
Teoria quantistica

Sistemi semplici risolvibili 

esattamente
Particella su circonferenza

Chimica Fisica 2
Laurea Tri. Chim. Industriale

2022-23

Prof. Antonio Toffoletti 1



Rotational motion
2 dimensions

The angular momentum of a particle of mass m on a 

circular path of radius r in the xy-plane is represented 

by a vector of magnitude pr perpendicular to the plane.

We consider a particle of mass m constrained to move in a circular path of 

radius r in the xy-plane. The total energy is equal to the kinetic energy, 

because V = 0 everywhere. We can therefore write E = p2/2m.

According to classical mechanics, the angular momentum, Jz around the 

z-axis (which lies perpendicular to the xy-plane) is Jz = ± pr, so the energy 

can be expressed as Jz
2/2mr2 . Because mr2 is the moment of

inertia, I, of the mass on its path, it follows that
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We shall now see that not all the values of the 

angular momentum are permitted in quantum 

mechanics, and therefore that both angular mo-

mentum and rotational energy are quantized.
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Rotational motion
2 dimensions

quantizzazione in modo qualitativo

prJ z =
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p =
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J z =

Lunghezza d’onda di De Broglie

Opposite signs correspond to opposite 

directions of travel. This equation shows that

the shorter the wavelength of the particle on 

a circular path of given radius, the greater

the angular momentum of the particle.

It follows that, if we can see why the wavelength is restricted to discrete 

values, then we shall understand why the angular momentum is quantized.

Suppose for the moment that λ can take an arbitrary value. In that case, 

the wavefunction depends on the azimuthal angle φ as shown in Figure.
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Rotational motion
2 dimensions

quantizzazione in modo qualitativo

Two solutions of the Schrödinger equation for a 

particle on a ring. The circumference has been 

opened out into a straight line; the points at  = 

0 and 2 are identical. The solution in (a) is 

unacceptable because it is not single-valued. 

Moreover, on successive circuits it interferes 

destructively with itself, and does not survive. 

The solution in (b) is acceptable: it is single-

valued, and on successive circuits it 

reproduces itself.

lunghezze 

d’onda diverse 4



Rotational motion
2 dimensions

quantizzazione in modo qualitativo

An acceptable solution is obtained only if the 

wavefunction reproduces itself on succes-

sive circuits, as in Fig. (b). Because only 

some wavefunctions have this property, it

follows that only some angular momenta are 

acceptable, and therefore that only cer-

tain rotational energies exist. Hence, the 

energy of the particle is quantized. Specific-

ally, the only allowed wavelengths are

lunghezze 

d’onda diverse
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ml = 0,1,2, … 

NUMERO QUANTICO
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Rotational motion
2 dimensions

quantizzazione in modo qualitativo

The value m = 0 corresponds to λ =∞; a 

‘wave’ of infinite wavelength has a constant 

height at all values of φ.
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Rotational motion
2 dimensions

uquantizzazione in modo qualitativo

Energie 

possibili

Vedremo ora le funzioni 

d’onda corrispondenti 7

The angular momentum is therefore limited to the values

lm
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where we have allowed ml  to have positive or 
negative values. 



Rotational motion
2 dimensions

uquantizzazione in modo qualitativo
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Rotational motion
2 dimensions

Metodo formale

r è costante

9

𝜑 = 𝑥 𝑟
∧

coordinate 

cilindriche z, r, 

Sufficienti r e 



Rotational motion
2 dimensions

Metodo formale

eq. di 

Schroedinger

soluzioni 

generali

normalizzate

consistente con quanto già

trovato in modo qualitativo 10
Numero reale

−
ℏ2

2𝐼

𝑑2𝜓(𝜙)

𝑑𝜙2
= 𝐸𝜓(𝜙)

𝜑 = 𝑥 𝑟
∧



Rotational motion
2 dimensions

Metodo formale

dalle formule di Eulero
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Per avere una Y
a un sol valore



Rotational motion
2 dimensions

Metodo formale
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Energia indipandente dal segno 

di ml
Cresce ml , cresce il numero di 

nodi nella Y
Momento angolare

QUANTIZZATO



Rotational motion
2 dimensions

Metodo formale
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Rotational motion
2 dimensions
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Rotational motion
2 dimensions - Metodo formale
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Rotational motion
2 dimensions - Metodo formale
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