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OPEN-LOOP NASH EQUILIBRIUM (OLNE)

OPEN-LOOP NASH EQ. (OLNE)

Pontryagin Maximum Principle (1962)

Hamiltonian function

H I (x , uI , λ, t) = e−r
i t F i ( ) + λ · f i ( )

λ(t) : [0, t] 7→ Rn

Current Value Hamiltonian

H iC (x , uI , λ, t) = F i ( ) + λ · f i ( )
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Differential game Example: OPEN-LOOP NASH EQ.

(Dockner p.87)

maxu≥0 J1(u(·)) =
∫ T

0
e−rt

[
v(t)− x(t)− α

2
u2(t)

]
dt

maxv∈[0,1] J2(u(·)) =
∫ T

0
e−rt [v(t)− x(t)] dt

s.t. ẋ(t) = 1 + v(t)− u(t)
√

x(t),

x(0) = x0

Assume v(t) = ψ(t) for P2, find best response strategy for P1

HC1(x , u, λ, t) =

Assume u(t) = Φ(t) for P1, find best response strategy for P2

HC2(x , u, λ, t) =
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Optimal control problem discount factor (DOC)

maximize J(u) =
∫ T

0
e−ρtF0(x(t), u(t), t) dt + e−ρT S(x(T ))

subject to ẋ(t) = f (x(t), u(t), t)

x(0) = x0

xi (T ) = x1i i = 1, . . . , l

xi (T ) ≥ x1i i = l + 1, . . . ,m

xi (T ) ∈ < i = m+ 1, . . . , n

u(t) ∈ Ω

associated current value Hamiltonian function

HC (x , u, q, t) = p0F0(x(t), u(t), t) + q · f (x(t), u(t), t)

HC (x , u, q, t) = p0F0(x(t), u(t), t) +
i=n

∑
i=1

qi fi (x(t), u(t), t)
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Pontryagin Maximum principle (discount factor)

Theorem

Let u∗(t) be a piecewise continuous control defined on [0,T ] which solves
problem (DOC) and let x∗(t) be the associated optimal path. Then ∃
n+ 1 constants p0, γ1, . . . , γn ∈ < and a continuous and piecewise
continuously differentiable function q(t) = (q1(t), . . . , qn(t)) such that
∀t ∈ [0,T ]

(p0, γ1, . . . , γn) 6= (0, 0, . . . , 0)

u∗(t) maximizes HC (x∗(t), u, q(t), t) for all u ∈ Ω
Excepts at the points of discontinuities of u∗(t)

q̇i (t) = −
∂HC (x∗(t), u∗(t), q(t), t)

∂xi
+ρ q(t)

p0 ∈ {0, 1} for i = 1, . . . , n

Transversality conditions (→ next page)

+
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Theorem

Transversality conditions

qi (T ) = p0
∂S(x∗(T ))

∂xi
+ γi , i = 1, . . . n

where

γi ∈ <, i = 1, . . . , l if x∗i (T ) = x ′i
γi ≥ 0 i = l + 1, . . . ,m if x∗i (T ) ≥ x ′i

γi (x∗i (T )− x ′i ) = 0

γi = 0 i = m+ 1, . . . , n if x∗i (T ) ∈ <
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Player 1
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Player 2
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