du” — Daf? + |m" — m|?) dzdt = 0.
T—+oo T 0 Td

Of course this kind of convergence occurs provided the Lasry-Lions monotonicity condition holds true: in general, the
behavior of the time-dependent problem can be much more complex. For instance it can exhibit periodic solutions. On
that topic, see in particular [63} 88 90, [153]].

In this Section we give a new proof of the turnpike property of solutions, by showing how it is possible to refine the
usual fixed point argument in order to build directly the solution (u,m) embedded with the turnpike estimate (1.91)).
For simplicity, we develop this approach in the case of local couplings and globally Lipschitz Hamiltonian although,
roughly speaking, a similar method would work for any case in which a global (in time) Lipschitz estimate is available
for u.

Let us first remark that the stationary system (I.89) is well-defined.
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Proposition 2 Assume that and hold true and F(x, m) is nondecreasing in m. Then system has a
unique classical solution (\, u,m), and moreover im > 0.

The proof can be established by usual fixed point arguments, very similar as in Theorem [I1] so we omit it.
Now we prove the exponential turnpike estimate for locally Lipschitz couplings F' (without any growth restriction)
and for globally Lipschitz, locally uniformly convex Hamiltonian.

Theorem 14 Let mg € P(T9). Assume that F(z,m) is a Carathéodory function which is nondecreasing with respect
to m and satisfies

|F(x,m)| < ck,

Yz e T m,m eR : |m|,|m| < K.
|F(z,m) — F(x,m)| < {lg|m—m/| v e fm, |m’} <

VK>O,E|CK,€K>O:{

(1.92)
Assume that p — H(z,p) is a C? function which is globally Lipschitz (i.e. it satisfies ) and locally uniformly
convex:

VK >0, Jag,Bx >0: axl < Hy(r,p) <Bxl  Y(z,p) e T*xR: |p| < K. (1.93)
Then there exists w, M > 0 (independent of T') such that any solution (u®', m™) of problem (with e = 1) satisfies
[mT(t) — Moo + | Du” (t) — Diil|oe < M(e™%t +e T8y Vte (1,T-1). (1.94)

This kind of result is proved in [[167] with a strategy based on the stabilization properties of the linearized system;
an approach which explains the exact exponential rate w in (I.94) in terms of a Riccati feedback operator. Here we give
a new direct proof of (I.94), mostly based on ideas in [65]. This approach is less precise in the rate w but requires less
demanding assumptions and avoids the formal use of the linearized system, though some form of linearization appears
in obtaining the following a priori estimate.

Lemma 14 Under the assumptions of Theorem let (X, U, M) be the unique solution of .
For o € [0,1], mg € L=(T%) N P(TY), vy € C1*(T?) for some a € (0, 1), let (11,v) be a solution of the system

—0w — Av+ H(x,Du + Dv) — H(z,Du) = F(x,m + p) — F(x,m)
o(T) = vp

1.95
Ot — Ap — div(p Hy(z, Du + Dv)) = o div(m [Hy(xz, Du + Dv) — H,(x, Da)]) (1.95)
1(0) = o(mg —m) .
Then there exist constants w, K > 0 such that
@)l + [ Do(B)]l2 < K (e + =T [|lmg — |2 + || Dor|] . (1.96)

Proof. We first notice that, using the equation satisfied by m, we can derive the equation satisfied by p + om and
we deduce immediately that ;. + om > 0. Since [1., u(t) = 0 for every ¢, this implies that ||zu(¢)|| 1 (pa) < 20 for
every t > 0. Since H,, is globally bounded, and m & L>(T%), by standard (local in time) regularizing effect in the
Fokker-Planck equation, we have ||u(t)[cc < C|lpu(t — 1)|[z1(1ay for every ¢ > 1 (see e.g. [142, Chapter V]). In
addition, since mg € L>(T%), we have that ||14(t)]|| s is bounded for ¢ € (0,1) as well. From the global L' bound, we
conclude therefore that ||4(t)| is bounded uniformly, for every t € (0,7'), by a constant independent of the horizon
T. Due to (1.92), this means that the function F'(z,-) in the first equation can be treated as uniformly bounded and
Lipschitz. The global bound on the right-hand side, together with the global Lipschitz character of the Hamiltonian,
and the fact that vy € C1(T) for some a € (0, 1), allow us to deduce the existence of a constant L, independent of
T, such that || Dv(t)| s < L for every ¢ € (0,T). Due to (1.93), this means that H(x, ) can be treated as uniformly

convex. Therefore, if we set
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we have that (v, i) solves the system

—0w — Av + h(z, Dv) = f(x, 1)

o(T) = vr (1.97)
Oupp — Ap — div(p hy (2, Dv)) = o div(B(z, Dv)) ’
1(0) = o po
where g = mg — m, and where h(z,p), f(x,s), B(x,p) satisfy the following conditions for some constants
co,Cp, C1, Cy and for every s € R, p € R, x € T
h(z,0) =0, |hy(z,p)| <co, (1.98)
flz,8)s >0, |f(z,s)] <Co, |f(z,s)<Ch]s] (1.99)
B(xz,p)-p>Cy'|pl*,  |B(z,p)| < Calpl. (1.100)

In addition, since pu(t, ) > —om(z), we also have, for some constant v,

)
oB(z,p) - p—p(t, x)(h(z,p) — hy(2,p) - p) > 0 B(x,p) - p — om(z)(hy(z,p) - p — h(z,p))
= om(x) [-Hp(z, Du(x)) - p+ H(x, Du(z) + p) — H(z, Du(x))] (1.101)
> a0 |p|? Y(t,z) € Qr,Vp € R? . lp| < L,

where we used the local uniform convexity of H and that m > 0.
We now derive the exponential estimate for system (I.97) under conditions (T.98)-
GivenT > 0,0 E [0,1], uo € L*(T) Wlth Jpa o = 0, v € H*(T?), we denote by S(T o, fo, vr) the solution

(1, v) of system (1.97). We will denote by (v de v and by © = v — (v). We first prove that there exists a constant
C, 1ndependent of o, T, iy, vr, such that

lu@®ll2 + [[Do()ll2 < Cllpollz + [Dvrll2)  Y(w,v) € S(T, 0, p0,vr) - (1.102)

To prove (I.102), we observe that, due to (I.101),
_i/ w(t)v(t) :/ f(.’E,/L)/J-i—O’/ B(x,Dv)Dv—/ w(h(z, Dv) — hy(x, Dv) - Dv)
dt Td Td Td Td

(1.103)
2 U’}/(]/ |D’U|2.
Td

From the Fokker-Planck equation we also have (see e.g. [65, Lemma 1.1]) that there exists v, c > 0:

t
15 < ce ol +co* [ [ 1B Do)

t
< ce ol + co / / Duf?
0 Td

where we used (I.100). Here and after we denote by ¢ possibly different constants independent of 7', o, 19, vr. Putting
together the above inequalities we get

@) < ce™ ™ luoll3 +¢ [ pov(0)—c [ w(T)vr
’]1‘(1

Td
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which implies
sup @13 < elllwoll3 + IDvr 3] + clluoll22(0)]2 - (1.104)

Since the Hamilton-Jacobi equation implies (using | f(x, 1) < ¢|u| and [65] Lemma 1.2])

T
15(0) ]2 < ce™ |l l2 + C/O e 7 |lu(s)ll2ds < elf|or]l2 + .11 le@)]l2]

)

coming back to (T.T04) we deduce that

sup u(t)lI3 < clllwollz + orl3] -
[0.7]

A similar estimate holds for supy, 1 [|0(?)|2 as well. Finally, using e.g. [65| Lemma 1.2] we have

t+1
IVot)ll5 < e(llot +1)]13 +C/ [lu(s)l3 +5(s)%)
t
hence
Vo)1 < clllpolls + lorll5] vt < T —1.

Standard parabolic estimates also imply that

IVo®)]3 < e[ sup ]Ilu(t)H% + || Dorll3] Vte [T —1,T]

)

so that (I.T02) is proved. Now we set

Jra v(t) u(t)
Hlollz + [[Dor]l2]?

p(r) = sup  sup { sup , <u,v>es<T,a,u0,vT>}.

T>27 o,po,vr | te[T,T—7)

We first remark that, by elementary inclusion property, one has p(7 4 s) < p(7) for every s > 0. Hence p(-) is a non
increasing function and we can define

p(c0) := lim p(7).

T—>00

As a first step, we shall prove that p, = 0. To this purpose, we observe that by definition of p there exist sequences
Tn = 00, Ty > 27, ty € [T, Ty — 7o), g € L°(T9), 0. € WH(T) and o, € [0, 1] such that

ntn ntn
foel G0 ) |
Mgl + 1DV, 2]

(anvn) € S(Tna O—nnugav?’n) ,

We set, for ¢ € [—t,,, T, — ty]:

At ) = onp” (tn + 1, @), 07(8 @) = o (V" (tn +1,2) — (V" (tn)))
]

- 1
T g 2+ 1Dvg, l2

and we notice that (1™, 9™) solve the system

f,p™)

-0 — A" + 6, h(z, Dv™) = b,
)) = 6n 0 div(B(x, Dv™))

iy — A" — div(i" hy(x, Do"

where v™, ;™ are computed at t,, + t. By estimate (1.102), ||#"(¢)||2 and || D3"™(¢)||2 are uniformly bounded. Hence,
due to (1.98) and (1.99), —9;"™ — A" is uniformly bounded in L?(T?), which implies that 7™ is relatively compact in
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C°([a, b]; L*(T%)), for every interval [a, b]. In particular, there exists & € L2, _(R; L?(T%)) such that 3" (t) — 9(t) in
L?(T?) for every t € R, and D" — Dv in L?((a,b) x T¢) for every bounded interval (a, b). Let us call respectively
fi,0 a limit of (a subsequence of) ji", o,,; since i"(t) weakly converges to u(t) in L?(T?), we have that the scalar

product [, 4" (t)0"(t) converges for every ¢ € R. It follows from (1.103) (integrated between t,, + t; and t,, + t5)

and from (T.100), that

to tntto
070/ / Do gnminfan%a;i/ | Dv" 2 g/ ﬂ(tl)fz(tl)—/ ilt)i(l)  (1.105)
t; JTd n—00 tntty JT T4 T4

for every fixed t1, 5 € R. By construction, we also have

f’[fd Mn(tn)vn(tn)
Poo — 1 ng‘ - — < p(Th) = Poo (1.106)
/"< g leo 1002, 1) <71
hence
= Jim | [ 00| = | [ t0yic0).
n o0 Td ']I‘d

On another hand, for any ¢ € R and for n large enough, we have that t,, + ¢ € [1,, — [t|, T, — (T, — [t])], so that

/T ) [L(t)f)(t)‘ = lim

Now suppose that poo > 0 and 0 > 0. If pog = [1, 2(0)0(0) > 0; using (1.105) with t; = 0 we deduce, due to

(1.107), that ft? Jra |DO|? < 0. This implies that |5(0)| = 0. If poe = — [14 /2(0)5(0), we get at the same conclusion
by choosing now ¢; = 0 in (1.105). But ©(0) = 0 is impossible unless po, = 0. It remains the case that o = 0; this
means that [ satisfies

fqrd W (tn + )" (tn + 1)
(|45 lloo + 1DV, lloo]?

< lim p(7, — |t]) = poo- (1.107)

Oufi — Aji — div(fib) = 0

for a bounded drift b(t, ). But this readily leads to ji = 0 (because ||ji(t)|| < e~“(~%0)||ji(to)]| for all to,t and fi is
uniformly bounded), and again this implies po, = 0.
So we proved that po, = 0. We claim now that this implies the existence of ¢y such that

1
[1@)[l2 + | Do(t)]|2 < 5[”#0“2 +[Dvrll2] V€ [to,T — to].- (1.108)
In fact, using the Fokker-Planck equation and (1.103)), for every ¢ € [r, T — 7] we have
T—1
(@I < ce i +ea? [ [ 1B Do)
T T

< ce Ml + 1Durlel + o f | [ utryuir)| +
T

/w (T — 7)o(T — 1)

b

113 < elllol3 + I Dorlal® (777 + (7)) - (1.109)

Similarly we have, using now the estimate for p,

hence

T—71
P13 < e T -l e [ e
t
< c[||,u0||2 + ”D,UTHQP (B*V(Tfrft) + e*’Y(th) + p(T))

which implies, for every ¢t € (7,7 — 7 — 1):
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t+1
IVo®)13 < e(llot +1)II3 + C/t (ZOIEION)

< clluollz + [1Dvr]2)? (7770 4 770 4 p(r) )

(1.110)

Since p(7) T22°0, from (1.109)-(1.110) we obtain (1.108) by choosing 7 and ¢ conveniently. Finally, by iteration of
(T-T08), we deduce the exponential estimate (1.96). O

Proof of Theorem Let us first assume that mg € C*(T%). We set X = C°([0, T]; L?(T)) and we introduce the

following norm in X:
Il = sup (2l )
[0,7] e—wt e—w(T-t)
where w > 0 is given by Lemmal[14] It is easy to verify that (X, |[|u||x) is a Banach space and ||| - ||| is equivalent to
the standard norm [|u|| = supyy 7y [|u(?) || L2 (Te)-
We define the operator 7" on X as follows: given € X, let (v, p) be the solution to the system

—vy — Av+ H(z, Du+ Dv) — H(z, Du) = F(z,m + p) — F(z,m)
v(T)=G(x,m+uT)) —u

pt — Ap — div(p Hy(z, D + Dv)) = —div(m [Hp(z, Da + Dv) — H,(x, Du)])
p(0) =mo —m

(1.111)

then we set p = T'u. Since H,, is globally bounded, and m,mg € C%*, by standard regularity results (see [142,
Chapter V, Thms 1.1 and 2.1]) we notice that the range of 7 is bounded in C*/% (Qr), in particular the range of T lies
in a bounded set of L>° and its closure is compact in X. As a consequence, due to (T.92), there is no loss of generality
if we consider F(x, ) to be globally bounded and Lipschitz. Using now the global bound on p and proceeding as in
Lemma 4] a global bound for || Duv(t)]|2 follows, and then, by (local) regularizing effect of parabolic equations, we
deduce that there exists a constant L > 0 such that

|IDv(t)leo <L W<T—-1, VYpeX. (1.112)

We now check that the operator 7 is continuous: if y,, — g in X, then p,,(T) is strongly convergent in L?(T%), and
F(x,m + pyn) — F(x,m) converges in L?(Q7) as well. By standard parabolic theory, we have that Dv,, converges in
L?*(Qr) to Dv where v is a solution corresponding to . The convergence of Dv,, in L? and the boundedness of H,,
imply that the drift and source terms in the equation of p,, converge in L?(Qr) for every p < oo. This immediately
implies the convergence of p,, in L2(0, T; H(T%)) and then in C°([0, T]; L?(T%)) as well. By uniqueness, we deduce
that p,, converges to 1'u. This concludes the continuity of 7'. Thus, 7" is a compact and continuous operator. We are
left with the following claim: there exists a constant M/ > 0 such that

[llul]] < M forevery u € X and every o € [0, 1] such that u = oT' (). (1.113)

In order to prove (I.113), we use Lemma([l4]in the interval (0,7 — 1); indeed if « = o'T'(), then (, v) is a solution
to (1.95) with vp_1 = v(T — 1). Therefore, there exists K > 0 (only depending on ||mg||~, and F, H, @, /) such that

lie(t)||2 + [[Dv(@)]]2 < K(e™*t +e Ty vte (0,7 —1).

Since ||14(t)]|2 is uniformly bounded for ¢ € (T — 1,T), we conclude that (I.113) holds true for some M > 0. By
the Schaefer’s fixed point theorem ([110, Thm 11.3]), we conclude that there exists 1 € X such that ;4 = T'u. Setting
m=m+ p, u =1+ MNT —t) + v, we have found a solution of the MFG system (1.62)) which satisfies the estimate

m(t) — mll2 + || Du(t) — Dilly < Ce™“t + e “TD)  vte (0,7 —1).
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To conclude with the general case, letmq € P(T¢) and let (u, m) be any solution to system (1.62). By mass conservation
and the global Lipschitz bound (1.64)), there exists o € (0, 1) and a constant C, only depending on §, such that

1
I @)llcems <C VE= 3.

In turn, this implies that
1
| Du(t)]|o < C VtST—§.

for a possibly different constant only depending on 3, F, G. By monotonicity of F'(z,-), (u,m) is the unique solution
of the MFG system in (3,7 — 1) with initial-terminal conditions given by m(%) and u(T — %) respectively. By the
first part of the proof, we know that this unique MFG solution satisfies the exponential turnpike estimate. Hence there

exists M > 0 such that
[mT (t) — m||s + || Du” (t) — Dilly < M(e=“t +e Ty Vie (1/2,T —1/2).

Using the regularizing effect of the two equations, this estimate is upgraded to L>°-norms and yields (1.94). (]

Let us stress that the turnpike estimate (1.94)) gives an information in a long intermediate time of the interval (0, T").
A stronger result can also be obtained, by showing the convergence of (u” (t), m” (t)) at any time scale, i.e. for every
t € (0,T'). More precisely, there exists (u, m) solution of the problem in (0, 00):

—Ou + X — Au+ H(x, Du) = F(z,m) in (0, 00) x T4,
oym — Am — div(m Hp(z, Du)) =0 in (0, 00) x T4, (1.114)
m(0) = mo, Du € Du+ L*((0,00) x T¢), u bounded
such that -
WO +HNT =) Z%u@) 0 mTl) 2 m)

where the convergence is uniform (locally in time). We notice that, since F'(z, -) is nondecreasing, there is a unique m
which solves problem (T.1T4), while  is unique up to addition of a constant. Nevertheless the above convergence holds
for the whole sequence 7" — oo. i.e. there is a unique solution u of the infinite horizon problem which is selected in
the limit of u”' (t) + A(T — t). We also point out that 7 is the unique invariant measure of the Fokker-Planck equation
(hence m(t) — m as t — 0o). Finally, the same problem is obtained as the limit of the discounted MFG
problem when the discount factor vanishes. The discounted (infinite horizon) problem is described by the system

—Ouu + du — Au+ H(z, Du) = F(z,m) in (0,00) x T,
oym — Am — div(m Hp(z, Du)) =0 in (0, 00) x T4,
m(0) = mg, ubounded

and corresponds to the following minimization problem for each agent:

+oo
J(z,a) = infE [/0 e O (H*(Xy, —ay) + F(Xy,m(t))) dt

[e3

where § > 0 is a fixed discount rate. In case of monotone couplings, the limit as § — 0 produces a unique solution
of (I.TT4) and is, once more, related to the ergodic behavior of the controlled system. We refer to [65] where all the
above mentioned results are proved for smoothing couplings in connection with the long time behavior and the ergodic
properties of the master equation. A different proof is also given in [91] for local couplings and Lipschitz Hamiltonians.

We conclude by mentioning that the aforementioned results, and specifically the exponential convergence, mostly
rely on the presence of the diffusion term in the equations (the individual noise of the agents). Indeed, in case of first
order MFG systems, only partial results are known, even in case of monotone couplings. The typical result proved so
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far consists in the long time average convergence towards the ergodic first order system, see [52]], 53] for the case of,
respectively, smoothing and local couplings.

Remark 15 1t is well-known that the ergodic behavior of Hamilton-Jacobi equations has strict connections with the
study of homogenization problems. To this respect, the study of MFG systems is still largely open. MFG problems
with fast oscillation in the space variable (homogenization) are studied in [151]], [83]]. Interestingly, the monotonicity
structure of MFG might be lost after homogenization (although very recent results by Lions show that some structure
is preserved).

1.3.7 The vanishing viscosity limit and the first order system with local couplings.

1.3.7.1 Existence and uniqueness of solutions

We now analyze the vanishing viscosity limit of weak solutions. Compared to the case of smoothing couplings, now
we cannot rely anymore on the semi concavity estimates for u, and the relaxed solutions obtained for the deterministic
problem fall outside the viscosity solutions setting. However, the monotonicity of the couplings, the coercivity of the
Hamiltonian and, eventually, the stability properties of the system, will allow us to handle the two equations in a purely
distributional sense.

To fix the ideas, we still assume that the Hamiltonian H (x,p) is convex and C! with respect to p and satisfies
assumptions -. We also assume that F, G € C(T? x R ) are nondecreasing functions of m which verify,
for some constants C; > 0,

3 f € C(R4+, R, ) nondecreasing, with lirjra f(s) = 400 and f(s)s convex, such that
S§—r+00

(1.115)
Co f(m) = C1 < F(z,m) < f(m) +C,  V(z,m) € T xRy
Jg € C(R4+, R, ) nondecreasing, with lim g¢(s) = 400 and g(s)s convex, such that
e (1.116)

Cyg(m) — C3 < G(z,m) < g(m) +C3,  Y(z,m) € T x Ry

Of course the simplest example occurs when f(s) and g(s) are power-type functions, as considered e.g. in [38]]. Both
nonlinearities F' and H could also depend (in a measurable way) on ¢, but this would not add any change in the
following, so we omit this dependence to shorten notations.

The key point here is to consider the duality between weak sub solutions of Hamilton-Jacobi equation and weak
solutions of the continuity equation. This topic has an independent interest for PDEs especially in connection with the
theory of optimal transport.

Definition 6 Given f € L(Qr), g € L*(T?), a function u € L?(0,T; H*(T¢)) is a weak sub solution of

(1.117)

{—&u + H(x,Du) = f(t,x)
w(T,z) = g(x)

if it satisfies

T T T
| [woes | [ H@Die< [ [ gos [ o) voeclom)xT 020,
0 JTd 0 JTd 0 JTd Td

Hereafter, we will shortly write —0,u + H(z, Du) < f and u(T") < g to denote the previous inequality.

Let us point out that, since H is bounded below thanks to condition (I.66)), any sub solution u according to the
above definition is time-increasing up to an absolutely continuous function; in particular, » admits a right-continuous
Borel representative and admits one-sided limits at any ¢ € [0, T]. We refer the reader to [158| Section 4.2] for the
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analysis of trace properties of u. We will use in particular the existence of a trace at time ¢ = 0 for w; this trace should
be understood in the sense of limits of measurable functions (convergence in measure of u(t, x) as t — 07).

Definition 7 Let mg € P(T?). Given a measurable vector field b : Q7 — R, a function m € L'(Qr) is a weak
solution of the continuity equation

om —div(mb) =0 (1.119)
m(0) = myg
if m € C°([0, T); P(T%)), fOTfW m |b|? < oo and the distributional equality holds:
T T
—/ matgo—&-/ mb-Do= [ myp(0) Vo € CL([0,T) x TY). (1.120)
0 J1a 0 Jrd Td

Let us recall that the requirement that fOT de m |b|? < oo is very natural in the framework of weak solutions to the
continuity equation, and this is related with the fact that m(#) is an absolutely continuous curve in P(T¢) with L?
metric velocity, see [19].

Standing on the above two definitions, we have a weak setting for the deterministic MFG system. For simplicity, we
restrict hereafter to the case that mg € L!(T%).

Definition 8 A pair (u,m) € L?(0,T; H'(T?)) x L*(Qr)+ is a weak solution to the first order MFG system

— H(x,Du) =F
Owu + H(xz, Du) (x,m) (1.121)
w(T) = G(z,m(T))
—di H -
Oym — div(m H,(x, Du)) =0 (1.122)
m(0) = my
if
() F(z,m)m € LY(Qr), G(x,m(T))m(T) € L*(T¢), m|Du|? € L*(Qr), and u is bounded below
(ii) u is a weak sub solution of (1.121), m € C°([0, T]; P(T%)) is a weak solution of (1.122)
(iii) v and m satisfy the following identity:
T
mou(0) dx = G(z,m(T))m(T) dx + / / F(t,z,m)mdxdt
E 0 JTd (1.123)

Td
T
+ / m [Hy(xz, Du) - Du — H(z, Du)] dxdt
0 Jrd

A key point is played by the following lemma, which justifies the duality between weak sub solutions of the
Hamilton-Jacobi equation and weak solutions of the continuity equation. This also gives sense to the first term in
(1.123), where we recall that the value u(0) is the trace of u(t) as explained before.

In the following, for a convex super linear function ¢ : R¢ — R, we denote by ¢* its Legendre transform defined as

¢*(q) = sup,egalg - p — o(p)].

Lemma 15 Let u be a weak sub solution of and m be a weak solution of (I.119). Assume that f,g,u are
bounded below and there exist convex increasing and superlinear functions ¢1, ¢z such that ¢1(m), ¢3(f) € LY (Qr)

and ¢>(m(T)), ¢5(g) € L'(T?).
Then we have m|Dul|? € L' (Qr), uw(0)mgy € L*(T%) and

T T
mou(0) dx < / gm(T) da:—i—/ / fmdxdt—i—/ m [b- Du — H(z, Du)] dzdt (1.124)
Td Td 0 J1d 0 Jrd

60



Proof. Let ps(-) be a sequence of standard symmetric mollifiers in R, We set ms(t, z) = m(t) x ps. We also take a
sequence of 1-d mollifiers &.(¢) such that supp(&.) C (—¢,0), and we set

mm::AT&@—ﬂnm@M$=ATANm@wKAS—ﬂm@—yﬁw%.

Notice that this function vanishes near ¢ = 0, so we can take it as test function in (I.TT8). We get

T T T
/ / u@tm&s—i-/ H(z, Du)ms ¢ §/ fm(;’e—i—/ gms.e(T). (1.125)
0 J1d o Jra 0o J1d Td

The first integral is equal to fOTde —dsus.em(s,y) dsdy, where us . (s,y) = fOTde u(t, ) (s — t)ps(xz — y) dtdx.
Notice that this function vanishes near s = T so it can be used as test function in (I.120). Therefore we have

T T
/ / u(t,x) Oyms (t, x) dedt = —/ mse(8,y) Osus (s, y) dsdy
0 JTd o JTd

T
= / m(sa y)b(S, y) : Dyu&s dey + mO(y)UJ,s (07 y)dy .
0 JTd Td

We shift the convolution kernels from u to m in the right-hand side and we use this equality in (T.125). We get

T T T
_/0 » Du - ws . —|—/0 » H(z,Du)mse + /Td(mo * ps) (/0 u(t)E(—t) dt)

T
s/ me+/gmAﬂ
0 Td Td

where we denote ws = [(bm) % ps] and ws (¢, ) = fOT ws(s,x) & (s — t) ds.
Now we let first ¢ — 0, and then 6 — 0. Since w is time increasing (up to an absolutely continuous function), we
have

(1.126)

e—0

lim inf » (mo * ps) (/0 u(t)E(—t) dt) > /Td(mo * ps) u(0)

and since u is bounded below once we let § — 0 we have mgu(0) € L!(T<) and

T
liminf liminf [ (mg* ps) (/ u(t)€(—t) dt) > mou(0) . (1.127)
0 Td

5—0 e—0 Td

Using the time continuity of m into P(T%), we have

[ms.e(T) = (m(T) * ps)llse < [ Dpslloo /0 &-(s — T)dy(m(s), m(T))ds =" 0,

so we handle the term at ¢ = T
lim [ gms(T) = /d g(m(T) * ps) .
T

e—0 Td

Now we can pass to the limit in the last term due to Lebesgue’s theorem, since by the assumptions we dominate
g(m(T) x ps) < ¢3(9) + d2(m(T) x ps) < $5(9) + ¢2(m(T)) * ps

where we used Jensen’s inequality in the last step. Since ¢3(g), ¢2(m(T)) € L*(T?), last term strongly converges in
L(T9), and since g is also bounded below we deduce that |g(m(T) * ps)| is dominated in L*(T%). Therefore
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lim lim [ gms(T) = / gm(T). (1.128)
Td Td

6—0 =0

We reason in a similar way for the term with f, which satisfies, for some constant ¢,

Co Mg, < fmé,s < (bT(f) + (¢1 (m) * p5,8) .

By dominated convergence again we deduce

T T
lim lim/ fmse = / fm. (1.129)
0 JTd 0 JTd

6—0 e—0

Finally, using (I.66) we have

2
—Du - ws e + H(z, Du)mse > & ms.|Dul* — C |:m§)5 + 11155|]
2 ' mge
Now we define the lower semi-continuous function ¥ on RY x R by
Ll e >0,
¥(w,m) =140 if m=0andw =0, (1.130)

400  otherwise,

and we observe that ¥ is convex in the couple (w, m). So by Jensen inequality we have )*ps,. Recalling

o < (7
R \E
that w = bm in our setting (hence % = m |b|?), we deduce that

«
—Du - ws.e + ]‘I(l‘7 Du)mda > 5 m578|Du|2 -C [mé,&* + (|b|2 m) *p575j| .

From the previous inequality we are allowed to use Fatou’s lemma as €, § — 0, obtaining

§—0 e—0

T T
lim inf lim inf/ / [—Du - w5 + H(x, Du)yms | > / m[—Du - b+ H(x, Du)] (1.131)
0 Jrd 0 Jrd

and we also deduce in between that m|Du|? € L*(Qr). Finally, collecting (1.127), (1.128)), (1.129) and (1.131)), we
obtain (T.124). O
We are now able to discuss the vanishing viscosity limit of the MFG system. In the following, we will make use

of the family of Young measures generated by the sequence {m*}. To this purpose, we recall the fundamental result
concerning Young measures ([181]), see e.g. [22]], [161]]. Here P(R) denotes the space of probability measures on R.

Proposition 3 Let () be a bounded subset in RY, and let {w,,} be a sequence which is weakly converging in L' (Q).
Then there exists a subsequence {wy, } and a weakly* measurable function v : Q — P(R) such that if f(y,s) is a
Carathéodory function and { f (y, wn, (y))} is an equi-integrable sequence in L*(Q), then

S wn, (9) = Fy)  weakly in LNQ), where  F(y) = / £y Ny (V).

O

Theorem 15 Assume that F, G satisfy (1.115)- , and that H(z,p) satisfies —. Let mg € L>®(T%)

and let (u®,m?) be a solution of (1.62)). Then there exists a subsequence, not relabeled, and a couple (u,m) €
L2(0,T; HY(T)) x LY(Qr) such that (u¢, m) — (u,m) in L*(Q7), and (u, m) is a weak solution to (1.121)—(1.122
in the sense of Definition |8
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Proof. By Lemmal[13] (u®, m?) satisfy the a priori estimates (1.69). On account of conditions (1.66)-(1.68), this implies
that there exists a constant C', independent of £, such that

T T T
/ F(z,m*)m®+ [ G(x,m*(T))m*(T) —|—/ m? | Duf |? —|—/ / |Duf|? < C.
0 JTd T 0 JTd 0 JTd

Hence there exists a subsequence, not relabeled, and a function u € L2(0,T; H'(T4)) such that u® — u weakly in
L%(0,T; H*(T?)). Notice that, since d;u is bounded in L2(0, T; (H*(T%))’) + L(Qr), by standard compactness
results the convergence of u¢ to u is strong in L?(Qr). Moreover, since F, G are bounded below, by maximum principle
we also have that u° is bounded below.

As for m#, from (1.115) we have that f(m®)m* is bounded in L*(Qr). This implies that m? is equi-integrable and
so, by Dunford-Pettis theorem, it is relatively compact in the weak topology of L (Q7); there exists a subsequence,
not relabeled, and a function m € L'(Qr) such that m® — m weakly in L'(Q7). Let us denote by v ,(+) the
family of Young measures generated by m?, according to Proposition [3| Since F'(z, m¢)m? is bounded in L'(Q7),
then F'(z, m*®) is equi-integrable and then we have

F(z,m®) — f weaklyin L'(Qr), where f = AF(x,A)dy(t7x)(A).

We notice that the bound on F'(2, m®)m*® implies that [, F'(2, \)Adv( ) (A) € L*(Qr). Indeed, applying Proposition
[]to the function F'(z,m)Ty(m), where T}, (m) = min(m, k), implies

/OT /T /R F(2, )Ti(A) (0 (A) = lim /OT /TdF(x’ms)Tk(me) <C.

and then, by letting £k — oo, by monotone convergence we get

T
// /F(x,A))\dy(t7w)(>\)<oo. (1.132)
0 JTd JR

Similarly we reason for the sequence m®(T). This is equi-integrable in L'(T¢) and then, up to subsequences, it
converges weakly in L' (T%); in addition, denoting {, ()} the sequence of Young measures generated by m®(T'), we
have that G(x, m®(T')) is weakly relatively compact in L' (T%) and

G(xr,m®) — g weaklyin L'(Qr), where §= / Gz, N)dy:(N) .
R

In addition, as before, we deduce that [, G(x, A\)Ady(A) € L' (T?).
We can now pass to the limit in the two equations. As for the HJ equation, since p — H (z,p) is convex, then by
weak lower semi-continuity we deduce that v satisfies

WT) < 3 (1.133)

{—(’%u + H(x,Du) < f
in the sense of Deﬁnition@ As for m®, we observe that and imply that m¢ |H,(z, Du®)|? is bounded in
LY(Qr). It follows (see also Remark@) that da(m=(t), m¢(s)) < C|t — s|2, where d is the Wasserstein distance in
P(T?). Therefore, m* (t) is equi-continuous and converges uniformly in the weak* topology. This implies that the L' —
weak limit m belongs to C°([0, T; P(T?)), and m(0) = my. Finally, m® H,(x, Du®) is equi-integrable and therefore
weakly converges (up to subsequences) in L*(Q7) to some vector field w. If ¥ is defined in , we deduce

T T T
/ / U(w,m) < liminf/ / ¥(m, we) :/ m® |H,(z, Duf)|* < C
0 J1d €20 Jo Jra 0 J1d
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hence ¥(w,m) € L'(Qr). In particular we can set b := 2 1,50y, then m is a weak solution of (1.119), with
m|b|?> € L'(Qr). Eventually, since m® weakly converges to m and f(s)s is convex, by lower semicontinuity we

deduce that "
/ flm m<hm1nf/ f(m m<// (x,m*)m*+Cy < C.
0 Jrd Td Td

Similarly we have for m*(T"), hence we conclude that
fmym e LY(Qr),  g(m(T))m(T) € L*(T7).

Now we observe that, using the monotonicity of F'(z, -) and condition (1.115)) we can estimate
- 1
F= [ P Ndven) < Fas) 4§ [ Fa i)
R R
1
< f(s)+Ci1+ 5 / F(z, )\ dv o) (N) .
R

hence
F=Cils= 1) < [ Ploduen () Vs> 0.

Recall that f(s)s is convex and the right-hand side belongs to L!(Qr); we deduce from the above inequality that
#%(f — C1) € LY(Qr), where ¢} is the convex conjugate of ¢1(s) := f(s)s. Similarly we reason for g, obtaining that
#5(g — C3) € L*(Qr) where ¢o(s) = g(s)s. Notice that the addition of constants to f, g in is totally innocent
up to replacing u with u + a(T — t) + b. Collecting all the above properties, we can apply Lemmato u and m and
we obtain that the following inequality holds:

T T
mou(O)S/ gm(T)—F/ fm—|—/ m [b- Du— H(z,Du)] . (1.134)
Td Td 0 Jrd o Jrd
Now we conclude by identifying the weak limits f, g and b. We start from the equality (1.70)

G(x,m*(T // (x,m®)m +/ m? [Hy(x, Duf) - Du® — H(z, Duf] = mo u®(0).
Td T4

T4 Td

We observe that u¢(0) is equi-integrable: indeed, (u® — k) is a sub solution of the Bellman equation, so that

/Td(uE(O) — k)t +/() » H(z, Du)1lgyespy < /0 » F(z,m®)1yespy + /Td(G(x,mE(T)) — k)t

Hence the bound from below of H (see (1.66])) and the equi-integrability of F'(x,m¢), G(x,m®(T)) imply that
Jpa(us(0) — k)4 — 0 as k — oo uniformly with respect to . This implies that u°(0) is equi-integrable, and then it
weakly converges in L' (T%) to some function . In particular, when we pass to the limit in (1.62), we have

/Wso(o)x +/OT/wat +/OT TdH(x,DU)LpS/OT/Tdng—f—/ngcp(T) Vo e CY@Qr), ¢ > 0.

By choosing a sequence ; such that ¢;(0) = 1 and ¢, approximates the Dirac mass at ¢ = 0, we conclude that
x < u(0), where u(0) is the trace of w at time ¢ = 0 in the sense explained above. Finally, we have

/ G(z,m*(T // (x,m®)m* +/ m® [H,(x, Du®) - Du® — H(x, Du®]
T4 T4 T4 (1.135)

=9 mox < mo u(0)
T4 Td
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and using (T:134) we get

limsup{/ G(z,m*(T / / (x,m®)m* +/ m® [Hy(x, Duf) - DuEH(x,DuE]}
e—0 Td Td Td

T
S/ gm(T)+/ fm +/ m [b- Du— H(x,Du)] .
T 0 JTd 0 JTd
(1.136)

Let us denote w® := m® H,(x, Duf). We have called w its weak limit in L'(Qr); since we have

T T €
/ m® [Hy(x, Du®) - Du® — H(z, Duf] = / m® H*(z, Hy(x, Du%)) :/ m® H* (m, w)
T4 0 Jre 0 Jrd

mE

where H* is the convex conjugate of H, and since mH* (x, %) is a convex function of (m,w), by weak lower

semicontinuity we have

hminf/ m® [Hy(x, Du®) - Du® — H(z, Duf] / / mH* (x B) . (1.137)
e—0 Td Td m

Therefore we deduce from (T.136)

hgfgp{ [ Gt @mer)+ [ T/T dF(xmf)mf} <[ am@y+ | T/T Im

T T
-Du— - s (g X (1.138)
—|—/ » m [b- Du— H(z, Du)] / » mH (x, m)

</ngm(T)+/0T Tdf‘m

where we have used that w = b'm. We use now the monotonicity of F, G to identify their limits. Indeed, denoting
Tk (s) = min(s, k), we have (there is no loss of generality here in assuming F', G positive, which is true up to addition
of constants):

T
/ / [F(z,m®) — F(z,m)] (m* —m) + / (G, m*(T)) - Gz, m(T))] (m*(T) — m(T))
0 Td

Td

< / ! / Pl + [ Glam(1)m(7)

// (z,m®) Ti(m //Tk xmm—l—// (z,m)m
Td Td Td

Glasm (D) (™) = [ TG lam(@)me (D) + [ Gaam(T)m(1).

Td

Hence, using (1.138) and the weak convergences of m¢, F'(z, m®), G(xz,m®(T)) we get
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i s { | [ pem) = Plam) nf = m) + [ [Glam (7)) = Glaom(T)] m(7) - m(T))}

/me Ty(m //T (2,m) — Tk(F (&, m))]m

/Q[m(T) Ty(m (T))]+/ [G (2, m(T)) = Ti(G(z, m(T)))Jm(T) .
Td Td

Letting k£ — oo the right-hand side vanishes due to Lebesgue ’s theorem, so we conclude that

T
i s { | [Pt = Fm) nf =m)+ [ (6lam () = Glam(T)] m(T) - m(T»} ~o.

This means that [F(x, m?) — F(z,m)] (m® —m) — 0in L*(Qr), and almost everywhere in Q7 up to subsequences.
In particular, we deduce that F(z,m?) — F(x,m) a.e. in Q7 up to subsequences, hence f = F(x,m) and the
convergence (of both F'(z, m®) and F'(x, m*)m?) is actually strong in L' (Qr). Similarly we reason for G(x, m*(T)),
which implies that § = G(z, m(T)). If we come back to (1.138)), now the limit of the left-hand side coincides with the
right-hand side, and trapped in between we deduce that

[l ow oo (s 2] -o

which yields that % = H,(z, Du) m— a.e. in Q7. This implies that w = m Hp,(z, Du). Finally, all the weak limits

are identified. Coming back to (1.135)), now we know that F(x,m®)m® — F(x,m)m and G(z,m*(T))m*(T) —
G(z,m(T))m(T), and in addition (1.137) holds with w = m H(z, Du). Therefore, we have

/T G, m(T)m(T) + /T /T F(z, mm + /T [ miHy (e D) Du -~ Hi, Dl

gliminf{ G(z,m(T / / (x, m®)m* —|—/ m® [Hp(z, Du®) - DuE—H(x,DuE]}
e—0 Td Td Td
< / u(0) mg .
Td
Combining this information with (1.134), where f, g, b are now identified, yields the energy equality (1.123)). Thus, we
conclude that (u, m) is actually a weak solution of the MFG system in the sense of Deﬁnition ]

Now we conclude the analysis with a uniqueness result. To this purpose, we need a refined version of Lemmal[T3] as
follows.

Lemma 16 Assume that F,G sansfy m , and that H (z,p) satisfies (I.66)-(1.68). Let (u,m) be a weak
solution to (m m Then u(t L1 for a.e.t € (0,T), and thefollowmg equality holds:

m(t) u(t) de = G(x m(T)) m(T) dz + /T F(t,z,m)m dxdt
Td t Td

/ m (z, Du) - Du — H(x, Du)] dxdt
t T4

forae t e (0,T).

Proof. Let us take ¢ such that m(t) € L'(T¢) (this is true for a.e. t € (0,7)). First we apply Lemma |15|in the
time interval (¢, T'). Notice that, since F(z,m)m € L' (Qr), G(z,m(T))m(T) € L'(T?), then the requirements of
the Lemma hold with ¢;(s) = f(s)s and ¢2(s) = g(s)s, where f, g are given by (1.115)-(1.116). We obtain that
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u(t)m(t) € L*(T%) (where u(t) is the right-continuous Borel representative of u) and
T
m(t) u(t) de < G(z,m(T))m(T) dx + / / F(z,m)m dxdt
T4 T4 ¢ Jrd

/ m (x, Du) - Du — H(x, Du)| dxdt
t Td

t
= / u(0)mg — / F(z,m)mdxzdt — / m [Hy(xz, Du) - Du — H(z, Du)| dxdt
Td o Jra Td
(1.139)
where we used (1.123)) in the last equality. Now we wish to apply once more Lemma in the interval (0, ¢); but this

needs to be done in two steps. First of all, we replace u with uy, = min(u, k); uy is itself a sub solution and satisfies
(see e.g. [158, Lemma 5.3])

—Opup + H(x, Dug) < F(2,m) Ly} + ¢ 1iusiy

for some constant ¢ > 0. Since ug(t) € L>(T%) and m(t) € L' (T?), we can apply Lemmaﬂm 0,t) to get

/ u(0)mg S/ / / (,m) Lpycry+cliusiy) m—|—/ m (z, Du) - Duy, — H(x, Duyg)] .
Td Td Td

Letting k — oo is allowed since u(t)m(t) € L'(T¢), and we deduce that

/Td“(o)mOS/ //W xmm+/ jrdm o(z, Du) - Du— H(x, Du)] .

Using this information in (I.139) we conclude the proof of the desired equality. O

We are ready for the uniqueness result, where we further invoke the following lemma. This is a particular case of
what proved in [158, Lemma 5.3] for solutions in the whole space; the proof follows the same steps in the setting of
x € T9. A similar statement is also contained in [58, Thm 6.2].

Lemma 17 [[[I58)]] Let uy, ug be two weak sub solutions of . Then v := max(uy, us) is also a sub solution of
the same problem.

We have all ingredients for the uniqueness result.

Theorem 16 Assume that F, G satisfy (E) ]1 , and that H(x,p) satisfies — (1.68). Let mg € L>°(T4%),
and let (u, m), (1, m) be two weak solutions of (1.121] (m) in the sense of Deﬁmtlon 8l Then we have F(x,m) =

F(xz,m) and, if F(x,-) is an increasing function, then m = m and v = 4 m—almost everywhere.

Proof. After condition (1.113), there is no loss of generality in assuming that F'(x, s) < f(s) (which is the case up to
addition of a (same) constant to both H ad F'). Therefore, using the monotonicty of F(x, -), we have

F(z,m)s < F(x,m)m + F(z,s)s < F(z,m)m+ f(s)s

Hence, if we denote by ¢;(s) = f(s)s, we have that ¢} (F(x,m)) € L' (Qr), while ¢1(m) € L'(Q7). This is of
course true for 7 as well. Similarly we reason for G(x, m(T")) with ¢2(s) = g(s)s given by (1.116). Therefore, we
can apply Lemma [I3]to v and to 7 as well as to @ and m. We obtain

T T
/T u(0)mo < /0 /T Pyt [ Gla.m(D)in(T) + /0 [l (e, D7) Du— (. D),
/Td @(0)mo < /0 /Td F(z,m)m+ » G(z,m(T))m(T) + /0 » m[H,(xz, Du)Dtu — H(xz, Da)| .
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We use (1.123)) in the first inequality, and similarly we use (1.123)) written for (&, /) in the second one. When we add
the two contributions we deduce the usual inequality

T
/ / (F(z,m) — F(z,i))(m — i) + / (G, m(T)) — Glar, (T))][m(T) — A (T)]
0 Td

Td

/ » m [H(z,Da) — H(x, Du) — H,(x, Du)(Dt — Du))
T
—|—/ m [H(z,Du) — H(x, Du) — Hy(xz, Da)(Du — Du)] < 0.
Td

This implies that F'(x,m) = F(xz,m) and G(z,m(T')) = G(z,m(T)), and we have

H(z,Du) — H(z, Du) = Hp(z, Du)(D@ — Du) in {(t,z) : m(t,z) > 0}

1.140
H(xz,Du) — H(z, Du) = Hy(z, Da)(Du — D) in{(¢t,z) : m(t,x) > 0}. ¢ )
Of course, if F'(z,-) is increasing, we deduce that m = /m almost everywhere.
Now we use Lemma which says that z := max(u, @) is a sub solution of the HJ equation. Then we can apply
Lemma and we obtain, for a.e. t € (0,7):

m(t) z(t) < G(z,m(T / F(z,m)m —|—/ m [Hy(z,Du) - Dz — H(z, Dz)] .
Te Td ¢t Jrd t J1e
(1.141)
Now we have
/ m [Hy(z,Du) - Dz — H(z, Dz)] / m [Hy(x, Du) - Du — H(z, Da)] 1{,<qa)
t Td Td
/ m (w, Du) - Du — H(x, Du)] 1r,>ay
t JTd
/ m [Hy(z, Du) - Du — H(z, Du)]
Td
thanks to (T.140); thus we deduce from (T.14T)
m(t) z(t) < G(z,m(T / / (x,m)m —|—/ m (x, Du) - Du— H(z, Du))
Té Td Té Td
= [ m(t)u(t)
Td

where we used Lemma[l6 We conclude that

m()[2(6) ~ u(t)] < 0

Td
which implies that u(t) = z(¢) (i.e. u(t) > u(t)) m-almost everywhere. Reversing the roles of the two functions we
conclude that © = % m-almost everywhere. ]

Remark 16 There are other approaches to study the first order MFG system (T.121T)-(I.122), especially if model cases
are considered. One possible strategy, introduced in [[145]], consists in transforming the system into a second order
elliptic equation for w in time space. More precisely, using that F' is one-to-one and replacing m in the continuity
equation by

m(t,z) = F~(z, —0yu + H(x, Du)),
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one finds an elliptic equation in (¢, x) for u. This elliptic equation is fully nonlinear and degenerate (at least on the
points (¢, 2) where m(t, ) = 0). This strategy is the starting point of regularity results proved by P.-L. Lions in [149]
(Lessons 6-27/11 2009), which in particular lead to uniform bounds for the density m.

Other regularity results, including L°°- bounds or Sobolev regularity for the density, were obtained by F. Santam-
brogio in [[147, 148} [175] using completely different techniques inspired by optimal transport theory. Those results are
just one by-product of the Lagrangian approach developed by F. Santambrogio, for which we refer to his presentation
in this same volume.

1.3.7.2 Variational approach and optimality conditions

Following [144] the MFG system (1.62)) can be viewed as an optimality condition for two optimal control problems: the
first one is an optimal control of Hamilton-Jacobi equations and the second one an optimal control of the Fokker-Planck
equation.

In order to be more precise, let us first introduce some assumptions and notations: without loss of generality, we
suppose that F'(z,0) = 0 (indeed we can always subtract F'(x,0) to both sides of (I.62))). Then we set

F(z,p)dpif m >0
@(x’m) _ /0 ( p) P
otherwise .

As F' is nondecreasing with respect to the second variable, ¢(x,m) is convex with respect to m, so we denote by
&* = &*(x,a) = sup,,ecp (vm — P(x,m)) its convex conjugate. Note that $* is convex and nondecreasing with
respect to the second variable. We also recall the convex conjugate H*(x,q) = sup,cga (¢ p — H(x,p)) already
used before. For simplicity, we neglect here the coupling at ¢ = T and we let G = G(x).

The first optimal control problem is the following: the distributed control is o : T¢ x [0,7] — R and the state
function is u. The goal is to minimize the functional

T (o) = /OT /Td &* (z,a(t,x)) dedt — /Trd u(0, x)dmg(x)

over Lipschitz continuous maps a : (0,7) x T¢ — R, where u is the unique classical solution to the backward
Hamilton-Jacobi equation

{ —Owu — eAu+ H(x, Du) = a(t,z)  in (0,T) x T¢ (1.142)

u(T,z) = G(x) in T9.

The second is an optimal control problem where the state is the solution m of the Fokker-Planck equation: the
(distributed and vector valued) control is now the drift term v : [0, 7] x T¢ — R<. The goal here is to minimize the
functional

T
FP(y) = mH"* (x,—v x,m)| dr x)m T
7w = [ [ i @ =)+ Pam) st + [ G@m(T)a,

Td

where the pair (m, v) solves the Fokker-Planck equation
oym — eAm + div(mv) = 0in (0,7) x T4, m(0) = my. (1.143)

Assuming that F'* and H* are smooth enough, the equivalence between the MFG system and the optimality conditions
of the previous two problems can be checked with a direct verification.

Theorem 17 [[[149]] Assume that (m, @) is of class C%((0,T) x T%), with m(0) = mg and u(T, x) = G(x). Suppose
furthermore that m(t,z) > 0 for any (t,z) € (0,T) x T Then the following statements are equivalent:

(i) (@,m) is a solution of the MFG system (1.62).
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(ii) The control a(t,x) := F(z,m(t,x)) is optimal for 717 and the solution to (I.142) is given by 1.
(iii) The control v(t, ) := —H,,(z, Du(t, x)) is optimal for T¥'¥, m being the solution of (LI43).

Let us stress that the above equivalence holds even for ¢ = 0, say for the deterministic problem. But of course a
formal equivalence for smooth solutions is of very little help. However, it is possible to exploit the convexity of the
optimal control problems in order to export the equivalence principle to suitably relaxed optimization problems. To
this purpose, observe that the optimal control problem of Hamilton-Jacobi equation can be rewritten as

ir&f/o /Jl‘d F* (z, —0wu(x,t) — eAu(x,t) + H(x, Du(x,t))) dedt — / u(0, z)dmo(z)

Td

under the constraint that v is sufficiently smooth, with u(-,T)) = G(-). Remembering that H is convex with respect to
the last variable and that F" is convex and increasing with respect to the last variable, it is clear that the above problem
is convex.

The optimal control problem of the Fokker-Planck equation is also a convex problem, up to a change of variables
which appears frequently in optimal transportation theory since the pioneering paper [28]. In fact, if we set w = mu,
then the problem can be rewritten as

in /O ' /T ) B (x,—;fb((i:z))>+F(:c,m(t,x))] dedt+ [ G(a)m(T,z)dx,

(m,w) Td
where the pair (m, w) solves the Fokker-Planck equation

oym — eAm + div(w) = 0in (0,7) x T4, m(0) = my. (1.144)

This problem is convex because the constraint (I.144) is linear and the map (m, w) — mH* (:c, ——) is convex.
m

It turns out that the two optimal control problems just defined are conjugate in the Fenchel-Rockafellar sense (see,
for instance, [100]) and they share the same optimality condition. Minimizers of such problems are expected to provide
with weak solutions for (T.62). This approach has been extensively used for first order problems since [33]], [57], leading
to weak solutions in the sense of Definition[8] A similar analysis was later extended to second order degenerate MFG
problems in [58]], as well as to problems with density constraints, in which case one enforces the constraint that the
density m = m/(t, z) is below a certain threshold. In this case, a penalization term appears in the HJ equation as an
extra price to go through the zones where the density saturates the constraint (see [64} 124} [155 [173]).

A similar variational approach was also specially developed for the planning problem in connection with optimal
transportation ([125]], [158]]).

‘We do not comment more on the optimal control approach because this is also extensively recalled in the contributions
by Y. Achdou & M. Lauriere, and in the one by F. Santambrogio, in this volume.

1.3.8 Further comments, related topics and references

Boundary conditions, exit time problems, state constraints, planning problem.

The existence and uniqueness results presented here for second order problems remain valid, with no additional
difficulty, for the case of Neumann boundary conditions, i.e. when the controlled process lives in a bounded domain
2 C R? with reflection on the boundary. Results in this setting can be found e.g. in [[L65]], or in [86]. A similar situation
occurs when the domain happens to be invariant for the controlled process, and the trajectory cannot reach the boundary
because of the degeneracy of the diffusion or due to the direction of the controlled drift. The study of the MFG system
in this situation appears in [168]].

By contrast, in many models, players can leave the game before the terminal time and the population is not constant:
this is for instance the case of MFG with exit time, which lead to Dirichlet boundary conditions for the two unknowns
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(u,m) in the system. An interesting problem arises when the agents also control the time they stay in the game. The
optimal control problem then becomes

ult meU F (X0, a0y m(®))dt + g(Xg, m(T))

where (X}) is driven by the usual controlled diffusion process. Here the controls are « and the stopping time 7. The
measure m(t) can be (depending on the model) either the law of X; given {7 > ¢} (in which case the mass of m(¢) is
constant, but the equation for m is no longer a simple Fokker-Planck equation) or simply the measure m(t) defined by

| O@m(t, dz) =E [6(X)1r5] Vo € CZ(RY).

In this case the mass of m(t) is non increasing in time.

Such models have been studied in the framework of bank run in [70] or in exhaustible commodities trade [84,|126]].
In [32], the author provides a general PDE framework to study the problem and shows that the players might be led
to use random strategies (see also [38]]). An early work on the topic is [112] while surprising phenomena in the mean
field analysis are discussed in [46, [112}[156} [157]. Minimal exit time problems for first order MFG problems are also
studied in [[154].

In many applications, the MFG system also involves state constraints. Namely, the optimal control problem for a
small player takes the form

u(t, z) mf/ m(s)ds + G(y(T), m(T)),

where the infimum is taken over solution of

{7(8) =b(y(s),m(s))ds,  y(s)e R VsetT],

where (2 is an open subset of R? (in general with a smooth boundary). This is the case of the Aiyagari problem [13]
in economy for instance (see also [3l [7]]). The natural set-up of the HJ problem is the so-called viscosity solution with
state-constraints and is well understood. However, the analysis led in this section no longer applies: the measure m
develops singularities (not only on the boundary) and one cannot expect uniqueness of the flow m given the vector
field —H,,(x, Du, m). To overcome this issue one can device a Lagrangian approach (see [47]]). The PDE analysis of
this problem is only partially understood (see [48),149]).

The initial-terminal conditions may also be changed, in what is called the planning problem. In that model one
wishes to prescribe both the initial and the final distribution, while no terminal condition is assumed on . This variant
of MFG problem fits into the models of optimal transportation theory, since the goal is to transport the density from
m(0) = mg to m(T) = my in a way which is optimal for the agents’ control. Early results for this problem were given
by P.-L. Lions in [[149] (Lessons 4-11/12 2009); the second order case was later studied in [[163], [164], [165], and the
deterministic case in [[125], [158]]. Very recently, the planning problem has been also addressed for the master equation
with finite states, see [35]).

Numerical methods.

The topic will be developed in detail in the contribution of Achdou and Lauriere (see the references therein). Let us just
remark here that the computation of the solution of the MFG system is difficult because it involves a forward equation
and a backward equation. Let us just quote on this point the pioneering work [S], where a finite difference numerical
scheme was proposed in a way that the discretized equations preserve the structure of the MFG system. In some cases
one can also take advantage of the fact that the MFG system has a variational structure [29].
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MFG systems with several populations.

MFG models may very naturally involve several populations (say, to fix the ideas, I populations). In this case the system
takes the form

(1) —=0pu; — Au; + H;(x, Dug,m(t)) =0 in (0,7) x T¢
(1) Oym; — Amy; — div (m; DpH;(x, Du;(t, z),m(t))) =0 in (0,7) x T¢
(791) mi(0) = myo , wi(T,x) = Gi(z,m(T)) in T4

where i = 1,..., I, u; denotes the value function of each player in population ¢ and m = (my, ..., my) denotes the
collection of densities m; of the population 7. The coupling functions H; and G; depend on all the densities. Existence
of solutions can be proved by fixed point arguments as in Theorem 5] Uniqueness, however, is a difficult issue.

The MFG models with several populations were introduced in the early paper by Caines, Huang and MalhamA®©
[132] and revisited by Cirant [86] (for Neumann boundary conditions, see also [24}[155]]) and by Kolokoltsov, Li and
Yang [137] (for very general diffusions, possibly with jumps). Analysis of segregation phenomena is pursued in [2],
(93]

MFG of control.

In most application in economics, the coupling between the agents is not only through the distribution of their positions
but also of their instantaneous controls. This kind of problem is more subtle than the classical MFG system since it
requires, in its general version, a new constraint explaining how to derive the distribution of controls. For instance this
new system can take the form (for problems with a constant diffusion):

(i) —Owu(t,x) — Au(t,z)) + H(t,z, Du(t,x), u(t)) = 0in (0,7) x R?

(i3) Oym(t,x) — Am(t,x) — div (m(t, x) Hp(t, z, Du(t, ), u(t))) = 0in (0,7) x R?
(i) p(t) = (id, —Hy(t,z, Do, 1)) m() in (0,T)

(i) m(0,z) = mo(z), u(T,z) = g(x,m(T))  inR?

Here () is the distribution of states and controls of the players. Its first marginal m(¢) is the usual distribution of
players. The new relation (iii) explains how to compute p(t) from the distribution of the states m(t) and the optimal
feedback —H,, (¢, z, Du, u). Note that (iii) is itself a fixed point problem. In many applications, the players only interact
through some moments of the distribution of controls, which simplifies the system. Existence of a solution for MFG of
controls can be achieved under rather general conditions (some structure condition, ensuring (iii) to have a solution, is
however required). Uniqueness is largely open.

Analysis of such problems can be found, among many other references, in [8} 34} 62, [72| [115} [122].

MFG with common noise and with a major player.

Throughout this section we have discussed models in which the agents are subject to individual noises (“idiosyncratic
noise") which are independent. However, it is also important to be able to deal with problems in which some random
perturbation affects all the players. This perturbation can be quite rough (a white noise) or simply the (random) position
of a single player (who, since he/she cannot be considered as an infinitesimal player in this game, is often called a
major player). In these setting, the MFG system becomes random. For instance, in the case of MFG with a Brownian
common noise, it takes the form
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du(t,z) = [-2Au(t,z)) + H(z, Du(t, ), m(t))

—V2div(v(t,z))]dt + v(t, x) - dW; in (0,7) x R%,
dm(t,x) = [2Am(t,z)) + div(m(, x) DpH (z, Du(t, ), m(t)))] dt

—div(m(t, ;v)\/§th), in (0,7) x R,
u(T,z) = G(z,m(T)), m(0) = my, in RY

Here W is the common noise (a Brownian motion). The new variable v is an unknown function which ensures the
solution u to the backward HJ to be adapted to the filtration generated by 1. Another formulation of this problem
involves the master equation and will be discussed below, at the end of Section[I.4] Let us just mention now that the
analysis of MFG with common noise goes back to [149] (Lessons 12-26/11 2010), where in particular the structure of
the master equation with common noise is described. The probabilistic approach of the MFG system is studied in [69]]
(see also [IL1,[141]) while the first results on the PDE system above and on the associated master equation are in [S6].

MFG problems with a major player have been introduced by Huang in [130]. In a series of papers, Carmona and
al. introduced a different notion of solution for the problem [77, [75| [76]], mainly in a finite state space framework,
and they showed that this notion actually corresponds to a Nash equilibrium for infinitely many players. This result
is confirmed in [54]] where the Nash equilibria for the N —player problem is shown to converge to the corresponding
master equation. The master equation for the major problem is also studied in [[146]] (mostly in finite time horizon and
in a finite state space) and in [55]] (short-time existence in continuous space). Variants on the major player problem are
discussed in [30] (MFG with a dominating player in a Stackelberg equilibrium), [[LO1]] (for a principal-agent problem)
and in [36].

Miscellaneous.

Other MFG systems. Let us first mention other variations on the MFG system. Besides the standard continuous-time,
continuous-spaces models, the most relevant class of MFG models is probably the MFG on finite state space: see,
among main other works, [27} 134, [78| [114]]. In these problems the state of a typical player jumps from one state to
another. The coupling between the HJ and the FP equations takes a much simpler form of a “forward-backward”
system of ordinary differential equations. Another class of MFG problems are MFG on networks [6, 145]], in which the
state space is a (one dimensional) network. Motivated by knowledge growth models [152], some authors considered
MFGs in which the interaction between players leads to a Boltzmann type equation or a Fisher-KPP equation for the
distribution function [42} /43,1160, [169]. MFGs involving jump processes, where the diffusion term becomes a fractional
Laplacian, have been studied in [44} 82,89, 103} [137]], while MFGs involving dynamics with deterministic jumps have
been investigated in [33].

MFGs vs Agent Based Models. In MFG theory, agents are assumed to be rational. On the contrary, in Agent Based
Models, the agents are supposed to adopt an automatic behavior. The link between the two approach has been discussed
in [23}, 134, 199] where it is shown that MFG models degenerate into Agent Based Models as the agents become more
and more myopic or more and more impatient.

Learning. A natural question in Mean Field Games, in view of the complexity of the notion of MFG equilibria, is how
players can achieve in practice to play a MFG Nash equilibrium. This kind of problem, also related to the concept of
adaptative control [136]], has been discussed in particular in the following references: [39, 162} (73| (74,102, [129].

Efficiency of MFGs. In game theory, a classical question is the (in)efficiency of Nash equilibria (the so-called “price of

anarchy”): to what extent are Nash equilibria doing socially worse than a global planner? This question has also been
addressed for Mean Field Games in [21} 166l 71]].
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1.4 The master equation and the convergence problem

In Section[I.3]we have explained in detail how the mean field game problem can often be reduced to a system of PDEs,
the MFG system. If this MFG system is suitable for the analysis of problems in which players have only independent
individual noises (the so-called idiosyncratic noises), it is no longer satisfactory to investigate more complex models
(for instance models in which the players are subject to a common randomness, the so-called “MFG models with a
common noise”). Nor does it allow to understand the link between N —player differential games and mean field games.
To proceed, we need to introduce another equation: the master equation. The master equation is an infinite dimensional
hyperbolic equation stated in the space of probability measures. As explained below, it is helpful for the following
reasons:

» for standard MFG models, it allows to write the optimal control of a player in feedback form in function of the
current time, the current position and the current distribution of the other players. This is meaningful since one can
expect in practice that players adapt their behavior in function of these data;

* it provides a key tool to investigate the convergence of the N —player game to the MFG system;

it allows to formalize and investigate more complex MFG models, as MFG with a common noise or MFG with a
major player.

In order to discuss the master equation, we first need to have a closer look at the space of probability measures
(Subsection [T.4.1)) and then understand the notion of derivative in this space (Subsection [I.4.2). Then we present the
master equation and state, almost without proof, the existence and the uniqueness of the solution (Subsection [I.4.3).
We then discuss the convergence of N —player differential games by using the master equation (Subsection [I.4.4).

1.4.1 The space of probability measures (revisited)

We have already seen the key role of the space of probability measures in the mean field game theory. It is now time to
investigate the basic properties of this space more thoroughly. The results are given mostly without proofs, which can
be found, for instance, in the monographs [19, 174,178 [179].

1.4.1.1 The Monge-Kantorovich distances

Let X be a Polish space (i.e., a complete separable metric space) and P(X) be the set of Borel probability measures
on X. There are several ways to metricize the topology of narrow convergence, at least on some subsets of P(X). Let
us denote by d the distance on X and, for p € [1,+c0), by P,(X) the set of probability measures m such that

/ dP(zg, z)dm(z) < +o0 for some (and hence for all) point ¢ € X.
X

The Monge-Kantorowich distance on P,(X) is given by

1/p
d,(m,m’) = inf [/ d(x,y)pd'y(m,y)] (1.145)
~yEII(m,m’) X2

where II(m, m’) is the set of Borel probability measures on X x X such thaty(Ax X) = m(A) and y(X x A) = m/(A)
for any Borel set A C X. In other words, a Borel probability measure v on X x X belongs to IT(m, m’) if and only if

/X2 w(w)dv(w,y)=/xs0(w)dm(w) and /X2 @(y)dv(fmy):/xw(y)dm (Y)
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for any Borel and bounded measurable map ¢ : X — R. Note that IT(m,m’) is non-empty, because for instance
m @ m' always belongs to IT(m, m’). Moreover, by Holder inequality, P,(X) C P, (X) forany 1 < p’ < p and

dy (m,m') <d,(m,m’)  Vm,m' € Ppy(X) .

We now explain that there exists at least an optimal measure in (I.145). This optimal measure is often referred to as
an optimal transport plan from m to m/'.

Lemma 18 (Existence of an optimal transport plan) For any m,m' € P,(X), there is at least one measure
~ € II(m,m') with
1/p
ay(m') = | [ atarastan
Proof. We first show that IT(m,m’) is tight and therefore relatively compact for the weak-* convergence. For any € > 0
there exists a compact set K. C X such that m(K,.) > 1—¢/2and m'(K.) > 1 —¢/2. Then, for any v € II(m,m’),
we have
V(K x Ko) > y(Ke x X) — (K x (X\K¢))

> m(K:) — (X x (X\K.))

>1—¢/2—-m/(X\K.) > 1—¢.
This means that I7 (1, m/) is tight. It is also closed for the weak-* convergence. Since themapy — [, [z —y|Pdy(z, y)
is lower semi-continuous for the weak-* convergence, it has a minimum on 17 (m, m’).

Let us now check that d,, is a distance.
Lemma 19 For any p > 1, d,, is a distance on P,

The proof uses the notion of disintegration of a measure, see Theorem [I0]
Proof. Only the triangle inequality presents some difficulty. Let m, m',m” € P, and +,+" be optimal transport
plans from m to m’ and from m’ to m’ respectively. We disintegrate the measures v and ~' with respect to m/':
dy(w,y) = dyy(x)dm/(y) and dy'(y, 2) = dr,,(z)dm’(y) and we define the measure 7 on X x X by

/ oz, 2)dn(x, 2) = / @(x, z)dryy (x)dy, (z)dm’ (y) Vo € CY(X x X) .
XxX

XXX xX

Then one easily checks that = € IT(m, m") and we have, by Holder inequality,

|:A><X dP(x, z)dm(x, Z)] 1/p

IN

1/p
[ [ ey, z>>”dvy<x>d7;<z>dm’<y>}
XxXxX

IN

1/p 1/p
[ eanay@an] x| [ e ean)]
XxX XxX
= dp (m7 m/) + dp(m/7 m//)
Sod,(m,m") <d,(m,m’) +d,(m',m"). O

In these notes, we are mainly interested in two Monge-Kantorovich distances, d; and ds. The distance d5, which is
often called the Wasserstein distance, is particularly useful when X is a Euclidean or a Hilbert space. Its analysis will
be the object of the next subsection.

As for the distance d;, which often takes the name of the Kantorovich-Rubinstein distance, we have already
encountered it several times. Let us point out the following equivalent representation, which explains the link with the
notion introduced in Subsection [[.2.2

Theorem 18 (Kantorovich-Rubinstein Theorem) For any m,m’ € P1(X),
av(mm') =su{ [ feyimo) - [ saam'@)}
X X
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where the supremum is taken over the set of all 1—Lipschitz continuous maps f : X — R.

Remark 17 In fact the above “Kantorovich duality result” holds for much more general costs (i.e., it is not necessary
to minimize the power of a distance). The typical assertion in this framework is, for any lower semicontinuous map
c¢: X x X = R, U{+o0}, the following equality holds:

mt [ ) = s [ f@dm@) + [ o)

YEII(m,m’)
where the supremum is taken over the maps f € L}, (X), g € L} ,(X) such that
fx)+g9(y) < c(z,y) for m—a.e. x and m’—a.e y.
The proof of this result exceeds the scope of these notes and can be found in several textbooks (see [178] for instance).
Let us finally underline the link between convergence for the d,, distance and narrow convergence:

Proposition 4 A sequence of measures (m.,) of Pp(X) converges to m for d,, if and only if if (m,,) narrowly converges
to m and

lim dP(x,zo)dm, () = / dP(z, zo)dm(z) for some (and thus any) zp € X .
X

n—-+oo b'e

The proof for p = 1 is a simple consequence of Proposition [T|and Theorem [I8] For the general case, see [178].

1.4.1.2 The Wasserstein space of probability measures on R?

From now on we work in X = R, Let Py = P2 (R?) be the set of Borel probability measures on R? with a finite
second order moment: mn belongs to Py if m is a Borel probability measure on R? with [, [z[*m(dz) < +oc0. The
Wasserstein distance is just the Monge-Kankorovich distance when p = 2:

1/2
da(uv) = inf [/ & — yPdy(a, ) (1.146)
YEIT (p,v) | JR2d

where IT(u, v) is the set of Borel probability measures on R2¢ such that (A x R?) = 1(A) and y(R? x A) = v(A)
for any Borel set A C R?.

An important point, that we shall use sometimes, is the fact that the optimal transport plan can be realized as an
optimal transport map whenever ( is absolutely continuous.

Theorem 19 (Existence of an optimal transport map) If i € Ps is absolutely continuous, then, for any v € Ps,
there exists a convex map ® : RN — R such that the measure (idga, D®)fp is optimal for da(u,v). In particular
v = Do,

Conversely, if the convex map & : RN — R satisfies v = D®Hy, then the measure (idga, DP)ip is optimal for
do(u, v).

The proof of this result, due to Y. Brenier [39], exceeds the scope of these notes. It can be found in various places,
such as [[178]].
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1.4.2 Derivatives in the space of measures

In this section, we discuss different notions of derivatives in the space of probability measures and explain how they
are related. This part is, to a large extent, borrowed from [56} 68]. For simplicity, we work in the whole space R and
set Py = Py(R?).

1.4.2.1 The flat derivative

Definition 9 Let U : P, — R. We say that U is of class C" if there exists a jointly continuous and bounded map
U Py x R? — R such that

Ulm') — U(m) = /0 /R %((1 By s ) (! — m)(dy)dh  m,m’ € Ps.

Moreover we adopt the normalization convention

sU
g S my)m(dy) =0 Vm € Py, (1.147)

Remark 18 If U : P»(T%) — R, then the derivative is defined in the same way, with 22 : P5(T%) x T¢ — R such that

U(m') = U(m) = /0 ” %((1 —h)ym+ hm',y)(m' —m)(dy)dh  ¥m,m’ € Po(T?).

If U is of class C', then the following equality holds for any m € P, and 3y € R?

O (m.y) = Jim & (U1~ Rym -+ hs,) — Ulm)).

Here is a kind of converse.

Proposition 5 Let U : Po — R and assume that the limit

Vimy) = lim, % (U((1 = hym + hé,) — U(m))

exists and is jointly continuous and bounded on Py x R%. Then U is C' and %(m7 y) = V(m,y).

Proof. Although the result can be expected, the proof is a little involved and can be found in [55]. (|

Let us recall that, if ¢ : RY — R is a Borel measurable map and m is a Borel probability measure on R?, the image
of m by ¢ is the Borel probability measure ¢fim defined by

y f(@)ppm(dr) = g Fle()m(dy) — VfeCYRY).

Proposition 6 Let U be C* and be such that D, % exists and is jointly continuous and bounded on Py x RY. Then, for
any Borel measurable map ¢ : R — R with at most a linear growth, the map s — U ((idga + s¢)tm) is differentiable
at 0 and

24 [ % :

Ui+ s)m) g = [ DyStmy) - 6(0)m(d).

Proof. Indeed
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U((idge + sd)tm) — / /Rd (mh,s,y)((idga + s@)im) — m)(dy)dh
= [ s+ 5000) ~ S
Rd m

oU
= s/o /0 o Dy%(mh,s, Y+ ST¢(y)) . ¢(y)m(dy)dhd7,

where
mp,s = (1 — h)m + h(idga + so)fm

Dividing by s and letting s — 0T gives the desired result. (]

Let us recall that, if m, m’ € P, the set I1°P*(m,m’) denotes the set of optimal transport plans between m and m/
(see Lemma T8).

Proposition 7 Under the assumptions of the previous Proposition, let m,m’ € Py and 7 € I1°P*(m,m’). Then

Uy~ Um) = [ 0,50 m,0) (5= a)atae.d)| < oo, ),

Remark 19 The same proof shows that, if 7 is a transport plan between m and m’ (not necessarily optimal), then

]U<m’> ~Um | D, (m,2) - (y x)w(dmw\ <o (( / o y|2w<d:c7dy>)l/2) .

Proof. Let ¢;(z,y) = (1 — t)x + ty and m; = ¢¢fiw. Then mg = m and m; = m' and, for any ¢ € (0, 1) and any s
small we have

1
oU
Ulbrsim) = Ulontm) = [ [ eoman)(Grestn = dutm) )
Rd 0N
// (o, (1 —t— )2+ (4 9)9) — 2L (mans (1= ) + ty) 7(da, dy)dh
- 5m s, h7 Yy Sm s,h> y)mw , Ay
= 5/ / D mS n(l—t—T1s)z+ (t+719)y) - (y — z) n(dz, dy)dhdr,
R2d
where m p, = (1 — h)¢e1sm + hoyfim. So, dividing by s and letting s — 0 we find:
d
7U (Pulim) = / Dy(5 (petim, (1 — )z + ty) - (y — z) w(dz, dy).
As Dyé— is continuous and bounded by C, for any e, R > 0, there exists » > 0 such that, if da(m, m’) < r and

|z, ly| < R, then
oU
Dy (¢>tﬂ7f (1 =)z +ty) = Dy—(m,z)| < €+ 201y —g)>,.

So
oU oU
’/ Dyd—((bt[jﬂ', (1—-t)z+ty) - (y—x) w(de,dy) — / Dyé—(m, z) - (y — )7 (dz, dy)
R2d m R2d m
2C
<dp+ / (e + 201 ,_yi>r)|y — x|m(dx,dy) < 6p + eda(m,m’) + Td%(m, m').
Br)?
where
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oU oU
S = D, (1—tz+ty) - (y— D, (m,z) - (y — dz,d
i | e P 8 (= D 19) (g = )]+ Dy o (m2) - (y = ), )

<C ly — z|n(de, dy) < Cdz(m,m')x'/2(R*\(Bg)?) = da(m, m')or(1).
R24\(BRr)?

This proves the result. ]

1.4.2.2 W —differentiability

Next we turn to a more geometric definition of derivative in the space of measures. For this, let us introduce the notion
of tangent space to Ps.

Definition 10 (Tangent space) The tangent space Tan,, (P2) of Py at m € Py is the closure in L2, (R?) of { D¢, ¢ €
(R}

Following [18]] we define the super and the subdifferential of a map defined on Ps:

Definition 11 Let U : P, — R, m € Py and ¢ € L2 (R4 RY). We say that ¢ belongs to the superdifferential 9+ U (m)
of U at m if, for any m’ € Py and any transport plan 7 from m to m/’,

E(z) - (y — )n(de, dy) + 0 (( [ o= viatas dy>)1/2> |

We say that & belongs to the subdifferential 9~ U (m) of U at m if —¢ belongs to DT (—U)(m). Finally, we say that
the map U is W —differentiable at m if 97U (m) N @~ U(m) is not empty.

U(m')SU(m)+/

R4 xR

One easily checks the following:

Proposition 8 IfU is W —differentiable at m, then 0+ U (m) and 0~ U (m) are equal and reduce to a singleton, denoted
{DnU(m,-)}.

Remark 20 On can actually check that D,,U(m, -) belongs to Tan,, (Pz).

Proof. Let &, € DYU(m) and & € D~U(m). We have, for any m’ € P, and any transport plan 7 from m to m’,

/Rd,XRd &a(x) - (y — z)m(dx,dy) + o ((/ﬂw o yPr(da. dy)) 1/2)
61() - (y — 2)r(da, dy) + o0 << [ - (dz,dy)>1/2> |

In particular, if we choose m’ = (1 + h¢)fm and 7 = (Id, Id + h¢)im for some ¢ € L2, (R? R?) and h > 0 small,
we obtain

<U@m')~U(m) < /

R4 xR

h | &(@)- ¢(x)m(de) +o(h) Um')=U(m) <h | &(x)- ¢(z)m(dz) +o(h),

Rd Rd
from which we easily infer that & = &, in L2 (R9). O

Remark |19|implies that, if U is C' with Dy6U/ém continuous and bounded, then U is W-differentiable. In this
case it is obvious that D, 0U/ém belongs to Tan,,(Ps) by definition and that D,,,U(m, -) = D,6U/ém. From now
on we systematically use the notation D,,,U(m, -) = D,06U/dm in this case.
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1.4.2.3 Link with the L — derivative

Another possibility for the notion of derivative is to look at probability measures as the law of random variables with
values in R? and to use the fact that the set of random variables, under suitable moment conditions, is a Hilbert space.
Let (£2, F,P) an atomless probability space (meaning that, for any F € F with P[E] > 0, there exists E’ € F with

E’' C Eand 0 < P[E'] < P[E]). Given amap U : P, — R, we consider its extension U to the set of random variables
L2(02,R%): )
UX)=U(L(X)) VX eL*(n,RY).

(recall that £(X) is the law of X, i.e., £(X) := Xf[P. Note that £(X) belongs to Ps because X € L?(2)). The main
point is that L?(§2, F,P) is a Hilbert space, in which the notion of Frechet differentiability makes sense.
For instance, if U is a map of the form

U(m) = o(x)m(dx) Ym € Pa, (1.148)
Rd

where ¢ € CO(R?) is given, then
U(X)=E[¢p(X)] VX e L*(2,RY).

Definition 12 The map U : P, — Ris L—differentiable atm € P, if there exists X € L?(£2,R?) such that L(X) = m
and the extension U of U is Frechet differentiable at X.

The following result says that the notion of L—differentiability coincides with that of W —differentiability and is
independent of the probability space and of the representative X. The first statement in that direction goes back to
Lions [149] (Lesson 31/10 2008), the version given here can be found in [109]] (see also [15]], from which the sketch
of proof of Lemma [21]is largely inspired).

Theorem 20 The map U is W —differentiable at m € P if and only if U is Frechet differentiable at some (or thus
any) X € L?(£2,R%) with L(X) = m. In this case

VU(X) = D, U(m, X).

The result can be considered as a structure theorem for the L-derivative.
For instance, if U is as in (T.148) for some map ¢ € C}(R?), then it is almost obvious that

VU(X) = Dp(X)

and thus
D, U(m,z) = D¢(x).

The proof of Theorem [20]is difficult and we only sketch it briefly. Complete proofs can be found in [109] or [[L5].
The first step is the fact that, if X and X’ have the same law, then so do VU (X)) and VU (X’):

Lemma 20 Let U : P2 — R and U be its extension. Let X, X' be two random variables in L*(£2,R?) with L(X) =
L(X'). If U is Frechet differentiable at X, then U is differentiable at X' and (X,VU(X)) has the same law as
(X', VU(X")).

(Sketch of) proof. The idea behind this fact is that, if X and X’ have the same law, then one can “almost” find a
bi-measurable and measure-preserving transformation 7 : 2 — §2 such that X = X’ o 7. Admitting this statement for
a while, we have, for any H' € L? small,

UX'+H)=U(X'+H)or)=U(X +H o1)=U(X)+E [vU(X) H'o T} +o(|H' o7||2)

—U(X')+E [vU(X) or U H'| + o H'|l2).
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This shows that U is differentiable at X’ with differential given by VU (X)o7 . Thus (X', VU (X)) = (X, VU (X))o
71, which shows that (X, VU (X)) and (X', VU (X")) have the same law.

In fact the existence of 7 does not hold in general. However, one can show that, for any € > 0, there exists 7 : 2 — {2
bi-measurable and measure preserving and such that || X’ — X o 7||o, < €. A (slightly technical) adaptation of the
proof above then gives the result (see [51] or [68] for the details). O

Next we show that VU (X) is a function of X:

Lemma 21 Assume that Uis differentiable at X € L?(2,R%). Then there exists a Borel measurable map g : R? — R?
such that VU (X) = g(X) a.s..

(Sketch of) proof. To prove the claim, we just need to check that VU (X) is (X )—measurable (see Theorem
20.1 in [37])), which can be recasted into the fact that VU(X) = E [VU(X)|X] Let p = £(X,VU(X)) and let

w(dz, dy) = (6, @ ve(dy))Px (dz) be its disintegration with respect to its first marginal Py . Let \ be the restriction
of the Lebesgue measure to Q1 := [0, 1]¢. Then, as A has an L' density, the optimal transport from \ to v,, is unique
and given by the gradient of a convex map 1),(-) (Brenier’s Theorem, see [179]). So we can ﬁn a measurable map
¥+ R x R? — R such that, for Px—ae. x € R?, 1,(-)i\ = v,. Let Z be a random variable with law A and
independent of (X, VU (X)).

Note that u = L(X,VU(X)) = L(X,¢x(Z)) because, for any f € C2(R% x R?),

B ux () = [ [ s paEaepn = [ @ px )

- / / £, 9))va (dy)Px (dz) = / f(e,y)u(de, dy).
R JR R2d

So, for any ¢, . - -
U(X +eVU(X)) =U(X +evx(2)),

from which we infer, taking the derivative with respect to € at € = 0:
~ 2 N
E “VU(X)‘ } —E[VU(X)-vx(2)] -
Note that, as Z is independent of (X, VU (X)), we have
E[VO(X) - ¥x(2)] = E [VU(X)-E[a(2)],—x]

where, for Py —a.e. z,
Bl = [ velord) = | @) = [ yunty) = B[VOC01X =]

So, by the tower property of the conditional expectation, we have
- 2 - - - 2
E UVU(X)‘ ] —E|VO(X)-E |[VU(X)|X]|| =E “JE Vi(x)|x] ‘ } .

Using again standard properties of the conditional expectation we infer the equality VU(X )=E [VU(X )X } , which
shows the result. ]

Proof of Theorem [20} Let us first assume that U is W —differentiable at some m € P,. Then there exists § :=
D, U(m,-) € L2,(R%) such that, for any m’ € P, and any transport plan 7 between m and m’ we have

2 Warning: here the proof is sloppy and the possibility of a measurable selection should be justified.
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Uy~ - [ e - apnlanay) <o (( [ k- y2w<dx,dy>)1/2> .

Therefore, for any X € L? such that £(X) = m, for any H € L?, if we denote by m/ the law of X + H and by 7 the
law of (X, X + H), we have

|06+ 1) = 03) = BI6CO) - 1] = | U') = Tm) = [ €(0) (0= 2)ntoun)

0 (( [ e- y2w<dw,dy>)1/2>>

—o(E[x - v[]"?).

IN

This shows that U is L-differentiable.

Conversely, let us assume that U is L-differentiable at m. We know from Lemma that, for any X € L? such that
L(X) = m, U is differentiable at X and VU (X) = &(X) for some Borel measurable map ¢ : R? — R?. In view of
Lemma 20} the map & does not depend on the choice of X. So, for any ¢ > 0, there exists 7 > 0 such that, for any X
with £(X) = m and any H € L? with |[H|| < r, one has

‘U(X+H)7U(X)71E[5(X)~H]’ <e.

Let now m’ € P, and 7 be a transport plan between mn and m’ such that [, |z — y|*m(dz, dy) < r*. Let (X,Y) with
law 7. We set H =Y — X and note that || H ||z < r. So we have

o) = )~ [ ) (= o] = | O0X+ 1) - 006) - BLe0x) - ] <

This proves the W-differentiability of U. ]

1.4.2.4 Higher order derivatives

We say that U is partially C? if U is C'* and if D, 6U/dm and Diy(?U /dm exist and are continuous and bounded on

PQ X Rd.

We say that U is C? if g—% is C! in m with a continuous and bounded derivative: namely gi% = 6%(3%) :
Py x R? x RY — R is continuous in all variables and bounded. We say that U is twice L—differentiable if the map
D,,U is L—differentiable with respect to m with a second order derivative D2, U = D2, U(m,y,y') which is
continuous and bounded on Py x R? x R? with values in R4*¢. One can check that this second order derivative enjoys

standard properties of derivatives, such as the symmetry:

D2,.U(m,y,y") = D2, U(m,y,y).

See [56, 168]].
1.4.2.5 Comments

For a general description of the notion of derivatives and the historical background, we refer to [68]], Chap. V. The
notion of flat derivative is very natural and has been introduced in several contexts and under various assumptions. We
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follow here [56]. Let us note however that these notions of derivatives can be traced back to [[14]], while the construction
of Proposition 5] has already a counterpart in [159].

The initial definition of sub and super differential in the space P», introduced in [19], is the following: £ belongs to
OTU(m) if € € Tan,, (P2) and

mellort(m,m’)

U(m') <U(m) + inf /]Rdx]Rd &(z) - (y — x)m(dz, dy) + o(da(m,m’)).

It is proved in [109]] that this definition coincides with the one introduced in Definition @

The notion of L-derivative and the structure of this derivative has been first discussed by Lions in [149] (see also
[51] for a proof of Theorem [20]in which the function is supposed to be continuously differentiable). The proof of
Theorem @ without the extra continuity condition, is due to Gangbo and Tudorascu [109] (see also [15]], revisited
here in a loose way).

1.4.3 The Master equation

In this section we investigate the partial differential equation:

—0U — AU + H(z,D,U) —/ divy D U (t, &, m, y) dm(y)
Td

+ D"lU(tvxamvy) : Hp(ya D:cU) dm(y) = F(a:,m) (1.149)

Td
in (0,7) x T% x Py
U(T,z,m)=G(x,m) in T¢ x Py

In this equation, U = U (¢, z,m) is the unknown. As explained below, U (¢, x, m) can be interpreted as the minimal
cost, in the mean field problem, for a small player at time ¢ in position z, if the distribution of the other players is
m. Equation (T.149) is often called the first order master equation since it only involves first order derivatives with
respect to the measure. This is in contrast with what happens for MFG problems with a common noise, for which the
corresponding master equation also involves second order derivatives (see Subsection [.4.3.3). After explaining the
existence of the uniqueness of a solution for (Subsection[I.4.3.1), we discuss other frameworks for the master
equation: the case of finite state space (Subsection [I.4.3.2) and the MFG problem with a common noise (Subsection
T233).

Throughout this part, we work in the torus T¢ and in the space Py = P, (T¢) of Borel probability measures on T%
endowed with the Wasserstein distance do. The notion of derivative is the one discussed in the previous part (with the
minor difference explained in Remark [T8§).

1.4.3.1 Existence and uniqueness of a solution for the master equation

Definition 13 We say that amap V : [0, 7] x T¢ x Py — R is a classical solution to the Master equation (T.149) if

* V is continuous in all its arguments (for the d; distance on Ps), is of class C?in z and C" in time,
« V is of class C! with respect to m with a derivative % = V. (¢, 2,m,y) having globally continuous first and
second order derivatives with respect to the space variables.

* The following relation holds for any (t,z,m) € (0,7) x T?¢ x Py:

om

-0 V(t,x,m) — AV (t,z,m) + H(x, D,V (t, z,m)) — / divy, D,V (t, z,m,y) dm(y)
'ﬂ‘d

+ | DnV(t,z,m,y) - Hy(y, DoV (t,y,m)) dm(y) = F(z,m)
Td
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and V(T,z,m) = G(x,m)  in T x Py.

Throughout the section, H : T¢ x RY — R is smooth, globally Lipschitz continuous and satisfies the coercivity
condition:

I
7 +d| S Hpplz,p) < Cla - for (z,p) € T¢ x RY. (1.150)
P

We also always assume that the maps F, G : T¢ x P; — R are globally Lipschitz continuous and monotone:
F and G are monotone. (1.151)

Note that assumption ([.I51) implies that 2£- and £< satisfy the following monotonicity property (explained for F):

/W/W (z, m, y)pu(@)pu(y)dedy > 0

for any smooth map y : T? — R with de w=0.
Letus fixn € N* and a € (0,1/2). We set

. oF _1||0F oF
Llpn(%) = Sip (dl(mlamQ)) ' %('77”1")_%("7%27')

On+2a y On—1+2a

and use the symmetric notation for G. We call (HF(n)) the following regularity conditions on F:

O0F(-,m,") . OF
HF(n su F(,m)| gniza + | —7—= + Lip,,(=—) < oo.
(HF() s ( Comllonsne + | T Cc) ba(or)
and (HG(n)) the symmetric condition on G:
IG(-,m,-) . 0G
HG(n su G(-,m)|| gnt2a + || —— + Lip,,(=—) < oo.
(HGM)  sup <|| Comllonsn + | 2 CC) b (25

In order to explain the existence of a solution to the master equation, we need to introduce the solution of the MFG
system: for any (tg,mg) € [0,7) X P, let (u, m) be the solution to:

—Oru — Au+ H(x, Du) = F(x,m(t))
oym — Am — div(mH,(x, Du)) =0 (1.152)
w(T,z) = G(x,m(T)), m(to,) =mo

Thanks to the monotonicity condition (I-T3T)), we know that the system admits a unique solution, see Theorem[4] Then

we set
U(to,x,mg) := u(to, x) (1.153)

Theorem 21 Assume that (HF(n)) and (HG(n)) hold for some n > 4. Then the map U defined by (I.153) is the unique
classical solution to the master equation (I.149).
Moreover, U is globally Lipschitz continuous in the sense that

||U<t07 ) mO) - U<t07 ) ml)HCnJra < Cndl(m07 ml) (1154)
with Lipschitz continuous derivatives:
||DmU(t07 Mo, ) - DmU(th s, My, ')||Cn+a><c'n+rx < Cndl(m07 ml) (1.155)

forany ty € [0,T), mg, my € P1.
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Relation (T:153)) says that the solutions of the MFG system (I.152)) can be considered as characteristics of the master
equation (T.T49). As it will be transparent in the analysis of the MFG problem on a finite state space (Subsection|[T.4.3.7]
below), this means that the master equation is a kind of transport in the space of measures. The difficulty is that it is
nonlinear, nonlocal (because of the integral terms) and without a comparison principle.

The proof of Theorem [2T] although not very difficult in its principle, is quite technical and will be mostly omitted
here. The main issue is to check that the map U defined by (T.153) satisfies (I.154), (I.I33). This exceeds the scope of
these notes and we refer the reader to [S6] for a proof. Once we know that U is quite smooth, the conclusion follows easily:

Sketch of proof of Theorem 21 (existence). Let mo € P(T?) with a C*, positive density. Let tg > 0, (u,m) be the
solution of the MFG system (T.152) starting from m at time ¢,. Then

U(to + h,x,mo) — U(to,&?,mo) . U(to + h,l’,mo) — U(to + h,l’,m(to + h))
Y =

+U(t0 + h’7x7m/2t0 + h)) — U(t07x7m0)
h

As
Oym — divim(D(In(m)) + H,(x, Du))] = 0,

Lemma 22] below says that
dy(mto + b), (id — h®)ima) = o(h)

where
&(z) := D(In(mo(x))) + Hp(z, Du(to, z))

and o(h)/h — 0 as h — 0. So, by Lipschitz continuity of U and then differentiability of U,

Ul(to 4+ h,z,m(to + h)) =U(tg+ h,z, (id — hd)tmg) + o(h)

= Ul(to + h,z,mq) — h/ D U(to + h,z,mo,y) - @(y) mo(y)dy + o(h),
’]Td

and therefore, by continuity of U and D,,,U,

lim U(to + h7x7m(t0 + h)) B U(to + ha I7m0)
h—0 h

=— /Td (DU (to, x,mo,y) - [D(In(mo)) + Hp(y, Du(to))]) mo(y)dy.
On the other hand, for A > 0,
U(to+ h,x,m(to + h)) — Ulto,x,mo) = u(to + h,x) — u(te, x) = hdyu(te, z) + o(h),
so that

. Ulto + h,.’L‘7m(t0 + h)) - U(to,.’l?,mo)
lim
h—0+ h

= Oyu(to, x).

Therefore 0;U (to, z, mg) exists and is equal to
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O (to,2.m0) = | (DU(ta,z,mo,9) - [D(In(ma)) + Hyln Dulte) hmols)dy + dru(to, )

=/ div, Dy, U (to, x, mo, y)mo(y)dy
T

+ /d D?rLU(t07 x,mo, y) : Hp(ya Du(to)) mo(y)dy
T
—Au(to, z) + H(x, Du(to, z)) — F(x,mp)

- — /jrd diVmeU(t0>x7m07y)mO(y)dy

+ /d DmU(t07x7m07 y) : Hp(ya D:I?U(t()vy7m0)) mO(y)dy
T
— A, U(to, z,mp) + H(z, D, U((tg, 2z, mp)) — F(x, mg)

This means that U satisfies (I.149) at (¢, 2, mo). By continuity, U satisfies the equation everywhere. O

Lemma 22 Let V = V (t,z) be a C* vector field, mg € Pa and m be the weak solution to

{ Om 4+ div(imV) =0
m(0) =mg.

Then
lim d, (m(h), (id + RV (0, -))tmo)/h = 0.

h—0t

Proof. Recall that m(h) = X (h)fmg, where X*(h) is the solution to the ODE

{ FXT(O) =V, X"(1)
X*0)==x.

Let ¢ be a Lipschitz test function. Then

[, o@)m) = i+ 1 0, Dtma)dn) = [ (@K () = bla+ AV (0,))mo(d)
<10l [ | 1X7(h) =2 = WV (0.0)lmo(de) = | Dololh).

which proves that d; (m(h), (id + hV (0, -))tmo) = o(h). O

Proof of Theorem@(uniqueness). We use a technique introduced in [[149] (Lesson 5/12/2008), consisting at looking
at the MFG system (T.152) as a system of characteristics for the master equation (T.149). We reproduce here this
argument for the sake of completeness. Let V' be another solution to the master equation. The main point is that, by
definition of solution Dgy% is bounded, and therefore D,V is Lipschitz continuous with respect to the measure
variable.

Let us fix (¢g, mg). In view of the Lipschitz continuity of D, V/, one can easily uniquely solve the PDE (by standard
fixed point argument):

{ Om — Am — div(mH,(xz, D,V (t,z,m)) =0
m(to) = mo

Then let us set @(t, z) = V (¢, x,m(t)). By the regularity properties of V, 4 is at least of class C** with
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() = OV (2 () + (O (¢ m(t), 3, 0(t))co (o)

= 8tV(t’ x, ’rh(t)) -+ <7m(t, x, Tﬁ(t), -), Am + diV(me(~, DQJV(t, . Th))>c27(c2)/

=0,V (t,z,m(t)) + » divy, D, V (¢, z,m(t),y) dm(t)(y)

-/ Dy, V(t,z,m(t),y) - Hp(y, DoV (t,y,m)) dm(t)(y)

Recalling that V satisfies the master equation we get

owu(t,x) = —AV(t,x,m(t)) + H(z, D,V (t,z,m(t))) — F(z,m(t))
—Au(t,x) + H(z, Du(t,z)) — F(x,m(t))

with terminal condition @(T,z) = V(T, z,m(T)) = G(x, m(T)). Therefore the pair (&, ) is a solution of the MFG
system (I.152)). As the solution of this system is unique, we get that V (¢, x, mg) = U (to, x, mo) is uniquely defined.
t

1.4.3.2 The master equation for MFG problems on a finite state space
We consider here a MFG problem on a finite state space: let I € N, I > 2 be the number of states. Players control

their jump rate from one state to another; their cost depends on the jump rate they choose and on the distribution of the
other players on the states. In this finite state setting, this distribution is simply an element of the simplex Sy_; with

Given m = (m;) € Sr—1, m; is the proportion of players in state i.

The MFG system. In this setting the MFG system takes the form of a coupled system of ODEs: for: =1,...,1,

— S (0) + H(W () ~ () em() =0 in (0,7)
Lona(t) = s 2 (0 (0) 9 1))y 1)
t #i i o (1.156)
Fma(t) D 5 (W (0) = w' O)essym(B) =0 in (0,7)
_ _ g#i
mi(to) = mio, u'(T) = g"(m(T)).

In the above system, the unknown is (u,m) = (u’(t),m*(t)), where u’(t) is the value function of a player at
time ¢ and in position ¢ while m(t) is the distribution of players at time ¢, with m(¢) € S;_; for any ¢. The map
H®:RI~1 x §;_; — R is the Hamiltonian of the problem in state i while mg = (m; ) € Sr_1 is the initial distri-
bution at time to € [0,7) and gi : §7—1 — Ris the terminal cost in state ¢. As usual, this is a forward-backward system.

The structure for uniqueness. As for standard MFG systems, the existence of a solution is relatively easy; the
uniqueness relies on a specific structure of the coupling and on a monotonicity condition which become here:

H'(z,m) = h'(z) — f'(m) (1.157)

where A’ is strictly convex in z and
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I
_Z(f”(m) — f{m/))(m* — (m')") >0, Z(gi(m) — g (m"))(m' — (m")") >0,  Vm,m' €Sr_1. (1.158)

The master equation. To find a solution of this MFG problem in feedback form (i.e., such that the control of a players
depends on the state of this player and on the distribution of the other players), one can proceed as in the continuous
space case and set U*(t,mg) = u’(to), where my is the initial distribution of the players at time ¢, and (u,m) is the
solution to (I:136). Then U solves the following hyperbolic system, fori = 1,..., I,

—atUi(t,m)JrHi((Uf(t,m)—Ui(t,m))#i,m)—j 1 ZU t,m) (kaigj (U8, m) — UM (t, m)) ey m)
—m; (U (t,m) — U (t,m))12;,m) ) = 0in (0,T) x Sy
; 3pk 1 ) -1

UYT,m) = g'(m) inSr_q

This is the master equation in the framework of the finite state space problem. It can be rewritten in a more compact
way in the form

U + (F(m,U) - D)U = G(m,U) (1.159)
where F,G : S;_; x RY — R! are defined by
8Hk
(Z mk - U lsﬁkv —my Z a )l75]7 ))
oy oy p’“ J

and G(m,U) = —(H’ (U, m));. Equation (I.159) has to be understood as follows: for any i € {1,...,1},
U + (F(m,U) - DU = —H"(U,m).

Link between two notions of monotonicity. The monotonicity condition stated in (T.138) is equivalent with the fact
that the pair (G, F') is monotone (in the classical sense) from R?¢ into itself. Indeed, recalling the structure condition

(TI57), we have
(G, F)(m )— (G, F)(m",U"), (m,U) — (m/,U"))

_ Z h] UJ k:;é]) ((U 'k U])ksﬁj) j Z I))(mj _ m;)
OhF ok / 4 B
+§(mkf>};a(<Ul ) ‘m%a};jw U0 (U - 0
I oh’ Ul — [ S
_;::1 mjgapk(( M)izj) jgapk )l;ég))( —-UY)
== 2 m) = £ ) o = )
I
_ ij (hj((U/’C _ U’j)k;ﬁj) — hj((U k;éj Z 8 )l#)(U’k _yk_ U/j B Uj)>
=1 oy pk
I
= 3o (WO = W))W = U )es) = 3 G (U = U0 = 0% = 07 = U')),
. k#j

which is nonnegative since (I.I38) holds and h is convex.
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The finite state space is very convenient in the analysis of MFGs: it makes complete sense in terms of modeling
and, in addition, it simplifies a lot the analysis of the master equation. First of all, this is a finite dimensional problem.
Secondly, under the monotonicity condition, the solution of the master equation is also monotone and it is known that
monotone maps are BV in open sets in which they are finite: so some regularity is easily available.

1.4.3.3 The MFG problem with a common noise

The aim of this part is to say a few words about the MFGs in which all agents are subject to a common source of
randomness. This kind of models are often met in macro-economy, after the pioneering work of Krusell-Smith [138]].
We start with a toy example, in which the agents are subject to a single shock. Then we describe the more delicate
model where the shock is a Brownian motion.

An illustrative example.

We consider here a problem in which the agents face a common noise which, in this elementary example, is a
random variable Z on which the coupling costs F’ and G depend: F' = F(z,m, Z) and G = G(z, m, Z). The game is
played in finite horizon 7" and the exact value of Z is revealed to the agents at time 7'/2 (to fix the ideas).

To fix the ideas, we assume that the agents directly control their drift:

dX; = a,dt + V2dB,

(where (a;) is the control with values in R% and B a Brownian motion). In contrast with the previous discussions, the
control oy is now adapted to the filtration generated by B and to the noise Z when t > T'/2. The cost is now of the

form
J(a)=E

b

T
/ %\at|2 + F(Xy,m(t), Z) dt + G(Xp,m(T), Z)
0

where F' and G depend on the position of the player, on the distribution of the agents and on the common noise Z.
As all the agents will choose their optimal control in function of the realization of Z (of course after time 7'/2), one
expect the distribution of players to be random after 7'/2 and to depend on the noise Z.

On the time interval [T'/2,T], the agents have to solve a classical control problem (which depends on Z and on

(m(t))):

T
1
u(t,z) = inf E / Slau? + F(X,,m(t), 2) di + G(Xz,m(T)) | Z
@ t

which depends on the realization of Z and solves the HJ equation (with random coefficients):

1 .
{ =0~ Aut 5| Dul® = F(w,m(t), Z) in (T/2,T) x R* (1.160)

w(T,z,Z) = G(z,m(T), Z) in R%.

On the other hand, on the time interval [0,7'/2), the agent has no information on Z and, by dynamic programming,
one expects to have

T/2 4 -
u(t,z) := inf E / §|at|2 + F(Xy,m(t)) dt +u(T/2%, X7)5)|
« t

where F(z,m) = E[F(x,m, Z)| (recall that m(t) is deterministic on [0, 7'/2]). Thus, on the time interval [0, T'/2], u
solves

| _ .
{ ~Osu— Au+ 5|Duf* = F(x,m(t)) in (0,7/2) x R? (1.161)

u(T/27,2) =E [u(T/2%,z)] in R4
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As for the associated Kolmogorov equation, on the time interval [0, T/2] (where the optimal feedback — Duw is purely
deterministic) we have as usual:

dym — Am — div (m Du(t,z)) = 0in (0,7/2) x RY,  m(0) = my. (1.162)
while on the time interval [T'/2, T, m becomes random (as the control — D) and solves
oym — Am — div (m Du(t,z, Z)) = 0in (T/2) x RY, m(T/27) = m(T/27). (1.163)

Note the relation: m(7T/27) = m(T/2"), which means that the dynamics of the crowd is continuous in time.

Let us point out some remarkable features of the problem. Firstly, the pairs (u, m) are no longer deterministic, and
are adapted to the filtration generated by the common noise (here this filtration is trivial up to time 7'/2 and is the
o—algebra generated by Z after T'/2). Secondly, the map w is discontinuous: this is due to the shock of information at
time 7'/2.

The existence of a solution to the MFG system (T.160)-(T.163) can be obtained in two steps. First one solves the
MFG system on [T'/2, T: given any measure mq € P1(R?), let (u, m) be the solution to

—Owu(t,x, Z) — Au(t,x, Z) + 7|Du( x,Z)* = F(z,m(t), Z) in (T/2,T) x R?
om(t,x,Z) — Am(t,x, Z) — dlv( (t,x, Z)Du(t,z,Z)) = 0in (T/2,T) x R?
m(T/2,dx,Z) = mo(dz),  w(T,z,Z) = G(xz,m(T,z,Z),Z) in R?

Note that u and m depend of course on my. If we require ' and G to be monotone, then this solution is unique and
we can set U (x, mq, Z) = u(T/2, z, Z) (with the notation of Section it should be U(T'/2%, 2, mq, Z), but we
omit the T'/2 for simplicity). It is not difficult to check that, if the couplings F, G are smoothing, then U is continuous
in m (uniformly in (z, Z)), measurable in Z and C? in z uniformly in (m, Z). In addition, it is a simple exercise to
prove that U is monotone as well. Therefore, if we set U(z,m) = E[U(z,m, Z)], then U is also continuous in m and
C? in x and monotone. So the system

—owu(t, ) — Au(t, z) + |Du( ,x)|? = F(z,m(t)) in (0,T/2) x R?
om(t,x) — Am(t,x) — d1v( (t,z)Du(t,z)) = 0in (0,7/2) x R?
m(0,dx) = mo(dz), u(T,z) = U(x,m(T/2)) in R?

has a unique solution. Note that v is a discontinuous function of time, but the discontinuity
w(T/2%,2) —u(T/27 ) = u(T/2%, ) — E [u(T/2", z)]
has zero mean, that is, it is a “one-step martingale”.

Common noise of Brownian type.

In general, MFG with a common noise involve much more complex randomness than a single shock that occurs at
a given time. We discuss here very briefly a case in which the common noise is a Brownian motion. As before, we just
consider an elementary model in order to fix the ideas.

The game is played in finite horizon T'. The agents control directly their drift: their state solves therefore the SDE

dX; = audt +V2dB, + \/2B8dW,,

where (o) is the control with values in R?, B the idiosyncratic noise (a Brownian motion, independent for each player)
and WV is the common noise (a Brownian motion, the same for each player), 5 > 0 denoting the intensity of this noise.
The control o is now adapted to the filtration generated by B and W . The cost is of the (standard) form

T 4 ,
J(a)=E l/o §|Oét| + F(X¢,m(t)) dt + G(Xp,m(T))|,
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where F’ and G depend on the the position of the player and on the distribution of the agents.

The main difference with the classical case is that now the flow of measures m is random and adapted to the filtration
generated by W. To understand why it should be so, let us come back to the setting with finitely many agents (in which
one sees better the difference between B and W). If there are IV agents, controlling their state with a feedback control
a = ay(x) (possibly random), then the state of player 4, fori € {1,..., N}, solves

dX} = ay(X})dt + V2dB; + \/2BdW;.

Note that the B’ are independent (idiosyncratic noise) and independent of the common noise W. Let m}¥ be the
empirical measure associated to the X":
N
1
=5 2 0%
i=1

Let us assume that m’Y converges to some m (formally) and let us try to guess the equation for m. We have, for any
smooth test function ¢ = ¢(t, 2) with a compact support,

o(t, x)my(dz) =lim [ o(t, z)md (dz),
Rd N Jrd

where, by ItA”’s formula,

1

N
| olta)m(do) = = g ot X7)
N 1L . , _ A
B PIUEHES DY / (@1d(s, X2) + Dols, X1) - e (X2) + (1 + ) Ad(s, X1))ds
+ = Z/ De(s, X1) - (dBL + dW,)

/ o(t, z)m™ (0, dz) +/ (0ep(s, ) + Dg(s,x) - ar(x) + (1 + B) A (s, x))m) (dx)ds
R4 0 JRrd
+5/0( RquS(s,x)ms( x)) - dWs + / D¢(s,X!) - dB:.

As N — +o00, the last term vanishes because, by ItA”’s isometry,

LN 2 & ¢
1 —_ ( . @ e 1 —_ 7|2 e
N1~I>I£ E ‘N ;_1/0 D¢(s, X:) - dB; Nhr«rkloo IE ;leE {/0 |Do(s, X)| ds} 0

So we find
t
o(t, x)my(dz) = o(t, z)m(0,dz) + / (0rd(s,x) + DP(s,x) - ap(x) + (1 + B)A¢(s, x))ms(dx)ds
Rd Rd 0 JRrd
t
+ ﬂ/ (| Do(s,z)ms(dx)) - dW,
0 JRrd
This means that m solves in the sense of distributions the stochastic Kolmogorov equation:

dmy = [(1 + 8)Am; — div(mea)] dt — /28div(mdWy).
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As the flow m is stochastic and adapted to the filtration generated by W, the value function w is stochastic as well and
is adapted to the filtration generated by W. It turns out that u solves a backward Hamilton-Jacobi equation. The precise
form of this equation is delicate because, as it is random and backward, it has to involve an extra unknown vector
field v = vy (z) which ensures the solution u to be adapted to the filtration generated by W (see, on that subject, the
pioneering work by Peng [162] and the discussion in [S6] (Chapter 4) or in [68]] (Part II, Section 1.4.2)). The stochastic
MFG system associated with the problem becomes (if the initial distribution of the players is m):

duy = | —(14+ B)Aus + %|Dut|2 — F(x,m) — \/ﬁdiv(vt)] dt — \/2Bv; - AW,

dmt = [(1 -+ ﬁ)Amt + le(mtDUt)] dt — \V 25le(mtth)
mo = Mo, ur = G(-,mr)

Finally, one can associate with the problem a master equation, which plays the same role as without common noise. It
takes the form of a second order (in measure) equation on the space of measures:

O~ (1+B)AU + 3IDUF ~ (14 ) [ div, DUt ,m. ) m(dy)
Rd

+ [ DnU(tz,m,y) - DU(t,y,m) m(dy) — 2ﬂ/ dive DU (t, 2, m, y) m(dy)
RY R4
- Te(D;n Ut 2, myy,y))m(dy)m(dy') = F(z,m)
R4 xR4
in (0,7) x RY x Py
U(T,z,m)=G(x,m) in R? x Py

where the unknown is U = U(t, x, m).

1.4.3.4 Comments

Most formal properties of the Master equation have been introduced and discussed by Lions in [149] (Lesson 5/12/2008
and the Course 2010-"11), including of course the representation formula (T.133)). The actual proof of the existence of a
solution of the master equation is a tedious verification that actually gives a solution. This has required several
steps: the first paper in this direction is [41], where a master equation is studied for linear Hamiltonian and without
coupling terms (F' = G = 0); [108] analyzes the master equation in short time and without the diffusion term; [85]
obtains the existence and uniqueness for the master equation (T.149); [56] establishes the existence and uniqueness of
solutions for the master equation with common noise under the Lasry-Lions monotonicity condition (see also [68]]).
There has been few works since then on the subject outside the above references and the analysis on finite state space
in [34, 26]]: see [11} 12} 55]. Another approach, not discussed in these notes, is the so-called “Hilbertian approach”
developed by Lions in [[149] (see e.g. Lesson 31/10 2008, and later the seminar 08/11/2013): the idea is to write the
master equation (or, more precisely, its space derivative) in the Hilbert space of square integrable random variables
and use this Hilbert structure to obtain existence and uniqueness results.

The reader may notice that we have worked here under the monotonicity assumption. We could have also considered
the problem in short time, or with a “small coupling”. All these settings correspond to situation in which the MFG
system has a unique solution for any initial measure. When this does not hold, the solution of the master equation is
expected to be discontinuous. One knows almost nothing on the definition of the master equation outside of the smooth
set-up: this remains one of the major issues of the topic. To overcome this difficulty, an idea would be to add a common
noise to smoothen the solution. Although this approach is not understood in the whole space, there are now a few
results in this direction in the finite state space: we discuss this point now.

The MFG problem on finite state space has been first described by Lions [149] (Lesson 14/1 2011 and the Course
2011-’12). The probabilistic interpretation is carefully explained in [78], while the well-posedness of the master
equation (and its use for the convergence of the Nash system) is discussed in this setting in [27] and [79]. The addition
of a common noise to the master equation in finite state space is described in [34] and [26]. In particular, [26] provides
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the existence of smooth solutions even without the monotonicity assumption (see also [146]], on problems with a major
player). Finally, for the master equation on finite state space we definitively refer to the contribution by F. Delarue in
the present volume.

1.4.4 Convergence of the Nash system

In this section, we study the convergence of Nash equilibria in differential games with a finite number of players, as
the number of players tends to infinity. We would like to know if the limit is a MFG model. Let us recall that, in
Subsection [T.3.3] we explained how to use the MFG system to find an é—Nash equilibrium in a N —player game. So
here we consider the converse problem. As we will see, this question is much more subtle and, in fact, not completely
understood.

On one hand, this problem depends on the structure of information one allows to the players in the finite player
game. If in this game players observe only their own position (but they are aware of the controls played by the other
players and hence their average distribution), then the limit problem is (almost always) a MFG game (see the notes
below). On the other hand, if players observe each other closely and remember all the past actions, the convergence
cannot be expected because a deviating player can always be punished in the game with finitely many players (this is
the so-called Folk Theorem), while it is not the case in Mean Field Games. This kind of strategy, however, is not always
convincing because a player is often led to punish him/herself in order to punish a deviation. So the most interesting
case is when players play in closed loop strategies (in function of the current position of the other players): indeed,
this kind of strategy is time consistent (and is associated with a PDE, the Nash system). However, the answer to the
convergence problem is then much more complicated and we only have a partial picture.

We consider here a very smooth case, in which the Nash equilibrium in the N —player game satisfies a time-
consistency condition. More precisely, we assume that the Nash equilibrium is given through the solution (v">?) of the
so-called Nash system:

—9pNt — Z Ay, o H(x;, DmvN’i)

J
+3 " Hy(w, Dy, v™7) - Dy o™ = F(a,m¥?)  in (0,7) x TV (1.164)
j#i ,
oNUT, ) = Glai, mY) in TNV
i 1
where we set, for X = (z1,...,zn) € (Td)N,mg’l =51 Zémj.We explain below how this system is associated
J#i

with a Nash equilibrium.

Assuming that the coupling functions F' and G are monotone, our aim is to show that the solution (v"%) converges,
in a suitable sense, to the solution of the master equation without a common noise.

Throughout this part we denote by U = U (t, z, m) the solution of the master equation built in Theoremwhich

satisfies (T.154) and (T1.153)). It solves

—0U — AU+ H(x,D,U) — divy, D, U dm(y)
Td

+ [ DnU(t,x,m,y) - Hy(y, DU(t,y, m))dm(y) = F(x,m) (1.165)

Td
in (0,7) x T% x P,
UT,z,m)=G(x,m) in T¢ x P,

Throughout the section, we suppose that the assumptions of the previous section are in force.
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1.4.4.1 The Nash system

Let us first explain the classical interpretation of the Nash system (I.164):
The game consists, for each player i = 1, ..., N and for any initial position xg = (zJ, ..., z}’), in minimizing

T
Ji(to, zo, (0?)) = E / L(X], o) + F(X],my") dt + G(X],m§")

to

where, foreachi =1,..., N, 4 , i ) )
dX; = ajdt +V2dB],  Xj =

We have set X; = (X}, ..., X}). The Brownian motions (B}) are independent, but the controls (a') are supposed to
depend on the filtration F generated by all the Brownian motions.

Proposition 9 (Verification Theorem) Let (v*) be a classical solution to the above system. Then the N —uple of

maps (a**)iz1,. a = (—Hp(xi, Dy,v™N))i—1,.a is a Nash equilibrium in feedback form of the game: for any
i =1,...,d, for any initial condition (to, o) € [0,T] x TNY, for any control o' adapted to the whole filtration F,
one has

Ji(to, 2o, (%)) < Ji(to, zo, o, (a?*) 1)

Proof. The proof relies on a standard verification argument and is left to the reader. (|

1.4.4.2 Finite dimensional projections of U

Let U be the solution to the master equation (I.T63). For N > 2 and i € {1,..., N} we set

) ) ; 1
uNi(t, X) = U(t,x,my")  where X = (z1,...,2x5) € (THN, my*’ = 1 > b, (1.166)
i
Note that the u™N+* are at least C? with respect to the x; variable because so is U. Moreover, Opu™N? exists and is
continuous because of the equation satisfied by U. The next statement says that u’V+* is actually globally C'**! in the
space variables:

Proposition 10 For any N > 2,i € {1,..., N}, u™"" is of class CV'1 in the space variables, with
i 1 i £
Dm].uf\h (t,X) = mDmU(t,m:i,mg,x]—) (j #1)
and c
Do () < 5 (R #4 5# 1),

Proof. Let X = (z;) € (T%)" be such that z; # z, forany j # k.Lete := minjzy, |2; — x| For V = (v;) € (RN
with v; = 0, we consider a smooth vector field ¢ : T4 — R such that

o(z) =v; if x € B(x;,e/4).

Then, as U satisfies (I.154), (I.153)), we can apply Proposition[6| which says that, (omitting the dependence with respect
to t for simplicity) ‘ ‘
WX 4 V) = u(X) = U((id + @)tmiy") = U(my")

_ /w DU (m¥ ) - 6(3) dm¥ () + 01612 v

1 i
N1 > DpUmY" x5) v+ 00 i)
i A
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This shows that u”+ has a first order expansion at X with respect to the variables (z;);-; and that

1

ﬁDmU(t,Iumgv%‘) (J #14)

Dy, u™i(t, X) =
As D,,,U is continuous with respect to all its variables, u™*? is C'* with respect to the space variables in [0, T] x TN,

The second order regularity of the u”** can be established in the same way. ]

We now show that (u¥>?) is “almost" a solution to the Nash system (T.T64). More precisely, next Proposition states
that the (u”?) solve the Nash system (T.164) up to an error of size 1/N.

Proposition 11 One has, foranyi € {1,...,N},
—9uNt — Z ijuN’i + H(x, Dg;,iuN’i)
J
+ %:ijuNﬂa,X) Hy(wj, Doy u™ (1, X)) = F(zg,m¥") + 0V (¢, X) (L167)
FE)
in (0,7) x TN
T, X)) = Gz, my") in TNV

where vVt € L>°((0,T) x T) with

=1

17 loo <

Proof. As U solves (I.163)), one has at a point (¢, z;, mg’i):

—0:U — AU + H(wi, Do) —/ divy DU (t, i, my ", y) dmy" (y)
Td
+ dDmU(taziam§7i7y) H (y7D U(t y7mX )) de (y) F(xl’mgl)
T

So u™N satisfies:
) . ) 1 )
_atuN’l — Ain/Nﬂ + H(xu D;z;iUN7Z) — ﬁ Z lemeU(t, i, m%’l, y])
Jj#i
1 3 7 7
g > Do uMNi(t, X) - Hy(j, DUt x5, my") = F(zi,my")
i

By the Lipschitz continuity of D, U with respect to m, we have

()
’DzUt x],mX ") = D,U(t, IJ’mX 7) <Cd1(mX amX 7)< N_1
so that, by Proposition[I0]
C
‘]\f—lD U t l’],mX ) Dm7u "](t X)‘ m
and
ﬁ Dy u™i (4, X) - Hy(xj, DUt 2,my"))
J#i
= Dy u™(t,X) - Hy(x;, Dy u™7(t, X)) + O(1/N).
J#i
On the other hand,

E ijuN” = AmiuN” + E AJE].uN’Z
J

J#i
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where, using Proposition[I0]and the Lipschitz continuity of D,,,U with respect to m,

Z Ay uNt = / div, Dy, U(t, zi,my" y)dm ' (y) + O(1/N)  ace.
i B
Therefore _ _ _
—9uNt — Z Ay, u™N + H(x, DwiuN’l)

J
+ZDzjuN7i(taX) : Hp(xj7DIjuN7j(t7X)) + 0(1/N> = F(xivmgﬂ)'
Jj#i

1.4.4.3 Convergence

We are now ready to state the main convergence results of [56]: the convergence of the value function and the
convergence of the optimal trajectories. Let us strongly underline that we have to work here under the restrictive
assumption that there exists a classical solution to the master equation. This solution is known to exist only on short
time intervals or under the Lasry-Lions monotonicity assumption. Outside this framework, a recent (and beautiful)
result of Lacker [T40]A states that the limit problem is a weak solution of a MFG model (i.e., involving some extra
randomness), provided the idiosyncratic noise is non degenerate.

Let us start with the convergence of the value function:

Theorem 22 Let (v™V'%) be the solution to (I.164) and U be the classical solution to the master equation (I.163). Fix
N > 1and (tg,mo) € [0,T] x P;.

(i) For any x € (TY)N, let mY := + Zfil 0z,. Then

sup ‘UN’i(to,x) - U(to,xi,mf)f <CNL.

=1,

(ii)Foranyi € {1,...,N} and x; € T?, let us set

w™N (to, 25, m0) ::/ / vN’i(tO,x)Hmo(dach
T4 Td

J#i
where x = (z1,...,2nN). Then,
_ CN-Y/d ifd>3
H'LUN’Z(t(h ) mO) - U(t()y ) mO)HLl(mg) S ON?l/Q IOg(N) fd=2.
CN—1/2 ifd=1

In (i) and (ii), the constant C does not depend on tgy, mg, i nor N.

Theorem 22 says, in two different ways, that the (v¥ ’i)ie{lyu, .} are close to U. In the first statement, one com-
pares v™V+¢(¢, x) with the solution of the master equation evaluated at the empirical measure mZ’ while, in the second
statement, the averaged quantity w™"+* can directly be compared with the solution of the MFG system (T.152) thanks to
the representation formula (T.133) for the solution U of the master equation.

The proof of Theorem consists in comparing the “optimal trajectories" for v™¥* and for u™:¢, for any i €
{1,...,N}. For this, let us fix to € [0,T), mo € P> and let (Z;);c1,..., v} be an iid family of N random
variables of law mg. We set Z = (Z;)icq1,...,n}. Let also ((B{)e(o,7])ie{1,....,n} be a family of N independent
d-dimensional Brownian motions which is also independent of (Z;);c1,... v} We consider the systems of SDEs with

,,,,,
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variables (X; = (Xi)icq1
coeflicients):

_____ ~nP)eeor] and (Yy = (Yi4)ieq1,... N} )eefo,r)(the SDEs being set on R? with periodic
dXiy = —Hp(X; 4, Do, u™" (1, Xy))dt

+V2dB;, t € [to, T, (1.168)

X Zi,

to —

and )
dYiy = —Hp,(Yis, Dy, o™ (¢, Yy))dt

+V2dB}, t € [to, T, (1.169)
Yito = Z;.

Note that the (Y;) are the optimal solutions for the Nash system, while, by the mean field theory, the (X;) are close to
the optimal solutions in the mean field limit.

Since the (uN*i)ie{lw,N} are symmetrical, the processes ((Xj ¢)teft,,77)ie{1,...,N} are exchangeable. The same
holds for the ((Y¢):e[to,1])ic1,..., v} and, actually, the N R2?_valued processes ((Xet, Yit)eelto,1))icq1,..., N} are
also exchangeable.

Theorem 23 We have, for anyi € {1,...,N},

C
E[ sup [V, — X;.|] <=, Vt € [to, T, (1.170)
t€(to, T N
T . .
E{ / 1D 0™ (8, Y) = Dy (8, Y )| 2dt | < CN72, (1.171)
to

and, P—almost surely, foralli =1,..., N,
[u™(tg, Z) — o™ (tg, Z)] < CN71, (1.172)
where C'is a (deterministic) constant that does not depend on tog, mg and N.

The main step of the proof of Theoremand Theoremconsists in comparing the maps v™-* and u™N*? along the
optimal trajectory Y;. Using the presence of the idiosyncratic noises B? and Proposition [11|gives (T.T71)), from which
one derives that the X; and the Y; solve almost the same SDE, whence (I.170). We refer to [56] for details.

1.4.4.4 Comments

The question of the convergence of N —player games to the MFG system has been and is still one of the most
puzzling questions of the MFG theory (together with the notion of discontinuous solution for the master equation). In
their pioneering works [[143| 144} |145] Lasry and Lions first discussed the convergence for open-loop problems in a
Markovian setting, because in this case the Nash equilibrium system reduces to a coupled system of N equations in R?
(instead of N equations in RV%), and in short time, where the estimates on the derivatives of the v propagate from
the initial condition.

The convergence of open-loop Nash equilibria (in a general setting) is now completely understood thanks to the
works of Fischer [[105] and Lacker [139], who identified completely the possible limits: these limits are always MFG
equilibria. If these results are technically subtle, they are not completely surprising because at the limit players actually
play open-loop controls: so there is not a qualitative difference between the game with finitely many players and the
mean field game.

The question of convergence of closed-loop equilibria is more subtle. As shows a counter-example in [68| 1.7.2.5],
this convergence does not hold in full generality: however, the conditions under which it holds are still not clear. We
have presented above what happens in MFG problems for monotone coupling and nondegenerate idiosyncratic noise.
The result also holds for MFG problems with a common noise: see [56]. The convergence is quite strong, and there is
a convergence rate. In that same setting, [95] and [96] study the central limit theorem and the large deviation. Lacker’s
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result [140], on the other hand, allows to prove the convergence towards (weak) solutions of MFG equilibria without
using the master equation, under the assumption of nondegeneracy of the idiosyncratic noise only. The result relies on
the fact that, in some average sense, the deviation of a player barely affects the distribution of the players when N is
large. Heuristically, this is due to the presence of the noise, which prevents the players to guess if another player has
deviated or not. One of the drawbacks of Lacker’s paper is that there might be a lot of (weak) MFG equilibria, outside
of the monotone case where it is unique. It is possible that actually only one of these equilibria is selected at the limit:
this is what happens in the examples discussed in [80, 97]].

1.5 Appendix: P.-L. Lions’ courses on Mean Field Games at the Collége de France

Mean Field Game theory has been largely developed from Lions’s ideas on the topic as presented in his courses at the
College de France during the period 2007-2012. These courses have been recorded and can be found at the address:
http://www.college-de-france.fr/site/pierre-louis-1lions/_course.htm
To help the reader to navigate between the different years, we collect here some informal notes on the organization
of the courses. We will use brackets to link some of the topics below to the content of the previous Sections.

1.5.1 Organization 2007-2008

(Symmetric functions of many variables; differentiability on the Wasserstein space)

* 09/11/2007
Behavior as N — oo of symmetric functions of N variables. Distances on spaces of measures. Eikonal equation in
the space of measures (by Lax-Oleinik formula). Monomial on the space of measures. Hewitt-Savage theorem.

* 16/11/2007
A proof of Hewitt-Savage theorem by the use of monomials on the space of measures.

* 23/11/2007
Ist hour: A remark on quantum mechanics (antisymmetric functions of IV variables).
2nd hour: extensions on the result about the behavior as N — oo of symmetric functions of /V variables.
- other moduli of continuity (|u™¥ (X) — «™¥ (V)| < Cinf, max; |2; — Yo (s)))-
- relaxation of the symmetry assumption: symmetry by blocs.
- distances with weights (replacing 1/N by weights ()\;)).
Discussion on the differential calculus on Ps: functions C! over P, defined through conditions on their restriction
to measures with finite support.

* 07/12/2007
Ist hour: Back to the differential calculus on Py; application to linear transport equation, to 1st order HJ equations
(discussion on scaling (1/N) 3", H(N D,,u™) - discussion on the restriction to subquadratic hamiltonians).
2nd hour: second order equations. Heat equations (independent noise, common noise); case of diffusions depending
on the measure.

* 14/12/2007
Discussion about differentiability, C1, CY1 on the Wasserstein space [cfr. Section . Wasserstein distance
computed by random variables.

1.5.2 Organization 2008-2009

(Hamilton-Jacobi equation in the Wasserstein space - Derivation and analysis of the MFG system)
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24/10/08

Nash equilibria in one shot symmetric games as the number of players tends to infinity (example of the towel on the
beach).

Characterization of the limit of Nash equilibria.

Existence - Discussion on the uniqueness through an example.

Nash equilibria (in the game with infinitely many players) as optima of a functional (efficiency principle).
31/10/2008

Differentiability on P through the representation as a function of random variables. Definition of C*, link with
the differentiability of functions of many variables. Structure of the derivative: law independent of the choice of the
representative, derivative as a function of the random variable [cfr. Section[@].

First order Hamilton-Jacobi equations in the space of measures. Definition with test functions in L2({2). Lax-Oleinik
formula. Uniqueness of the solution.

07/11/2008

First order Hamilton-Jacobi equations in the space of measures: comparison. Limit of HJ with many variables:
Eikonal equation, extension to general Hamiltonians, weak coupling.

Discussion about the choice of the test function: is it possible to take test functions on L?(£2) which depend on the
law only?

14/11/2008

Ist hour: 2nd order equations in probability spaces. Back to the limit of equations (A) d,u’Y — Au = 0 and (B)
opulN — > i 3‘?;75:, = 0: different expressions for the limit.

2nd hour: strategiesjfor the proof of uniqueness for the limit equation (A): (1) by verification—restricted to linear
eq, (2) in L?(R9)—requires coercivity conditions which are missing here, (3) Feng-Katsoulakis technique—works
mostly for the heat equation and relies on the contracting properties of the heat eq in the Wasserstein space.
21/11/2008

(Digression: Back to the family of polynomials: restriction to U(m) = I, [pq ¢r(z)m(x).)

Analysis of the “limit heat equation” in the Wasserstein space (case (A)): explanation of the fact that it is a first order
equation - interpretation as a geometric equation.

Back to uniqueness: use of HJ in Hilbert spaces (cf. Lions, Swiech). Key point: diffusion almost in finite dimension.
Proof of uniqueness by using formulation in L?(£2).

Nonlinear equations of the form

(%) oulN — %ZF(N D?*ul) = 0.

Heuristics for the limit by polynomials.

Limit equation of (*): 0;U — E[F(E2[U"” (G, G)])] = 0. Uniqueness: as before.

Beginning of the analysis of the case of complete correlation.

28/11/2008

Analysis of “limit heat equation” in the Wasserstein space (case (B)). Discussion on the well-posedness.

Remark on the dual equation.

05/12/2008

Derivation of the MFG system from the N-player game [cfr Section[T.4.4].

Back to the system of N equations and link with Nash equilibria. Ref. Bensoussan-Frehse. Uniqueness of smooth
solutions; existence: more difficult, requires conditions in = of the Hamiltonian (growth of %).

Problem: understand what happens as N — +o0.
N N

Key point: one needs to have |881;jv | < Cand| EZ;? | < C/N.Known for T small or special structure of H. Open in
J Ci

general.

One then expects that ufv — U(x;,m,t). Derivation of the Master equation for U (without common noise, [cfr.
Section[[.4.3])).

Discussion on the Master equation; uniqueness. No maximum principle.

Derivation of the MFG system from the Master equation.
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Direct derivation of the MFG system from the Nash system: evolution of the density of the players in the RV system
for the Nash equilibrium with N players when starting from an initial density myg; cost of a player with respect to

2, N
the averaged position of the other players. Propagation of chaos under the assumption | aijg]:f - | < C/N2.
19/12/2008
Analysis of the MFG system for time dependent problems: second order [cfr. Thm @ and Thm|[TT]).
Existence: H Lipschitz or regularizing coupling.
Discussion on the coupling: local or nonlocal, regularizing.
Case H Lipschitz + coupling of the form g = g(m, Vm) with a polynomial growth in Vm. A priori estimates for
(m,w) and its derivatives.
Case of a regularizing coupling F' = F(m) without condition on H (here H = H(Vu)): a priori estimates by
Bernstein method.
09/01/2009
Existence of solutions for the MFG system: by strategy of fixed point and approximation.
Starting point: H Lipschitz and regularizing coupling.
Other cases by approximation.
Description of “la ola".
Discussion on the uniqueness for the system MFG. Two regimes: monotone coupling versus small time horizon.
A 16/01/2009
Ist hour: Interpretation of the MFG system (with a local coupling and planning problem setting) as an optimal
control problem of the Fokker-Planck equation [cfr. Thm[I7]).
Comment on the existence of a minimum, on the uniqueness (counter-example to uniqueness when the monotonicity
is lost).
Loss of uniqueness by analysis of the linearized system (when existence of a trivial solution): the linearized problem
is well-posed only if the horizon is small.
2nd hour: Use of the Hopf-Cole transform for quadratic Hamiltonians [cfr. Remark [T3].
Back on the existence of the solution to the MFG system [cfr. Remark [T2]]:
—0wu — Au+ H(p) = f(m)
{ oym — Am — div(mH,(Du)) =0
- if f is bounded and H is subquadratic, existence of smooth solutions (e.g., H(p) = p®, o < 2). (works also for
f(m) = com? for p small).
- if H is superquadratic and f is nonincreasing: open problem.
-if f(m) = em? with ¢ > 0, H(p) = co|p|” with v > 1. First a priori estimate on [ [ m!'*# +m|Dul" < C.
Second a priori estimate obtained by multiplying by Am the equation for u, and by Awu the equation of m and
adding the resulting quantities (computation for v = 2): one gets 4% [ DuDm = [ |D?ul?>m + f'(m)|Dm|?.

1.5.3 Organization 2009-2010

(Analysis of the MFG system: the local coupling - Variational approach to MFGs)

06/11/2009

Presentation of the MFG system.

1st hour: Maximum principle in the deterministic case for smooth solutions: if ug < vy, then u < v.

Proof by reduction to a time-space elliptic equation with boundary conditions Dirichlet and nonlinear Neumann (+
discussion on the link with Euler equation). Proof that this is an elliptic equation.

2nd hour: generalization to the case where the initial condition on w is a function of m. Discussion of the maximum
principle when the running cost f grows: not true in general.

Discussion of the maximum principle when the continuity equation has a right-hand side.
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13/11/2009

Comparison principle in the second order setting with a quadratic hamiltonian.

Quadratic Hamiltonian: change of variable (Hopf-Cole transform, [cfr. Remark[T3])) and algorithm to build solutions.
Conjecture: no comparison principle for more general Hamiltonians.

20/11/2009

Comparison principle: second order setting with a quadratic Hamiltonian and stationary MFG systems.

Comments on the convergence of the MFG system as 7' — +oo [cfr. Section : convergence of m?(t),
uT (t)— < uT(t) >, and < uT (t) > /T. Claim that u” (t) — \(T — t) converges.

Ergodic problem: comparison in the deterministic setting: if f; < fo, then \; < Xo. When H (z, &) > H(z,0) for
all ¢, thenm = [f~!(x, A)]; where A is such that ['m = 1. Then u = constant in {m > 0}; solve H (z, Du) = X
in {m = 0} with boundary conditions. Justification by v — 0 for instance.

Comparison in the second order setting: quadratic H.

Planification problems. Approach by penalization. Link with Wasserstein.

27/11/2009

Link between MFG with optimal control of (backward) Fokker-Plank equation:

Om + Am + div(ma) = 0, m(T,x) = my(x)

where a = «(z, t) and the cost is of the form

/O ' /Q mL(z, a)dzdt + ¥ (m) + /Q (e, m(0,))dz

Planing pb: & = - |[m — mo|3.

Derivation of the optimality conditions. Generalization to the case L(x, «, m) which is a functional of m. Approach
by optimal control to the planning problem. Leads to controllability issues. Discussion of the polynomial case.
2nd hour: First order planning problem: existence of a smooth solution.

Step 1: link with quasilinear elliptic equations with nonlinear boundary conditions [cfr. Remark [T6].

Step 2: L*° estimates on w := dyu + H(x, Du) (i.e., estimate on m): extension of Bernstein method by looking at
the equation satisfied by w.

Step 3: L*° estimate on . Indeed u is smooth and solves Oyu + H(Du) = f(m) where f(m) is bounded. So it is a
forward and backward solution which gives the result.

04/12/2009

Planning problem (without diffusion): link with quasilinear elliptic equation (in time-space) with nonlinear boundary
conditions. Lipschitz estimates on u: Bernstein method again. Difficulties: constants are subsolutions and boundary
conditions.

11/12/2009

First hour: Back to the first order planning problem.

Dual problem, i.e., optimal control of HJ equation [cfr. Section[I.3.7.2]. Namely

igf //G(% + H(Du)) — /(mlu(T) — mou(0)).

Computation of the first variation, and link with the MFG system. Comment on the fact that f = f(m) has to be
strictly increasing. Generalization to second order problems.
Counter-examples:

(i) (reminder when H at most linear (first or second order): existence of solutions). In this case there is no existence
of solution for the dual problem (at least for small time).

(ii)Regularity? Normalization: H(0) = 0, H'(0) =0, f(1) =0, A= H"”(0) > 0, f/(1) = a > 0. Then m = 1,
u = 0 is the unique solution for mg = my = 0. One linearizes to get Oyv —vAv = an, dn+vAn+div(ADv) =
0 with n(0) = ng and n(T') = ny where [ng = [ ny. Stability requires that A > 0. Proposition: the linearized
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(periodic) problem is well-posed iif A > 0, a > 0, v > 0. Proof for first order, straightforward; for second order,
Fourier.

Second hour: end of the proof.

Second order planning problem. Approach by optimization (optimal control of Fokker-Planck equation) yields the
existence and uniqueness of very weak solutions. Main issue: regularity. Understood when H = %|p|2. Theorem:
when H = %|p|2, and f non decreasing with polynomial growth, then there is a unique smooth solution. General-
ization to the case |H"” (p) — I| < —=S— (conj. could be generalized to the case cI < H” < CI). Proof by the

v/ 1+p|?

Hopf-Cole transformation.

18/12/2009 .

MFG problems with congestion terms [cfr. Example | : minimize E [ [ a Has|?(m(s, Xs))*ds + ug (XT)} with
dXs = 0dWs — agds where ¢ > 1 and a > 0. Leads to the MFG system of the form

O — vAu + 11247 _ g

p mb
fatmfz/Aerdiv(‘D“l;#m) =0 (1.173)
m(T) = mr, u(0) = ug

Discussion of the (lack of) link with the optimal control of the Fokker-Planck equation. Uniqueness condition for
the MFG system (for p = 2and 0 < b < 2).

08/01/2010

Back to the congestion problem. Uniqueness of the solution of (I.T73)) in the case (1) where the Hamiltonian is of
the form |Du|?/(2f(m)) (and the term in the divergence by mDu/f(m) and (2) p > 1and 0 < b < 4/p’).
Discussion on the existence of a solution for ¥ = 0 by using the fact that the equation of w is an elliptic equation in
time-space: bounds on u, m and on Du. Regularity issue if m vanishes.

Analysis of the case v > 0, p = 2, 0 < b(< 2): a priori estimates and notion of solution.

15/01/2010

Back to to the congestion problem (I.173) when p = 2, b = 1. A priori estimates continued (bounds on u, on
J [1Dul*(1 + m™'), on [ [|D?u|? and on [ [ |Du|?*|Dm|?/m?). Existence of a solution by approximation
(replacing | Du|?/m by |Dul|?/(6 +m) for § > 0).

1.5.4 Organization 2010-2011

(the master equation in infinite and finite dimension)

05/11/2010

Uniqueness for the MFG system when H = H(Du, m) [cfr. Thm. Different approaches: monotonicity, contin-
uation, reduction to an elliptic equation.

12/11/2010

Uniqueness for the MFG system when H = H (Du, m) (continued): linearization, problems with actualization rate.
On the Master equation (MFGf [}

1. Heuristics: Master equation as a limit system of Nash equilibria with N players as N — +o00
2. The Master Equation contains the MFG equation (when 5 = 0)

3. Back to the uniqueness proof: U is monotone

4. Backto N — +o00o: MFGf contains the Nash system without individual noise.

19/11/2010

3 Warning: missing term in the MFGf.
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Ist hour: Back to the Master equation’] Check that when v # 0 the equation does not match with Nash eq for N
players. Link with optimal control problems in the case of separate variables (discussion of the case of non separate
variables).

2nd hour: Hamilton-Jacobi equation associated with an optimal control of Fokker-Planck equation. Derivation of
the master equation by taking the derivative of the Hamilton-Jacobi equation.

26/11/2010

Erratum on the master equation. Interpretation of the Master Equation as a limit as N — +o00: explanation of the
second order terms [cfr. Section[T.4.3.3]].

1) Interpretation in terms of optimal control problem (5 = 0)

2) Uniqueness related to the convexity of F' and ¢

3) General principle for the link between optimal control and the Master Equation in infinite dimension.
03/12/2010

System derived from Hamilton-Jacobi: propagation of monotonicity.

10/12/2010

System derived from Hamilton-Jacobi:

- Propagation of monotonicity for second order systems.

- Propagation of smoothness, method of characteristics.

17/12/2010 .
Propagation of monotonicity for %—lt] + (H'(DU)D)U = f(x)+>_ aavﬁagaiUg;ﬁ'
07/01/2011

Existence and uniqueness of a monotone solution for %—Ltf + (H'(DU)D)U = f(x).
Remarks on semi-concavity for HJ equations.

14/01/2011

1st hour: Structure of the master equation in the discrete setting (without diffusion):

U; + ij (2, VO)V)U; + Hi(z,VU) = 0.

Propagation of monotonicity.

2nd hour: Propagation of monotonicity for independent noises (in the infinite dimensional setting). Finite dimensional
setting, in which the noise yields a term of the form ), ; awx0kU; + > ariUs.

Monotonicity for the common noise (in the infinite dimensional setting; the finite dimensional setting being open).

1.5.5 Organization 2011-2012

(Analysis of the master equation for MFG in the finite state space, [cfr Section[I.4.3.7])

28/10/2011

Analysis of equation: 2% + (U.V)U = 0 (where U : R x (0, +00) — R™).

-case Uy = V¢y: then U V¢ with ¢ sol of HJ equation.

- case Uy monotone, bounded and Lipschitz continuous: existence and uniqueness of a monotone, bounded and
Lipschitz continuous sol, which is smooth if Uj is smooth.

Generalization to 2% + (F(V)).V)V = 0, provided F and V; monotone (since U = (V') the initial equation)
Explicit formula: linear case, method of characteristics: solution is given by U = (U, ! 4 ¢I;)~! as long as there
is no shock. Quid in general?

Propagation of the condition % <0,j #i.

04/11/2011 ’

Back to the system & + (U.V)U =

4 Warning: missing term in the MFGf.
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Propagation of the condition gTU; <0, j # 4. Consequence: gg’ is a bounded measure.

A striking identity: if U is a classical solution of %—It] +(F(U).V)U = 0, then % det(VU)+div(F(U) det(VU)) =
0

* 25/11/2011

Application to non-convex HJ equations: examples of smooth solutions.
» 09/12/2011

Propagation of monotonicity with second order terms.

16/12/2011

Analysis of 27 + (F(U).V)U = 0.
Following Krylov idea: introduce W (x,n,t) = U(x,t) - .
* 06/01/2012
Analysis of %—Lt[ + (F(U).V)U = f(x): existence of a smooth global solution under monotonicity assumptions.
A priori estimates when Uy satisfies Uj(2)¢ - € > a|Uj(2)€|? for some a > 0 and any 2, €.

13/01/2012

Analysis of %—[t] (F(U).V)U = 0 with Uy and F monotone (continued). A priori estimates on VU under the
assumption that there exists o > 0 such that F’(2)¢ - € > | F'(2)€|? for any z, €.
Generalization to the case with a right-hand side of the form ag; 0y U iy bfd@lU k where aq 3 symmetric > 0.

1.5.6 Additional notes

* 08/11/2013
Seminar: on the differentiability in Wasserstein space, point of view of the random variables. MFGs in the finite state
case: the master equation as a first order hyperbolic system. Back to the infinite dimensional case, the Hilbertian
approach: if U(¢,z,X) is the solution of the classical master equation, one sets V (¢, X) = U(t, X, L(X)).
Discussion of the monotonicity in the Hilbertian framework.
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