
LECTURE14, 4.20.23

LINEAR- QUADRATC CONTROL:

(S) y =Ay +B < AeMux, BEBuxm

E
y(t)

=x
a C.) eLec ([0,T], iR*(

x
R>0

(59) xx,+,a(): =(yxs+My() +a(xRx(x)]d +y(
+

ay().

S' =BRBT (TCHxKIES(n)
a =kSk - ATk +kTA - M

(RT) E RICCATI MATRIX

KIT) =Q 0,DE

Im IfKEC'(o,T), symcal)
cont. it +=T Solof (RT),

5t=to

then wCt,x) =xKCt) xis a c'Sol. of(T), the

feedback ERBTKCe)y is ADMISSIBLE K

OPTIRAL (x,t) {

w(xit) =value function:-inf I(x,t, ac.)
28Leo) [0,T],R4)

Prof. engunic St/P, X, 2) =again ((p, a) =7- RP)
a e

p
=

Dx w
=2kx

E(y,11=-2Bzky =-
RBTkx2



Use verification Thum:ifI is admissile then it is

OPTIMAL:

(1) i
=Ay-BBTKby the

y(t1 =A

this is e
LINEAR HOMOCENEOUS SYSTEM of ODE

=>Fx, tetto,TI 7 UNIQUE sol. yec (to,t), R4
= ADMISS. => ↓optimal B

Ank:can be proved =-R"BTky is the UMOVE

OPT. FEED BACK [Emgr. n. 1783.

a:7? Se. of(RI?

top. (local 7). In om ess. (R>0) 7 toT: (Ri

has a unique sal. KECKts,t), Scull.

P.. R.A.S. ofODE is c, so local 7 thm. -Asol

k = () (taT), Muxw). Remeins to move KCH-Sym (n) *.

Take the transpose ofRICCAT EQ:G.
KSK-ATK-KA-M

GT =kkT-kA-ATK -M

S kT(T) =Q
=>ATsolves the same o and tan. 52!eck!

Iby unia.oODEveget k=KT rt. KeSynI
⑮

Rall. y =2241010 blows up, infrite time!



thm: (global 5) Supp. R30,9,MI0 (p0s, Semiolef.)

->(RI) has a hol KEC(0, T, Sym(al) cout.upto +=t.

A [FC. -Rish.;my notest know that
K: Jt,t] -> symcal

$ifto 3-0 lim Il Ktl1 =to by the properties
t->tot

ofthe neximal interval of5 ofsol ofODE.

Use "tracenoum"ofEESym(n):

HEI1.=E,16il ,dieigenvales ofE.

ETHW!Ioll is a ham on Sym(h).
Notetich IEI =enclioleal work.

G:FECT IIt:IIKIII: F estet

(recif. Ha:

know that w(x,t) =xkit) x =inf5C7,5,21.11
2)

3
=

((y+4y ++2)d +y(ay(t) =0
v V

0

=>W(x,t) 20 FX,H => KH) 20 Semiolef. It

=>Imin (K() =0
At

Estimate from above of11K(11. Use c =0

E i
=Ay the Sely() =y(1;5,0) sets

g(t) =x y8(1) =0 L= VAllz



12 (2) - 01 elle- tYx-oe4T FitzeT.

For te [z,T]+yay

(I- lIMIle+ 12e+ 11912/yt
↓ci(((T - i) 11M1+ lal2) M2 Fx

=>> Kit-2, Ion =0 =>dmox KC ==

=>IIKC11 = n moxidil
=n netdi=

i

=ndmaxIKIN) =h= ==

Runk londsofthem are not recessary:see
HW

--

at the end of the feature:example where the sol of CRT

7 in [o,T] even ifMPO.
---

How to solve explicitly systems ofRicCATI ODES.

2. By reduction to LINEAR ODES.

Im. If2, NEC (It,T9,Maxil Solof

20
=
AV - 57

4 i =-Mr - AT2 linea hong syst.

1 WCT =1, NIT =a

where A, M,9, S:BRBtare known. Then t:



det WCtI =0, KCWCHOTH isa sol of(RT

(Riccatiterminalvalue pb.).

Of. No:Hw atleastfor m = 1. B
-

2. Other methol for his all olate one scalon

i =S42-2AK - M

S kIT) =Q

SAKm =S lolt=++cast.

an be solved explicitly! B

-

Nexttime:resulte a comments on the Ex.2.1 oh
-

H-L famula I

4
+2 =0, (a)g(x) =- 1

-

(6) f(x) =xt dich graple ofsolu

K) v =ux ·Ve+(E)
x

= 0 oban greph ofv.

Try to ob ityourself!
--

INTRODUCTION tO CAME THEORY.

Rets. A. Bressan on Milan].Math.
-

6 E.N. Banson. Lake theory

·L.C. Evans $P. SOULANDIS: IcolaLe U. Math. J.



· [BCD] chp. III.

PLAN: * .2-person o-sah

3
"STATIC "Or

ONIE SHot
Now o suc

⑧ 12 4 ARES

CN22 pecyes is similar).

&DIFFERENTIAL getes. -> I
sal.

->o-sum

-I
1"N -> x

I MEAN-FIELD GAMES

--

EERO-SUM GAMES

DATAone:two sets AB

A:decisions on strategies ofpl. 1

B =
↳ .... 2.

I:A x B -> 1 E(a,b) =payoffof pe. 1
- cost ofpl. 2.

hoale:Ist player wents to MAXINISEI

200 C 2. MINRISEI

Examples Mostsimple: A =41, ..., m}
B
=31,...,h3 MATRIXGARES. I(i,I) =bij

M = --- bin Achooses cow

I
da ---- Omn

I B I colamen

E1 "Head on
tail" Each player chooses I on T

ifchoices one=Arics, else B Wics.



1

H
-2.

E?"Splitting a calle"2 chilohen must split cabe.

A cuts, B chooses
B

small big.

I as exact I+21 - 2
A aspossible

big piece k
Era in

smallniece
--

A, B compact materic stacesHypothesis 1: (GESCA xBl
Def. MARGINAL FUNCTIONS

-b) =mox I(a,b), f""(a) =min (a,b)

BEST RESPONSEMAPS:

RA/b)i =agn +E(,b) =(i=A:e(2,5) =b +(26))

RP (a) 1 =argmino(a,b).
Lume20x=(B), Imina (CA).

P. b,5EB chore à:"+(5) =I(2,51

=Wax,5) -0446) = 0(2,51 - I(9,6) =wy(ost (5,b1)



->asb -b

62 inrent the notes of345 I

04x(b) - -m+ 15) -> 0 as b+5.

Def:Ephe value ofgete=vt==mingmax,b) =
6 EB

=

win not Ea,bl

↳envalue =V: =my Emi(a)= mit min (a b)

Pr v=ut

#A tbEB ICc,b') =wn f(a,b) Fa

I mat Ila,b') - mot min (a,b)
=v

-

b I

a

=> min max Ila,51) IV-
b'9
I

Vt ⑪

Bet:If rt= v then v=rter- is tHE VALLE

of the GAME.

-

HW. ADDED AFTER THELECTURE.
-

Example ofLo control, n =1, m =

1

y(t) =invested cepities ofa firm
C(t)=investmentattime t



Dynamics:y(t = -ay(t) +21t),
0x0 given.

0 sp =price ofthe productmitofcapital

Problem -

miss(pyel-maies)o, exo given.-

c.e. min n 3C7,4,21=(matel-pyles)de.a (.)

N.B.:In the previous motations M=-pco, so it is not

known ifIso. of (RI) in [0,5], and notjustlocally in

Cto,T].

&:Find value ofthe premeters st. the sol kit of

CRT) is defined in [0, T].

Jess [Engwere,p. 184-5]).


