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Dynamic game - Players - Information structure

[0, T) Programming interval T < 400, T = +o00
N players i € {1,2,..., N}
ui(t): [0, T) - R

u' € U(x(t), u=(t), t) C R™ Player's strategies
Strategies based on the information revealed during all times t € [0, T)

when the game takes place.
At any t players have the knowledge of all the previous actions.

Perfect information
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Differential game

x(t): [0, T) — R state function
The system varies according to a differential equation

x(t) = f(x(t),ult),t)
x(to) =x°
x(t) € XCR?
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J(() = /OTe—f"fF"(x(t),ul(t) ..... uN(t),t) dt +e T Si(x(T))
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Problem for each player /

\{\\ G-SL‘/ _)NS

(Dockner et al p.86)

maxJ, (i) = /OTef"tF;)_,-(x(w,u"(t),t)dt + T Si(x(T))

subject to{x(t) = fgi(x(t), u'(t), t)
(




Different types of strategies P,

A) OPEN-LOOP &; = q);(t)

B) CLOSED-LOOP WITH MEMORY &; = ®;(t, x(®),0 <2< t) future
depends on the past

C) CLOSED-LOOP WITHOUT MEMORY (no-memory) MARKOVIAN
STRATEGY ®; = ®;(t, x(t)), Vt all payoffs depend on the present
Cl) T = +oo: STATIONARY MARKOVIAN (autonomous) ®; = ®; (x(t))

Observations

o INFORMATION: Different information is required for the
implementation
Markovian strategy is more demanding from the informative point of
view
If Information is either Irrelevant or Inaccessible =—- OPEN-LOOP

o COMMITMENT: Players can deviate from the declared strategy —-
MARKOVIAN CSMBAEEINN A\m.\c%
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Nash equilibrium for a differential game

The N — tuple
(@, ®2,..., 0 ... oY)
constitutes a Nash equilibrium iff for all players, i € {1,2,..., N}
J( @Y @20, D o) > (@ @2 s o)
Vol el
FIXED ®~' we need to compute the best response strategy of player i

i

maxJi (u'() = /OT e "L (x(t), u'(t), t) dt +e T S'(x(T))

subject to x
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Nash equilibrium for a differential game

Finding a Nash equilibrium in a differential game with N players
is equivalent to solve N Optimal Control problems.

e OPEN-LOOP NASH EQUILIBRIUM (OLNE)
Pontryagin’'s Maximum Principle (1962) PMP

(®(t), D2(t),..., D (t),..., PN (1))

e MARKOVIAN NASH EQUILIBRIUM (MNE)
Hamilton Jacobi Bellman ('50s) HJB

(®(t, x(t)), D2(t, x(1)), ..., O/ (t, x(t)),..., OV (t,x(1)))
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Nash equilibrium for a differential game

Finding a Nash equilibrium in a differential game with N players
is equivalent to solve N Optimal Control problems.

e OPEN-LOOP NASH EQUILIBRIUM (OLNE)
Pontryagin’'s Maximum Principle (1962) PMP

(®(t), D2(t),..., D (t),..., PN (1))

e MARKOVIAN NASH EQUILIBRIUM (MNE)
Hamilton Jacobi Bellman ('50s) HJB

(®(t, x(t)), D2(t, x(1)), ..., O/ (t, x(t)),..., OV (t,x(1)))
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OPEN-LOOP NASH EQUILIBRIUM (OLNE)

Definition 4.2 The N-tuple (¢', ¢%, ..., ¢") of functions ¢' : [0, T)—R"™,
ie{l,2,..., N}, is called an open-loop Nash equilibrium if, for each
ie{l,2,..., N}, an optimal control path '(-) of the problem (4.1) exists
and is given by the open-loop strategy /(1) = ¢'(1).

OPEN-LOOP NASH EQ. (OLNE)
Pontryagin Maximum Principle (1962)
Hamiltonian function ;(g):%‘( b

il )~ 20 £ )
™= KT SN Aok XW% 3
p(t): [0, T] — R” co-state function (piece wise C') Do <o- “MR

osoaSIRS, O
Current Value Ham||ton|an é\AW ?&u&t e dn SSv
\\g

A ooy \
DoddKeroe
ST\ —

HC(x,u! A, t) = FI()+A-fi(
?

Differential games . 3/14



- Y
A S0
TR T A enppres T

U %\\'
*e £y -



Differential game Example: OPEN-LOOP NASH EQ.

(Dockner p.87)

T ' o
maxgso J1(u(-)) = /0\; [v(t)—x(t)—§u2(t)]\ dt
T
maxepn SW() = /O e "t [W(e) —x(t)] dt
st. x(t) =14 v(t) — u(t)/x(t)
0

P(t) for P2, f|nd best response strategy for P1 R >

—_—

Assume v(t) =
HY xu A1) = Po (- == Fu®) a0 (0 49- w W )
Assume u(t) = ®(t) for P1, find best response strategy for P2

H(x, W, A t) = To (o x)-\.)-( (r+0- @\)_> Ce‘,:\)




Pontryagin's Maximum Principle approach

(discount factor) p > 0

Yoo o NSRS

maximize J(u) = /Tefpt o(x(t), u(t), t)dt +e PT S(x(T))
subject to  x(t) = F(x(t), u(t), t) S(x/@)/uq-g

x(0) = x°

x(T) = xt i=1,..., /

xi(T) > xt i=14+1,..., m m_

’ X
x(T) eR i=m+1,..., n
u(t) € O
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Pontryagin Maximum Principle (discount factor)

Theorem

Let u*(t) be a piecewise continuous control defined on [0, T| which solves
problem (DOC) and let x*(t) be the associated optimal path. Then 3
n+ 1 constants pg, Y1, ...,7n € R and a continuous and piecewise
continuously differentiable function A(t) = (A1(t),..., An(t)) such that
vVt e [0, T]

e (po,v1,---.7n) #(0,0,...,0)

o u*(t) maximizes H® (x*(t), u, A(t), t) for all u € Q)

o Excepts at the points of discontinuities of u*(t) co-state equation
(ODE)

COHC(x*(t), ur(t), A(t), B)

)L,' t) = : d Aj(t
(0 - o Ai(t)
e po €{0,1} fori=1,...,n

@ Transversality conditions (— next page)
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@ Transversality conditions
(T
Ai(T) :p0785(x (7)) +9i, i=1,...n
aX,' ?
where g
vi € &, i=1,..., / if x'(T) = x!
v >0 i=1+1,..., m if x*(T) > x!
CRETm T (3 (T) — ) =0
7 =0 i=m+1,..., n ifx(T)eR
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Player 1
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2(£)= AvQ)x MDD [ eax oS

=(D=Xo \ 2
<)>

b\% Q%?‘Q) ?\ *
a:_(t) T - o ‘

Suedh § e OO ANSR_
AW‘% ARIWOW A m% S S
) - (&, u/ 2, €)=9- x-_(:&);x(»;@%ﬁ)

= O-x- 7\* +’>\-\-'\c~\-'>\z=& NS N

>&3 v OQ\\WQQ A\i&%&ﬁ

= e, A
= AReow ("




Player 2

uled= §C5> Mcs A \
W (s O, )= S-e e (2 %0~ $I,) Yromar \n S
* exnareN N M= (Axjed T -3 + (&_§¢><)
o-eto:sB S, ’-( <-4 5“‘%‘*"3
b’)h=0 N SL A >-~A VMQ
F — /<\>= =AW

: ca [~}

=-° D= -~

.)4(\:.)\ ._\'!-—3& e g > ﬁ.-\—]j-jv& 10 (D
;:s_+s=j4(t-_)_ B>

*r™®=o

LA




Player 2

» 2

4 X ACTD =0
A =A-\-9<_>\-__::‘—
)4 &-\-kr_i__)‘) fecv>=0

A

A-p = QL;%()«-?\)-&- e (2=
B2y

N
\GS)_E_ Ny (Y




Player 2

4
P
©
]
P
@r
)
FVN\
%
N
&
\_/
)

R(c)S-2 => 2 =0

A, tel 73 o=t Q N

SO N0 Gudken
AT N




Player 2

NS
Ot c?\\\m&.\% ‘R g

L /‘c vk (A o - AT
(= y)/\‘( T‘;"\d?)

o A © <

Voo 3 0 > Aomwr A Ties
TR
ok

Opeo-Llech Nory Sq
(9 P )= - 23.){&1&)

Pe) = o tele)

X, 2 Ace koo 1L telRT]
)




(L)  ASle SweSiem
= &)= 4% () - (DN =D | uz . ATx

x(o) = Xo

\re EOJ 'C) c‘:g = &‘)x

=) =4 + T © |

pry A
)= jtacg)_da . - N?s)ag
b & * o « © ¥ j(“*l\’>ﬁ. © Aa

=) T




Player 2

o L2 7\ o =4=g§"
s () = 2+ A &)
X(t) = DQE-

t wéz
() _ S’@da[a_\_ S%e_ 3 < da]
V4

C




