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Di↵erential game Example: OPEN-LOOP NASH EQ.

(Dockner p.87)

maxu�0 J1(u(·)) =
Z T

0
e�rt

h
v(t)� x(t)� a

2
u2(t)

i
dt

maxv2[0,1] J2(u(·)) =
Z T

0
e�rt [v(t)� x(t)] dt

s.t. ẋ(t) = 1+ v(t)� u(t)
p

x(t),

x(0) = x0

Assume v(t) = y(t) for P2, find best response strategy for P1

HC1(x , u,l, t) =

Assume u(t) = F(t) for P1, find best response strategy for P2

HC2(x , u,l, t) =
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Player 1
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Ict >=3

ÉI > o
3-! -71-4=24 - e-FE(>°

G- r2+%/ e-
" ᵗ?(r+ rate)¥fE⇔°

.

< 0

101¥ = -7¥≥o act)=o⇔t=T
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Player 1
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Salt) = 1+4 (E)+ 7C%C Linear ODE{ >⇔

* (t) = _ .

?ñ•88 ofPa ?! •
Such a § is only a candidate
Apply ARROW 's sufficiencyTheorem

C-F)E- +57sa;a, e)= o- x-{ fa⇒±aa+ F)

- a linear in×
= o-x- 7%-1-7+-70+7¥ ⇒ concavei

⇒ ARROW✓
⇒ to is optimal strategy .



Player 2
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act> = ☆(t) players
H
"

C.oso.ge ,E)= O-x+µ (e+0- ¥E) linear in on
• segment tie

2
'
= (e+f)J-x + µ (e.-*Tx)
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bang-bring
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- r - - s
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, µ >
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got = -7¥
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I 205C

= 1+ aµ (t) - ¥2
•

µG) = 0



Player 2
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i =1+r7-52
x z(T) =0

E -7 ext) =0i
=1+r - 22

i -r =ax (r- x) +r)x -r)

y(t) =7- M

2-+ry
=()y=ytaE

2

↳

7(t)
=

p(t)



Player 2
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·wa-r-ate-
2 - (x+x+2/a)

M(0)) -1 =7x =0

w(t)=p(t) =0,
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1,t =[4,T] widensinthe-

site



Player 2
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Check optimality g-2-
Tx

H
-"
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Player 2
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Player 2
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In [IT] e- = 1--4
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Nash equilibrium for a di↵erential game

Finding a Nash equilibrium in a di↵erential game with N players
is equivalent to solve N Optimal Control problems.

OPEN-LOOP NASH EQUILIBRIUM (OLNE)
Pontryagin’s Maximum Principle (1962) PMP

(F1(t),F2(t), . . . ,Fi (t), . . . ,FN(t))

MARKOVIAN NASH EQUILIBRIUM (MNE)
Hamilton Jacobi Bellman (’50s) HJB

(F1(t, x(t)),F2(t, x(t)), . . . ,Fi (t, x(t)), . . . ,FN(t, x(t)))
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MARKOVIAN NASH EQUILIBRIUM (MNE)

MARKOVIAN NASH EQ. (MNE)
Hamilton Jacobi Bellman Equation approach

Assume the existence and di↵erentiability of Value function

V
i (x , t) = max J i
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Hamilton Jacobi Bellman Equation approach

maximize
Z T

t0
e
�r (t�t0)F0 (x(t), u (t) , t) dt + e

�r (T�t0)S(x(T ))

subject to ẋ (t) = f (x (t) , u (t) , t)
x (t0) = x

u (t) 2 U (x(t), t)

Looking for feedback strategies F(x(t), t)

Value function V (x , t)
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Hamilton Jacobi Bellman Equation approach:
Value function

Definition

If Px ,t has an optimal solution, then let V (x , t) be the optimal value

V (x , t) = max
u(·)

⇢Z T

t
e
�r (s�t)

F0 (x (s; u) , u (s) , s) ds + e
�r (T�t)

S (X (T ; u))

�

where x (s; u) is the unique solution to

⇢
ẋ (s) = f (x (s) , u (s) , s)
x (t) = x

associated with the control u (·)

V (x ,T ) = S (x)

We assume the existence of the Value Function V (x , t)
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Not di↵erentiable Value Function

The di↵erentiability of the Value Function is not assured,
even if F0, f 2 C•

maximize
Z T

t
x(s)u(s)ds

subject to ẋ(s) = u(s)
x(t) = x

u(s) 2 [�1, 1]

J = max
Z T

t
x(s)ẋ(s)ds =

u
⇤(t) = ẋ(t) =

x
⇤(T ) =
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Not di↵erentiable Value Function

V (x , t) = (T�t)2

2 + (T � t)|x |

NOT di↵erentiable in x = 0 for all t < T .
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Su�ciency conditions: Hamilton Jacobi Bellman Equation

Theorem (HJB equation)

Let V : X ⇥ [0,T ] 7! R be a continuously di↵erentiable function which

satisfies the HJB equation

rV (x , t)� ∂V (x , t)
∂t

= max
u2U (x ,t)

⇢
F0 (x , u, t) +

∂V (x , t)
∂x

f (x , u, t)

�

(1)
and the terminal condition

V (x ,T ) = S (x)

for all (x , t) 2 X ⇥ [0,T ]. Let F(x , t) denote the set of controls

u 2 U (x , t) maximizing the RHS of 1. If u(·) is a feasible control path

with corresponding state trajectory x(·) and if u(t) 2 F(x(t), t) holds for
almost all t 2 [0,T ] then u(·) is an optimal control path. Moreover

V (x , t) is the optimal value (function) of problem Px ,t .

(x , t) 2 [0,T )⇥ X

and the final time condition
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Hamilton Jacobi Bellman approach

a) Write HJB Eq assuming V (x , t) di↵erentiable

rV (x , t)� ∂V (x , t)
∂t

= max
u2U

⇢
F0 (x , u, t) +

∂V (x , t)
∂x

f (x , u, t)

�

b) Find from RHS maxu2U{ } ) u
⇤(x , t,Vx ) 8t, 8x

c) Insert u⇤ in HJB eq.) PDE

rV (x , t)� Vt (x , t) = F0 (x , u
⇤, t) + Vx (x , t) f (x , u

⇤, t)

V (x ,T ) = S(x(T )) = S(x)

d) From c) try to guess a form for V (x , t) (generally a polynomial with
degree equal to the maximum degree between HJB and Boudary
condition (see example))
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Di↵erential game Example: MARKOVIAN NASH EQ.

(Dockner p.87)

maxu�0 J
1(u(·)) =

Z T

0
e
�rt

h
v(t)� x(t)� a

2
u
2(t)

i
dt

maxv2[0,1] J
2(u(·)) =

Z T

0
e
�rt [v(t)� x(t)] dt

s.t. ẋ(t) = 1+ v(t)� u(t)
p

x(t),

x(0) = x
0

Assume v(t) = y(x , t) for P2, find best response F(x , t) strategy for P1

Assume u(t) = F(x , t) for P1, find best response strategy y(x , t) for P2
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Player 2
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ev_V1 =
mg ise

0-x +Vx(1+0 - nx)3
h(0) P

↓
1+Vx<0

r=Ei e+ Vx> 0

&

I

&

=>equivalent is our
E
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Nash equilibrium



Di↵erential game Example: MARKOVIAN NASH EQ.

Player 1: Look for u 2 F(x , t), associated HJB equation

rV (x , t)� ∂V (x , t)
∂t

= max
u2U

⇢
F0 (x , u, t) +

∂V (x , t)
∂x

f (x , u, t)

�

rV (x , t)� ∂V (x , t)
∂t

= max
u�0

n
v � x � a

2
u2 + Vx (1+ v � u

p
x)

o
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mg(u) =- 24-xxx=0 *=p(x,t) =-VoV

of"(u)= -20 n L
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Player 1

Di↵erential games . 12 / 9

EeV-V
=w-x +Y +a(1+0) de

V(x,T) =0 dag,

degree (V)
=k awzis => degreeVs=K-1

desper(Vt) =k

deger(Vx) =2(k- 1)
k =1+2(k- 1) =2k-1 =k

=1

->>Look for V(x,t)
=a(t)x+b(t) =>

Von=a(t)

Vt=a(t)x+b(t)
HJB
r(a(t)x+b(t))- (a(t)x+b(t)) =0-x+(at) =a(t)(r=0)Ea =1,b(T) =0
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E·iset
race-cacy)Ea(T) =0 Ibi(t) =rb(t)- (1+0)a(t)E-

Feedback Siznegy -berred-
q(x,t)=-V=_act)v
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Player2

mor (set [o(t)-x(t)] dt
⑧

jn(t)=1+0(t)+x(t)x(t)/2

Ex(0) =x0-(t) -To, i]

-

+20-
x +(1+0+xx/) e

S

-

- --att + v(t) =G
s --Do

s 2

&H
S --- M5(t) =1 -5+rf) r =ar.

2x



Tis MNEFOLNE

=Sis
O =So-
l x - 1
-

To prove
The MNE/OLNEwe needto prove

Then

Y(z)fr(t)

i =1-=y(t)+x(t)) 1 -
* M(t) +xp(t)

=i)an=
2 d

*t - [0,T] EFrsE)I I(T) =r(T)
=0

·Ime &

=>

>[()>n(t) 70-
-



MNE

Spire, Pure)f (B, YY (t)>mIt)on
o(t)=P(t) =

-)0)- - -ft (t)-
#

↑(t) =2

b) (0) < - 1
-

I! ..(z)=- 1 <7
#t a) Foso- I t ->[0,6.]

7 2 poimis y = E- t ->(6.,62)
2 tt [62,T)


