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Rotational motion
2 dimensions

We consider a particle of mass m constrained to move in a circular path of
radius r in the xy-plane. The total energy is equal to the kinetic energy,
because V = 0 everywhere. We can therefore write E = p2/2m.

According to classical mechanics, the angular momentum, J, around the
z-axis (which lies perpendicular to the xy-plane) is J, = £ pr, so the energy
can be expressed as J,?/2mr? . Because mr? is the moment of

inertia, |, of the mass on its path, it follows that K
E=—2
21
2 We shall now see that not all the values of the
angular momentum are permitted in quantum
A mechanics, and therefore that both angular mo-

mentum and rotational energy are quantized.

The angular momentum of a particle of mass m on a
p circular path of radius r in the xy-plane is represented

* by a vector of magnitude pr perpendicular to the plane.
m ¥ 2



Rotational motion
2 dimensions

The qualitative origin of quantized rotation

quantizzazione in modo qualitativo

h
—a -
J =xpr P 1 Lunghezza d’onda di De Broglie

1 Opposite signs correspond to opposite
. directions of travel. This equation shows that
J =1+— the shorter the wavelength of the particle on
” A a circular path of given radius, the greater

the angular momentum of the particle.

It follows that, if we can see why the wavelength is restricted to discrete
values, then we shall understand why the angular momentum is quantized.

Suppose for the moment that A can take an arbitrary value. In that case,

the wavefunction depends on the azimuthal angle ¢ as shown in Figurew
3



Rotational motion
2 dimensions

\ quantizzazione in modo qualitativo
e
. ab!

F P >, Firsl cep
| % [ Second / \ circuit n Y . T .
g| \/ cireuit / U Two solutions of the Schrodinger equation for a
-] ;;-_----_-l- - particle on a ring. The circumference has been
E i [= s \R2n . opened out into a straight line; the points at ¢ =
-1 BERY ( 0 and 2r are identical. The solution in (a) is

d S unacceptable because it is not single-valued.

!

T

. Moreover, on successive circuits it interferes

\ . + destructively with itself, and does not survive.

\ _ Second _-*ﬁ“-.f- First | The solution in (b) is : it is single-
Y circuit [ Y circuit | . . ..

\ f \ valued, and on successive circuits it

reproduces itself.

Wavefunction,

g

lunghezze
d’'onda diverse 4




Rotational motion
2 dimensions

quantizzazione in modo qualitativo

An acceptable solution is obtained only if the

[, 7 s First _ )
5|\ f-Second / ‘*-H_Iﬂlrcuw V\{avef.unc.tlon reproc_luces itself on succes-
2l sive circuits, as in Fig. (b). Because only
sP7T & 4 k2 some wavefunctions have this property, it
= /N0 follows that only some angular momenta are
= "'x_ i acceptable, and therefore that only cer-
| tain rotational energies exist. Hence, the
o L _ J energy of the particle is quantized. Specific-
5 \Eemn.j /N _First ally, the only allowed wavelengths are
E- circuit circunt ,"I 27Z-r
o -; A=——
& R m,

d’onda diverse NUMERO QUANTl?O



Rotational motion
2 dimensions

quantizzazione in modo qualitativo

. _First The value m, = 0 corresponds to A =«; a

: \1 /. Second /§ cireuit ‘wave’ of infinite wavelength has a constant
gl aredt height at all values of ¢.
: lI. I_ll II =
_‘E- [} I|II .III ::[ ¢ Ill\ EI |t
2 \ i
i L
=/ N
- e

(a) L 1
oy /
5 Second fﬁ'x,. First ¥
= " circuit / \ circuit | m, =
B 27y
5[0 — 31 ="
| N | ! II J m
2 | L7 l
= / \ / \
lunghezze m, =0,1,2, ...

(o donda diverse  NUMERO QUANTICO



Rotational motion
2 dimensions
uquantizzazione in modo qualitativo

The angular momentum is therefore limited to the values

h h h 2
— rzn'll T':ml l:ﬂ

m, > 0 ]
‘ A 2mr 2T m,

m(‘_—_) where we have allowed m, to have positive or
: : negative values.
]zzﬁlzlh ﬁ?l-:Ojil)iZ, * v =

Energie
possibili

Vedremo ora le funzioni (¢) =
d’onda corrispondenti ]‘Vm: - (2n)112 7




Rotational motion
2 dimensions
uquantizzazione in modo qualitativo

The angular momentum is therefore limited to the values
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Rotational motion
2 dimensions

Metodo formale L
2 5 2 coordinate
[o (o N d cilindriche z, 1, ¢
2m | Ox*? dy’ z

X=1cCos

Sufficientir e ¢ y=r i ¢’ @
L r i

A
O =xr
1 &
+—— r & costante
r’ d¢’ | |
I= m‘rz B d?

H=——
2I d¢p?




Rotational motion
2 dimensions

Metodo formale z
J}.h
B d? -
H=-—

21 4¢? S .

A
Q=XT
h2 d2(o) dy  2IE eq. di

TRrTS = EY(¢p) dszz_?w Schroedinger

™9 (2IE)V? soluzioni
Vi (d)) — 1/2 + generali
I (2r) T h normalizzate
consistente con quanto gia] _ J? _ mih?

Numero reale

trovato in modo qualitativo TR, 10



Rotational motion
2 dimensions

Per avere una ¥ Metodo formale z

a un sol valore

cyclic boundary condition ) @

y(¢+2m) = y(¢). m

eim;(qb +21) eim,qbeZTl:im;

_ _ — 271m,
W, (9+27) = T W, (@)e
el —_1 dalle formule di Eulero‘ e"*=cosxtisinx
Wm,((b_l_ ZTE) : (_l)zmwj((b) (-1 )Zm, =1

2m; must be a positive or a negative even integer

m=0,%1,42, . ...
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Rotational motion
2 dimensions
Metodo formale

Quantization of rotation

= m;h*121

]zzmlh my=0,%1,%2, . ..

Energia indipandente dal segno
di m,

Cresce m, , cresce il numero di
nodi nella ¥

Momento angolare
QUANTIZZATO




Rotational motion
2 dimensions

Metodo formale z
Quantization of rotation VA
(E = m{K*/2I) 5
l i Fl a a Angular
=X S . . —_ — - — momentum
Z p} W > X ay ax /
D Q
lz —
I d¢
- hdy, .k ,
lzy/m,: i d(b =1 e = mfhll]/m,



Rotational motion
2 dimensions

m ¥

el * eimf e i ( el |
Wm,'lfm,_ (2,:”:)1]2 (211:)”2 - (21.[)1/2 (275)“2 -2—7[-
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Rotational motion
2 dimensions - Metodo formale

The hamiltonian for a particle of mass m in a plane (with V= 0) is the same as that
given in eqn 8.9:

2 (2 2
e h (0 N d
2m\ dx*  dy?

and the Schrodinger equation is Hy = Ey, with the wavefunction a function of the
angle ¢. It is always a good idea to use coordinates that reflect the full symmetry of
the system, so we introduce the coordinates rand ¢ (Fig. 8.27), where x=r cos ¢)and
y=rsin ¢. By standard manipulations we can write
9 9 10 1 &
=t

5 ; St +—2—2 (8.39)
dx* dy* odr* rdr r*d0

However, because the radius of the path is fixed, the derivatives with respect to r can
be discarded. The hamiltonian then becomes

go_ &
2mr? do?

The moment of inertia I = mr? has appeared automatically, so H may be written

. n? d?
H:_Ed?? (8.40)
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Rotational motion

2 dimensions - Metodo formale
and the Schrodinger equation is

d*y  2IE (8.41)
do*> 2 v '
The normalized general solutions of the equation are
eim,qﬁ (ZIE)HQ
(@) = my==+ (8.42)
¥ I {2]-[) 1/2 ! h

The quantity m1; is just a dimensionless number at this stage.

We now select the acceptable solutions from among these general solutions by
imposing the condition that the wavefunction should be single-valued. That is, the
wavefunction ¥ must satisfy a cyclic boundary condition, and match at points sep-
arated by a complete revolution: Y (¢ + 2m) = y(¢). On substituting the general
wavefunction into this condition, we find

eimf{qanzn} ein:,qe}eznirn{

tp'mf(q)+2n): o = T :‘P'm,(fi))emm“

As el® =—1, this relation is equivalent to

W, (0+21) = (=1)*"y, (9) (8.43)
Because we require (—1)*™ = 1, 2m, must be a positive or a negative even integer
(including 0), and therefore 77, must be an integer: n1;=0, 1, £2,. ... The corre- 16

sponding energies are therefore those given by eqn 8.38a with m;=0, £1, £2, .. ..
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