
LECTUREI, March 21, 2023

COMPARISON PRINCIPLE FOR CLASSIAL SOLUTIONS

ofH-5 EQUATIONS.

Prop. Supp. HECCI"XRY, n, VEC(R+[0, T]) with Istore
-

Lpartial derivative IXER, octet,$n-w has

comfectsupport in x *t fixed,

4 +H(D14,x)v
+H(4,x) in 1* 30,T]

I n v att
=o

-> uCA,t) - VCA,t) F VERY FEaIO,T].

G:CUNIQUENESSI Supp. 4, as above 4 ectisty.

WI +HIDxW,x
=0 in +70,T]

(4) I w(x,0) =f(x)
=>u =vic R4x [0,T].

IfofGo, by sup.price. ->4&V
*x,t

Sale ran. M

RotofPup:(Idea:similar to Metimum
Principes far Au =f(x))

11 Ass. in addition 4,+H(x4x[vtH(DxV,) Erif.



e-v hass mexin Mix[0,T] in (to,to).
soal:(n-v) So, tolo
-

If to io alone by initial condition.

If to >0 Dx4 =Dxetx, t.) =4+ VE
atIo, tol

Itto <T up
=

v,et(o,t) X

-

If to =I I In-4, (o,5) =0

T
>t ⑦with It

Byif " "

Stp?Genera come UptH/4,x) < v, +H9Pxix)

4 >0 2Cxit=ust, H-y+
ott=0
n

=4

I =-7 Da=D 4s
=2 +HD) =4e

+H(44)

SU, +H1D4,x)- 3 < r+ +H41V,x)

By Step. 1 EV Fx,t

nch+l-yt 4t 0
=>uCitEVCHit) KAf.

S

Look for a motion ofsolution weeken then denical

Astronger them0.0.tip, having 7 KUnd.

ofsonofLucky problem



-D "SEMICNCAVESel,"for ptHP,1) CONVEx

· S. N. Kukov ~ 1960 - 67

. A. Donglis ~ 1961- 1965

->"viscosity sons"Okfo roncouverH

o okfor a lunch lager clars ofeas, as 2ork.

· R.CRANDALL., P.L. LIONS, L.C.EVANS -1983.

SEMICONCAVE FUNCTIONS

I Cannetsa- Sinestrani book 20... J.

D. FECCY is SEMIGNCAwith istant deit.

(SC) f(x +z) -2f(x) +f(x -z) = 6/zR Fx,zeiR

E.1 I CONCAVt -> o is Selonwith 4 =0

I x =4+5z f(x)Nif() +f(x -z)
=0 = -2f(x) +f(x+z) +f(x - z)

+(S/w.c =

0B

view. HW:f Selons with d=0=1 funcere.

Ruck (S))*-#z), d
- -

Io diff. quot
ISC) mans:bonddness forabove ofof
24 an oift a not



#2. FECCR"). Then Ais scon. W. 4E)

D-4 Id 0 neg, semiolet.

PA. HW: use Taylor effession B

Dr. ACCURY is s.cnc. 2.4 =>

Atf(x) -d is CNCAVE.

I.
"

"only. 1-+E

f(x) -53/f(x+2) -da +(xz) -E) -

↑A +2+ 1x -z1 =AP+12 +2z + IX+AP-240Z
-

= [f) +z)+f(x -z) -x] =D

2f(x) - f(x+z) - f(x -z) = - d1z12 =

(54k
Ef(t) =A-GIX, > 0

IV.n =1 I not, diff. Ge atx=

0

it is se.tr. W. =2
S

f(x) - 2/2 =
- 2IX) concere. B



Exf(x) =(x)

Tert. is g(= 1x- 612
-

2

concave? ↑

It >

ger(x) es x ->0
-

No FG ↑ ~ IIX Nor octave notconceve.

G. fer.ancEtec. Lip.
1. f(x) =con. +cI -> f Lip. Es B

-

Lipe-

so semicusis intermediate trop between Lac Lip

*awithD2 = d.

4++HDx4)
=

0 i1Rx10,a)
Tm. (Dorglis - Kenbor)(CP) I u(t,0 =f(x)
I contex $supelinea

geLip(IRY, HEC(Y -> Iat most one genedited sol

ofCP, in the folli sense:

4:R" +To, -T-H. Lip,, h(x,0
=f(x) 1

[ 47 +HCDx 4,x)
=0 a.e.inR"x(0,+)k7K:

L(1) n(x +z,t) - 24(x,+) +4(x-z,t)2k) +)( * t> 0

F1, zER.

PI No see [EvaLs]. B

N.B. (I) is semicnarity ofth(+) 500

w.d =k(1 +1). E



E: 4 u+ +4=== 44Lt = 0 is secon

n=1 u(t,0) =0 The other weak sol. 2.

1

ulo,t)
-t t

I I -

-

Y
*
1x -t NOT

GEN. Soh.

↑ NOT SEMICOCAVE. B

-

G. HecRY, cour, supel, gelip(Y I SEMICONC.

->UCx,t) =Hopf-Lexforme is the UNQUEGENED SOLN.

of (P) in the sense ofthe them. -

P, Remains to chech only (1) Ats0 fe.

wcxix =(
+H*(=() +5(2))

Goa2: IK:

14 =u(x+z,t) - 24xx,t) +h(x=z,t)-k)1
+I)/z

Choose y: 2(x,+1
=tL(*) +g(2)

(*) -t((*
-2)+818,1 -2+423) -2f(2) +f)

+=22) +g(2)
Ky,yfi

Choole y,:HE=1,
=7-2 y, =ztz

22: A-z- 22 =7-342
=

y - z

(*)
=g(z +y) - zg(y) +g(y -z) C/z
I God with k = 4g. ⑭



0feses [Evals]. GELip (Now se.cone)

42H
- 4.2020, 0x0=(I) told fer

Hopf-Lex ->Hopf-laxis the unique sol, in

gen, Sense of(P). ⑭

INTRODuc
r

to Solutions.
Lef. Chp. 10 of TEvers], Chept. 2 TBCD] .

I "dorcload the missing dairatives on

smooth testfunctions"

Recell the CLASSICAL "Weck on
distributional

-

solutions"ofdiv-form egs.

(DE) div (x,a) =0 in ERN
oper

I is c'vector field. yeccompact support.
Multiply (DE) by 3 $ Sn
0 =(yk)divI(,ux) dx =(pivIYE)dx -E-Ty) d

↳h

divlyE):ydLVF+I. Ty
dirthe exterLochal

*
=

YEredr_) Eyd
=0
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->Any clonical solof(DE) Sets, allo

(*) (E(x,4x). Dy(x) dx =0 FyzC!(n).

this makes sense even for a stere il

Det, weak sol of(DE) is note, (M):(*) holos.

okfer CONSERVATION LAWS!

But 4+ H)Dx 4,7)
=0 (H]) not in dir fam.

weak don't work!

Jobe 1 "more the
missing derative using "maximum

-

principes"appartivate by "vanishingvisority"."

D. . EC(N4x10,4)) ise visosity sub-solution of

CH31 ifF yeCM" x(0,0)) 4F (*,7) mente ofMAXIMUM

ofu-4 4
+
H), 4,9/12,7) -O

· u is. Visc. SUPERSOLUTION ifFyeCkK(5,I)
point ofMinimumofn-y

47 +HPx4,0)/,e,I) =0.

· ise v.Soll. of (HD ifit is SUB & SUPERSoL.



MorationVanishing visosity approximaticoe

(H5) 4 +H)D,nix) == Ax.4
me

Ar= antificial viscosity

ES (H3,1 + init. Ghot. has sale in sint

&cint, ore expects mesh as s-o+
I

(in some sene...) and uselves H5".

FES KNOWN ESTIMATESon is sol of (H791. (with 141,0124

·IusItId FS Fx,t

(US) is EQUIBOUNDED

·In(x,t) -n((y,e)) = w(IX -a + It-s)

lim wiel=0 EQUICONTINUITY.
2-0

. No UNIFORR est.son Du a u

Atezelith. I sixot! 4th locale uniformly

as j + o (i.e. FIkr =nxco,s)

splus-al-o as sito)

Per:HESCIR", usecac'(r) sole oft

22 +H(D,42,x) =a5A46 I
sie of



iton te unif. sh ise viscosity socution

of (HI.


