
LECTURE2, Mech 2, 2024.

Example 3:Hamilton - Jacobiequations.

(H]) 4, + H(4,4,7)
=0 in 1 xJ0,TI

R" openevolutive a fully moulinear

. Analytical Mechanics H(p,X) =LPR +WCx
Intential

H in convex in p

·Optimal entral: H-J-BELMAN

HIP,X) =sup) - f(x, alop-e(x,1)
conkexin p

· o-sum differential games H-]-Iscace

HIP,X) =Sp ist) - f(x,9,3).p -e1 x,e,3)}

N.B. I not convet her CONCAVEin P.

EXY STATIONARY H-5 equations

H(44,x) =0 in e in(x)

describestationary sole ofCH5

bis EIKONAL E. In GEOMETRIC OPTICS

IDul =n() refuction index

(IVI =EE) . FERMAT principle



·
Matwell egs. I..

book Bown-Wolf).
· wave eg. ([E):Frausch. 4)
--

METHOD ofCHARACTERISTICS

(1) F(Du, u,x) =0 in =IN

· Basic example a motivation.:TRANSPORT Ep.

(TE) 4 +b(x). =0 in RYxj0,T5
(P) S u(x,0) =f(x) b, g deta.,
22 belip b:"IR", 8:1-R.

CODE) Y =
b(x)

know that a solves [EI=> UCCH, H=cost

Fsols. X.) of(ODE)
F IE Io, T].

↳
"istes u(X(t),t) =u(xxel, 1) =f(x(0))

IR '

1, I
L (XC01,01 4(X10,0) =f(x(01)
X
1

Def. #(0) ==x (t;Xo): =sot.of GT
FLOW of ODE.

FACT (knowh.... S It: 1R"-R" is 2, bijective,
-

with cinverse 5flo) is a DIFFEOMORPISM. 3.

Det u(x,+==q(I(x)) (u(1,0) =f(x)(



· ucc

O u is onstant on try of CODE) by olf.
-su solves (TE)

->Ifound a solut of(E), the unique sol

E.b(x) =bei" of(t) =1 +bt = =

4
=x - b +=I,(x) =x- bt =

1 Se.of(P) is

16 cast. (

acx,t) =f(x - bt).
--

GENERAL CASE: Meth ofcharactfor

(D

(P) E
F(Du,4,x) =0 in 2

n =g on 51 25.

Supp. I nea2$ look for anves in 0

* () =(Xy(1), . .
. , Xa(e)) on which calcults

(E()) =z(e), SetPCC) = =buCECe) 1.

a look for asystem of2n+1PDESI fer (ECI, 211, PC1)

g) =x) = ll ,n) (a)

Supp. FEc' a diffite (II W.e.. Li

AI.FD, n,x4xjxi +n,4,4xi+x,4,4,x) =0
t =1



choose EC.):yj(e) =Fpg(p(x),z1,E(e)) j =1,...,A
i.e *(1=Ip (PC), zG), (0) . Use (*) +SA

pi () =- Fz(p(), zie), Exel) Pi ilP4, 21, E(x)

i.l. px =- Fz)(op +Fx))

=(e) =Du(E))).P) =p(y). Fp(P,z,E).

I found the system ofcharacteristics:

(a)

I
i =- Fz(P,z,E)P - Fx(0,z,E) Negs.

(b) 2 =p. Fp(P,z, E) 1
es.

⑧

() · E =Fp(P.z, E) A.egs:

NB:There equations d notinvolve u!

Def. Soleof C+btc ae CHARACT. CURVES

EC) projected characteristics. (CE)
we proved

Theren Fec, una solven II, ifEl Salve (

with pel=FnCECes), $ ECl =uSE()) =>

pC.) Solves (2/ AERotve (b) F1: () -V.

Ideeconstruct csol of (P) by solving (a -b-c

+ "good"conditions of M:



u(x) =z(E()) 1,6, c.1

with "suitable" Seesserig
initial conditions

an(a -b - c)
--

For simplicity & bravity restrictto
N =n +1

2 =14x J0,TT(T- +0) 4 =R" =boh -
X
2

A =(x,t), p =(5, Paxil -
14YiR 0 T

-

I

CI 4
++G.(P4,4,x,t)

=0

i.0. W

EV(x) 4(x,0) =f(x) F(0,2 E) =Pn+ 1

+(0,z, x,t)
took for initial politions for (a - 5 - c)

↳1
AR
-

Fir yo, (20,0) e4
y%:

I
Fork I xi

(0) =y;i
=
1,..,

i
- *n

+,10)
=0

Fo (b) z(0) =f(2)

Far (e)

I Pi(0)
=8xi(7) i =1,..,h

Puti (0) = - G (Dg(2), 812), 7,0)

consider the Gauch for (1-5- a) +
there intral corale.

If 4E22 2.h.1. of (a-5-a) is loc. Lip..

The I$* (P12,9), EC, 11, E12,7), selof (9,5,3) +

init. olds. in B(40,21) +34d[ I
ocd

ye



Hyteses Gec, f = c3 =rect field in Lebal

are$ initial cowl dep. incWeyon y =

by adependence of sol ofCODEI from data

(4,)+(P(2, 11,732,0), E(8,1)((((D1.,2) +32,015).

Lame *(0,0) is locally invertible, i.e., IVER"*
hbhd. of190,0), 2 =(a,b) = 0, T =Bly.,2)ast.

* (t) e Iunique set, gEW:X,H=Ely,3).

Moreover the inverse is c

Proof Use INVERSEFN,THM, he (y,1)Ely,) EC2
-

Mustcheck that sec. DEM0,0) has det to

Then inverse I locally &it is c

*(4,0) =(y,0) the identity by E120,0) =(2.I
y
+I(2,0)

(1Xi =pilP, 7,)I * =1

F=Pnti +4

I =E n+1

Xn+, 10)
=0

-El8,0)=fa detPEly, 0) = 1 to

.... B

Def- (2,5):the local inverse ofEC...) i.e.

(x,t) =E(2,v) () y
=x(,t),1 =5(x,t) =7

Idet u(x, +1= =z((x,t),H (D)
A,H=2



N.B.It (EVI= (TE) we recover whatwe did

N.2 wac became IKI ae C2.

ThinThe function a def. by (D) Solve,

(P) I 2+
+(D(4,4,x,t) =0 in v

n(x,0) =f(x) in v1t =0}.

-
Ruk by estruction.
-

·Remains to prove
that

er,
holo.

o genere are [EV, p. 107-110].

·I will ob up
+H(D14) =0

from P.L.Lious!"Gea del soleofH-] egs."Pitman 1982

--

Examples Ex. 1.
-

(LE) up
+b.) +c =1

beh cust, a cont. Ans of14t.

6
=b.P +(A.Hz - eSx,+) F =

Pn
+1

+[

x) S ti
=bi Xi(0) =y, Xi(e) =4; +16;

int =1 Anti 101 =0 in+!=1 =t

*(y,e) =(y +3b,1)=(x,t)c) +=1 y =x- 1b

=:(x,1)



Carolidate 201. By (D),

u(t,+1 =z (I(x,+1) Who is z.?

HW: tey to
goon

andfine iformule for u...


