
h0

sr

sr

tB

tA

sx+dsx

sx
hf

dx

𝜑

Equilibrio forze in x

𝜎𝑥h b - (𝜎𝑥 + 𝑑𝜎𝑥) (h + dh) b + 2𝜎𝑟R d𝜑 b sin𝜑 =
2𝜏𝑎𝑡𝑡𝑟𝑖𝑡𝑜𝑅𝑑𝜑𝑏 cos𝜑 𝒏𝒆𝒍𝒍𝒂 𝒛𝒐𝒏𝒂 𝑨
−2𝜏𝑎𝑡𝑡𝑟𝑖𝑡𝑜𝑅𝑑𝜑𝑏 cos𝜑 𝒏𝒆𝒍𝒍𝒂 𝒛𝒐𝒏𝒂 𝑩

Dividendo tutto per b ottengo
𝜎𝑥ℎ − 𝜎𝑥ℎ − 𝜎𝑥𝑑ℎ − 𝑑𝜎𝑥 ℎ − 𝑑𝜎𝑥 𝑑ℎ = 2𝜎𝑟𝑅𝑑𝜑 −sin𝜑 ∓ 𝜇 cos𝜑
d 𝜎𝑥ℎ = 2𝜎𝑟Rd𝜑 sin𝜑 ∓ 𝜇 cos𝜑

Poiché le tensioni principali sono
𝜎1 = 𝜎𝑥

𝜎2 =
𝜎1 + 𝜎3

2
𝜎3 = 𝜎𝑟

von Mises 𝜎1 − 𝜎2
2 + 𝜎1 − 𝜎2

2 + 𝜎1 − 𝜎2
2 = 2𝑌2

𝜎𝑥 −
1

2
𝜎𝑥 + 𝜎𝑟

2

+
1

2
𝜎𝑥 + 𝜎𝑟 − 𝜎𝑟

2
+ 𝜎𝑟 − 𝜎𝑥

2 = 2𝑌2
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hh+dh

Infinitesimo di ordine superiore



1

2
𝜎𝑥 − 𝜎𝑟

2

+
1

2
𝜎𝑥 − 𝜎𝑟

2

+ 𝜎𝑟 − 𝜎𝑥
2 = 𝜎𝑟 − 𝜎𝑥

2
1

4
+
1

4
+ 1

6

4
𝜎𝑟 − 𝜎𝑥

2 = 2 𝑌2 𝜎𝑟 − 𝜎𝑥 =
2

3
𝑌 = 𝑌′

𝜎𝑥 = 𝜎𝑟 − 𝑌′

d 𝜎𝑥ℎ = d 𝜎𝑟 − 𝑌′ ℎ = 𝑑 ℎ𝑌′
𝜎𝑟

𝑌′
− 1 = 2𝜎𝑟Rd𝜑 sin 𝜑 ∓ 𝜇 cos𝜑 = 2𝜎𝑟Rd𝜑 𝜑 ∓ 𝜇

𝑑 ℎ𝑌′
𝜎𝑟

𝑌′
− 1 = ℎ𝑌′𝑑

𝜎𝑟

𝑌′
+

𝜎𝑟

𝑌′
− 1 d ℎ𝑌′ = 2𝜎𝑟Rd𝜑 𝜑 ∓ 𝜇

Man mano che h diminuisce tanto più il materiale incrudisce cioè Y ed Y’ aumentano
Quindi h Y’ rimane quasi costante                           d ℎ𝑌′ = 0

• 𝑑 ℎ𝑌′
𝜎𝑟

𝑌′
− 1 = ℎ𝑌′𝑑

𝜎𝑟

𝑌′
= 2𝜎𝑟Rd𝜑 𝜑 ∓ 𝜇

𝑑
𝜎𝑟
𝑌′
𝜎𝑟
𝑌′

=
2𝑅

ℎ
𝜑 ∓ 𝜇 d𝜑
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𝐬𝐢𝐧𝝋 = 𝝋
𝐜𝐨𝐬𝝋 = 𝟏

Per f piccolo



ℎ = ℎ𝑓 + 2
∆ℎ

2
= ℎ𝑓 + 2 𝑅 − 𝑅 cos𝜑 = ℎ𝑓 +2𝑅 1 − cos𝜑ma

cos 𝜑 = 1 −
𝜑2

2
+⋯ ℎ = ℎ𝑓 + 𝑅 𝜑2

𝑑
𝜎𝑟
𝑌′
𝜎𝑟
𝑌′

=
2𝑅

ℎ𝑓 + 𝑅 𝜑2
𝜑 ∓ 𝜇 d𝜑 =

2𝑅𝜑𝑑𝜑

ℎ𝑓 + 𝑅 𝜑2
∓

2𝑅𝜇𝑑𝜑

ℎ𝑓 + 𝑅 𝜑2

Introduco le nuove variabili

• 𝑤 = 𝜑
𝑅

ℎ𝑓
𝑑𝑤 =

𝑅

ℎ𝑓
𝑑𝜑

• 𝑧 = ℎ𝑓 + 𝑅 𝜑2 = ℎ 𝑑𝑧 = 2𝑅𝜑𝑑𝜑

𝑑
𝜎𝑟
𝑌′
𝜎𝑟
𝑌′

=
𝑑𝑧

𝑧
∓ 2𝜇

𝑅

ℎ𝑓

𝑑𝑤

1 + 𝑤2

𝑙𝑛
𝜎𝑟
𝑌′

= 𝑙𝑛 𝑧 ∓ 2𝜇
𝑅

ℎ𝑓
𝑎𝑟𝑐𝑡𝑎𝑛 𝜑

𝑅

ℎ𝑓
+ 𝑙𝑛 𝐶
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hf

𝝋R

h

∆𝒉

𝟐

ℎ𝑌′𝑑
𝜎𝑟
𝑌′

= 2𝜎𝑟Rd𝜑 𝜑 ∓ 𝜇

𝑑
𝜎𝑟
𝑌′
𝜎𝑟
𝑌′

= 2
R

ℎ
d𝜑 𝜑 ∓ 𝜇



𝑙𝑛
𝜎𝑟
𝑌′

= 𝑙𝑛 𝐶𝑧 ∓ 𝑙𝑛 exp 2 𝜇
𝑅

ℎ𝑓
𝑎𝑟𝑐𝑡𝑎𝑛 𝜑

𝑅

ℎ𝑓

𝐾 𝜑 = 2
𝑅

ℎ𝑓
𝑎𝑟𝑐𝑡𝑎𝑛 𝜑

𝑅

ℎ𝑓

𝑙𝑛
𝜎𝑟
𝑌′

= 𝑙𝑛 𝐶𝑧 ∓ 𝑙𝑛 exp 𝜇𝐾 = 𝑙𝑛 𝐶𝑧 𝑒𝑥𝑝 ∓𝜇𝐾

𝜎𝑟
𝑌′

= 𝐶 ℎ𝑓 + 𝑅𝜑2 𝑒𝑥𝑝 ∓2𝜇
𝑅

ℎ𝑓
𝑎𝑟𝑐𝑡𝑎𝑛 𝜑

𝑅

ℎ𝑓

chiamo
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Uscita – Zona B 𝜎𝑥= 0 h=h𝑓 𝜑 = 0 𝐾𝑢𝑠𝑐 = 0

𝜎𝑟= 𝑌′
𝝈𝒓

𝒀′
=

𝒉

𝒉𝒇
exp 𝝁 𝑲

Ingresso – Zona A 𝜎𝑥= 0 h=h0 𝜑 = 𝛼 𝐾𝑖𝑛𝑔 = 2
𝑅

ℎ𝑓

1

2
𝑎𝑟𝑐𝑡𝑎𝑛

𝑅

ℎ𝑓
𝛼

𝜎𝑟= 𝑌′

𝝈𝒓

𝒀′
=

𝒉

𝒉𝟎
exp 𝝁 𝑲𝒊𝒏𝒈 −𝑲
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