
LECTURE13
,
4. 18.23

=:3(x,t,a(1)

Recall:villi-italsegret
value function

(51 y =f(y,), ext a! To,T) ->AmeasurableE y(t) =x
c)Eep-est,al

Im. Under the standingassumptions, v is the UNQUE

viscosity solution in BOCCI), B
=RR**J0, itofthe

TERMINAL VALLEPROBLEM

- 4
+H(D14,x)

=

0 in

(T) I u(x,y) =g(x) Fx EIR"

Proof.:PART 1:v solves (i): DONE.
-

PART 2:UNIQUENESS.: WCit):= n(x, T-H

=w(t,0) =u(x,t) =g(x), if =
- 4,4w

=P
x
4

"Then"w solves

N+
+H(D,w,x) =0 in

(62) w(=,0) =f(x).
HW:check thatw solves (1) in viso sense.

same HW slows that any other sol ofKT)
-> a sala

ofK21 by + + T-t.



=>UNIQUENESS fo KI) is EQUIVALENT to uniqueren

forK11: G2 apply a
known CMPARISON THM.:

I'll use comp. Pins. #2:Ass.
ore (RH4(Lip H)

fo (H). incellareon data:Acompact
-I(M, If(x,a) - f(z,4)-((x - z) Fx,z, c

1e1=4, (l(x,e) - ((2,a)1 =417-z)

2012:check (RH): I w nolulus:

IH(P, X) - H(P,y)1 -w(( -z)(1 + (P))).

H(P,X) - H(P,y) = - f(x,5).p - e(x,a) + f(y,c).p
+e(y,e) =

-A
x =-f(x, e/op - e(t,â)

=(p() f(x,) - f(y,i)) +4/x - y) =(P)(X -21 +dit- 2)

=m(x- 21(1+ (P) choose w(r) =2 = 2

L

HCP,x- HIP, y) *YICIPK
exchemorales ofx4G

=>12 1 M Soal1

col2:(Lip H):ECERR:IHIP,X)-H19,5)) =41P-9)

H(P,A - H(9,4) =
- f(x,/-(,) +f(x,a). +ex,=)

seme â as above

=> If(x,)((P - ) =M1P =a) Excheye x4 y



=>( HCP,4-H19,5)1 = MIP-91 God 2.

Conclusion:Comparish for (1) -UNIQUENess for
kTY.in BOC(E).

-

VERIFICATION THR. $ SYNTHESIS ofOPTIRAL FEEDBACK

control.
i =f(y,x) a: [o,T] -> Amen.G

So far E y(t) =x OPEN LOOP.

CLOSED LOOP a FEEDBACKcoltrals:

let:E: R"x10,5] - As.t.

((()
=f(y(x),5(y(x),s) ext

y(t) =x has e UMOVE Sol. F1,A $S.t.

1x I(yx),e) ==4q() =0 is nammble, is called

ale ADMISSIBLE FREDDACKControl

1. we can compute 517,7, 48(0))

2. Ifof: RXAtR" is hip in (x, al, then any

I:R4xT0,T] + ALip is admissible.

3. wit/outo,
cose Loop2 y

OPEN LOOP

--



VERIFICATION THEfo OPT. CONTROL

here we don't need A compact, northe usual ass, oh

7,8,9: it's enough theyare contraca I! tryof(s)

yx).;t,2).
Tee-Hamiltonien:5): =f(x,1)-p +f(t,a)

HCP,X) = - inf6-2(p, 1, al St=- H Fa

Iim:Let wessol. Ha tozol of

( + ) E w,+inf J-PxW, x, e)
=0 in +]t.,55

w(T,x) =f(x).

Then FER" F toctaT:

sin Fata,y() =y;t,)
11w(gCe),e) + l(y)), 2E)) d- is INCREASINC

int with vit= in Jat,c)
a =a

(in; ifatwith theyy*is s.t. #seIt, 51
CHEP)

(-)(D,w(yE(x),e),y*(1,af(x) = inf((0,W(2x,1),ytx),a)
a GA

=- H(P1W2(x,1),y+(1))

=>GFis OPTIRAL., i. e,J(x,t,27() =v(5,t)

* W(x,t) =v (x,t).



I. Just for 1=0 (HW: geneal (ese).

(1) 4() =w/341,e). Goal i 20 a.e.1

(1=w+(y(x),1) +Pxw(y(e),v) -y(e) a.C. 1.

↳y),ass)
7-(b,w(yx),1),y(),G(x))

-
↳WHy,) - H(D=w(24,1),g(x)-

K2

=ifHyp) holds.
⑮ (i)

(ii) Goal: w(x,t =g(y,(Tit,) txed.

(i) =>w(x,t) =w(y(T),T) =f(yCt1) Fa

↑by terminal and on W Bini

(ii) IA (H20) colds -> () =0 a.e.1.

7 at, ... yE w("ye,)
=>W(x,t) =w(y=(T),i) =f(y=(+1)

=2 WCxt) =v(x,t) =537,4, at) $GEis OPTIMAL.

⑰

SYNTHESISTfalFeedBacks.



(0) Find a c'Selofw ofKT in =R4x5 to,tt.

16) look for a feedback E:+A:

oly,) Gargric (t(PxW)2, 1), 2,9) & ADMISSIBLE.

18 then, by "Vent. tam., if2t() solves

I y
=x) =f(y+(e),,e) est

CA

y7(+) =x

theh at, yt is OPTIMAL!

Runk. FEEDBACKbwhole have BEAR properties

then open toop.- they are ROBUST
·.....

⑱ arey(1)
I

BAD NEWS In prevel I wed solving (CT

⑧ e againda We
6-

--

We will see: LINEAR- QUADRAK problemsare s.t. 7
--

was sol ofKi

We will not see:Ifvis visco sole ofKT), not d,

one on approximate (TIK findapproximate
foolboch s-optimal (eve... chep. Is ofBCD]).



LINEAR- QUADRATICREGULATOR.

Ref. Fleming - Rishel

· J. ENGWERDA: E: a dyn. optim. Idiff gebnes 2005.

The system is Linea:f(t,al =Ax+Ba
AtMax, RERRY, BeMuxm

(s) (3
=Ay+Bcex

y, *
EIR

y(t) =x

aduissible controls:atLeto,ts, Mm) s.t. Zunique sal

of (s), i.e. y() =x +([Ay(t) +B2()J0.
The cost functional is quaohatic:+

(a) T9,+, (l): =fyMy +anTRam]+yay)
M, R ESyn(n) 11:R>0 posit. df MATRIX

ReSym(m) (=) aTRC -14 -ta as 121->8 IIi >0 ↑

The HTB equation is: -
H =i17.p +15

We + 41woAr +1Mx+ntRa
=8

(P, 9) i =poBa +aTRa =(Balp+atRa=atBTp+aRa

(E+ +0 as 191 -8 Fp => Imin E
&GRU



Compute Dec:Daattp:EndiPriPr=njr-
=>D(ap) =BTp

=>(+p);

D.C(p, a) =PTp +2Ra =0xte =

-R

>anguin ((0,2) =)-) =( 2}

min (Pe) =Tp+TR =- pp+1,a

5 =BRBT =- PIP +I =s
(T) Wp + DxwAx+x -x/SRw =

0 in"(to)

I W(x,T) =xPX.
Look for wec solof(CH in (t0ii) for the vent. Thu

ANSATE EDUCATED GNESS) WCx,H=xKIX

Kel-Sym(n), kec, KIT
=a

&

WI
=+rx,xw =2kx

xFx +2 TATkx+xT + - x5Kx =0
e

ATA

x( +ATk +kTA +M - kSk) x =0 kx ()

R =KSK-ATK - KTA =M
RICCAT I MATRI A(T) k(T) =a ODE


