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THEME 1

Exercise 1 (8 points) Consider the function

fa) = 2*(log|z| — 4)

(a) determine the maximal domain of f, the sign of f, and possible simmetries (i.e. even or odd);
(b) find limits, points where the function can be continuously prolonged, and possible asymptotes;

(c) Study the differentiability of f, compute the derivative (and possible limits of the derivative); discuss
the monotonicity of f and find, if existing, infimums,supremums, maximums (relative and absolute), and
minimums(relative and absolute);

(d) plot a qualitative graph of f
Exercise 2 (8 points) In C find the solutions of the following equation and express them in algebraic

form (i.e., like = + iy):
V322 —2z—i=0.

Exercise 3 (8 points) Given the sequence

an =

1/3
Lk (14) r
3n n

(a) determine, for every value of the parameter a > 0 , a number § € R such that (a,), is asymptotic to
1.

sin(l)

na

nﬁ
(b) for every value of the parameter a > 0, determine the character of the series ;:g Qp .

1/3 1 1 1 1
S S PO S AU A S DR bl el r ikl )
= in (2 + 3n H N 1 L N
sin (5e) ne o (59)
1 1
gz tolz) 1
Lroch) ~ae
sof=2-—a.
(b) Since the sequence (a,) (has positive terms and) is asymptotic to the sequence W%a, by the

asymptotic comparison principle the series Z:ﬁ an converges if and only if the series :g gna%g con-

verges, which happens if and only if 2 —a > 1, i.e. a < 1. Being a series with positive terms, Z:{g an
diverges for every a > 1.



Exercise 4 (8 points) Consider the function

1
falz) = D (o € R).

(a) Compute the generalized integral
1/4
fij2(z) dx

(b) For every value of the parameter o € R, study the convergence of the generalized integral

1/4
fa(x) dx.
0
(a)
1/4 1/4 1 12 9y
x)dr = lim —— dr = lim ———dy =
0 fiya(@) —=0+Jo  (1- x)x% ot 0+ e (1—-y?)y Y
1/2 2) 1/2 1 1
li ———dy = 1i —+—d
cir&/c% 1—y)" ci%i/c% <1+y * 1—y) Y
lim (log(l +1/2) — log(1 + ¢3) — log(1 — 1/2) + log(1 — c%)) -
c—
=log(1+1/2) —log(1 —1/2) =log(3)
because
2 A B (A+B)+ (B—-A)y
= + = VyeR <= A=B=1
Q-9 (1+y (@A-y) (1-y)
(b) For  — 0 one has that f, ~ -L; therefore the integral
1/4
fa(z)dx.
0
converges if and only if a < 1
Taylor expansions.
(1+x)a:1+ax+a(a2—1)w2+a(a—l?’)'(a—Z)x3+ —l—(a)x"—i—o(a:") Vn >0

. 1 1
sin(z) =z — §x3+ax5+...+(_1)
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Exercise 1 (8 points) Consider the function

f(a) = 2*(2log |z| — 3)

(a) determine the maximal domain of f, the sign of f, and possible simmetries (i.e. even or odd);
(b) find limits, points where the function can be continuously prolonged, and possible asymptotes;
(c) Study the differentiability of f, compute the derivative (and possible limits of the derivative); discuss

the monotonicity of f and find, if existing, infimums,supremums, maximums (relative and absolute), and
minimums(relative and absolute);

(d) plot a qualitative graph of f

Exercise 2 (8 points) In C find the solutions of the following equation and express them in algebraic
form (i.e., like = + iy):
V322 —224i=0.

Exercise 3 (8 points) Given the sequence

7 tan (L)

na

2\ ~1/2 1
(1+) 14t
n n

(a) determine, for every value of the parameter a > 0 , a number § € R such that (a,), is asymptotic to
1.

nﬁ
(b) for every value of the parameter a > 0, determine the character of the series Z;:g Qp .

—-1/2 1143 141 1
ap = 11 <1_|_2> _1+l n+27112 +1n+0(n2):
tan (5z) n n e o (5)
_222"‘0(%2) 3
o) " me

sof=2-—a.

(b) Since the sequence (a,) (has definitely positive terms and) is asymptotic to the sequence W%,
+ 3

nio]_ 2n2—a
converges, which happens if and only if 2 —a > 1, i.e. a < 1. Being a series with positive terms, Z:{g an

diverges for every a > 1.

by the asymptotic comparison principle the series E:g an converges if and only if the series



Exercise 4 (8 points) Consider the function

« = R).
(a) Compute the generalized integral
1
/0 f1/2($) dax
(b) For every value of the parameter a € IR, study the convergence of the generalized integral
1
/ fo(z)dx.
0
(a) 1 1 1
' 1 2y
x)dr = lim —— dxr = lim ———dy =
/0 f1/2( ) =0+ Je (9 *-”L‘)$% y:m% =0+ Je1/2 (9 _y2)y Y
! L1/ 1 1
li ——dy =1l | —+—)d
c—lgl—i- cl/2 (9—y2) 4 c—1>%1+/61/23 <3—|—y+3—y> Y
. 1 1 1
lim - (log(l +3) —log(3+c2) —log(3 — 1) +log(3 — c2)> =
cl/2 50+ 3
— Liog(4/3) = Liog(2/3) = Liog(2)
3% g O8l%/2) = 3708
because

2 A B 3(A+B)+3(B—A)y 1

= + = VyeR < A=B=—

O-v) B+y) G-y (1—y?) 3

(b) For  — 0 one has that f, ~ -L; therefore the integral

/0 1 falz) da.

converges if and only if o < 1
Taylor expansions.

(1+x)“:1+am+a(a;1)x2+a(aflg)'(ad)x””'*( " )x”o(x") W¥n >0

tan(z) = = + %xS + %x‘r’ + o(®) vn >0
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Exercise 1 (8 points) Consider the function
f(x) = 2*(3log|z| — 2)
(a) determine the maximal domain of f, the sign of f, and possible simmetries (i.e. even or odd);
(
(c) Study the differentiability of f, compute the derivative (and possible limits of the derivative); discuss

the monotonicity of f and find, if existing, infimums,supremums, maximums (relative and absolute), and
minimums(relative and absolute); (d) plot a qualitative graph of f

b) find limits, points where the function can be continuously prolonged, and possible asymptotes;

Exercise 2 (8 points) In C find the solutions of the following equation and express them in algebraic
form (i.e., like = + 7y):
V322 422 —i =0,

Exercise 3 (8 points) Given the sequence

" sinh (n—la)

(a) determine, for every value of the parameter a > 0 , a number € R such that (a,,), is asymptotic to
1.
nB?

b) for every value of the parameter a > 0, determine the character of the series Z:{i’i ap -

-1/3 12 g1 1
Uy = hli (1+:L) _1+31n _ 3n+9£2 +13n+0(n2)_
s (na) na+0(na)
g tol) 2
SN

so B=2—a.

(b) Since the sequence (a,) (has definitely positive terms and) is asymptotic to the sequence 9712%7

by the asymptotic comparison principle the series Z:{g ar, converges if and only if the series S 720 2

n=1 9n2—a
converges, which happens if and only if 2 —a > 1, i.e. a < 1. Being a series with positive terms, Zj{g an
diverges for every a > 1.



Exercise 4 (8 points) Consider the function

(a) Compute the generalized integral

1
/ f1/2($) dax
0

(b) For every value of the parameter a € IR, study the convergence of the generalized integral

/0 () dr.

bigskip (a)

1 1 1 ! 2y
z)dx = lim ——dx = lim T dy =
/0 fiy2(2) 0t ., (4_3:):1:% ya 0+ S (4—-1y2)y Y

lim /1 2 d li ! /1 ! + ! d
——dy = lim — —_ =
=0+ Joa/2 (4 — y2) 4 =0+ 2 Jar \24+y 22—y 4

1 1
= lim = (log(Z +1) —log(2+ c%) —log(2 — 1) + log(2 — c%)) =3 log 3

cl/2—0+
because
2 A B 20A+B)+2(B—-A)y 1
= + = VyeR < A=B=—
-9 @ty 2y (4— ) Y 2

(b) For  — 0 one has that f, ~ -L; therefore the integral

/0 1 falz) da.

converges if and only if o < 1

Taylor expansions.

(1+x)“:1+ax+a(a2_1)x2+a(a_lg),(a_2)x3+m+( ’ >x”+o(m") Y >0

. _ 1 3 1 5
smh(a:)—a:—i—gx ++aw +~~+(2n+1)!x
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Exercise 1 (8 points) Consider the function

f(z) = 2 (41og|a| — 1)

(a) determine the maximal domain of f, the sign of f, and possible simmetries (i.e. even or odd);
(b) find limits, points where the function can be continuously prolonged, and possible asymptotes;

(c) Study the differentiability of f, compute the derivative (and possible limits of the derivative); discuss
the monotonicity of f and find, if existing, infimums,supremums, maximums (relative and absolute), and
minimums(relative and absolute);

(d) plot a qualitative graph of f

Exercise 2 (8 points) In C find the solutions of the following equation and express them in algebraic
form (i.e., like x + iy):
V322 +22+i=0.

Exercise 3 (8 points) Given the sequence
B 1

arctan ( n% )

9

1 92 1/2
1+-—(1+=
n n

(a) determine, for every value of the parameter a > 0 , a number 8 € R such that (a,), is asymptotic to
1.

n/e
(b) for every value of the parameter a > 0, determine the character of the series 3" a,, .

(a)

ap = ————F~ 1+1_<1+2>1/2 _1+%—1—%+#+0(#)_
arctan (ﬁ) nT“FO(ﬁ)
g tol(m) 1
aeto(pe) 27

so f=2—a.

(b) Since the sequence (a,) (has definitely positive terms and) is asymptotic to the sequence 53—,

400 1
n=1 2n2—a

converges, which happens if and only if 2 —a > 1, i.e. a < 1. Being a series with positive terms, Z:ﬁ an
diverges for every a > 1.

by the asymptotic comparison principle the series Z:g ay, converges if and only if the series )

Exercise 4 (8 points) Consider the function

1

falz) = m (a € R).



(a) Compute the generalized integral

1
/ fi)2(x) dz
0
(b) For every value of the parameter o € R, study the convergence of the generalized integral
1
/ fa(z) dzx.
0
bigskip (a)
1 1 1
1 2y
x)dr = lim —— dx = lim ———dy =
/0 Siya() =0+ J, (16—1‘)1’% ok 0 Jay (4—-1y2)y Y

b [ dy = li 1/1 LN S
im ———-dy = lim - —_—t —
50t e 16 —2) Y T B0k Jap\dry 4—y) W

1
lim - (1og(1 +4) —log(4+ c?) — log(4 — 1) + log(4 — c%)) -
cl/2 504+ 4

— L iog(s/4) = 210g(3/4) = L10g(5/3)

Vit 4 O8I =08

because

2 A B 4(A+B)+4(B- Ay

1
16—y (+y) G-y 4—y?) VWeER <= A=B=

(b) For  — 0 one has that f, ~ -L; therefore the integral

1
/ fa(z) dzx.
0
converges if and only if o < 1
Taylor expansions.
-1 -1 -2
(1+x)a:1+ax+a(a2 )x2+a(a 3)'(a )x3+-~‘+(z>x"+o(m") Vn >0
T .1'5 .1'7 x2n+l 9 9
t —1-= sy 1\ n+ >
arctan(z) 3+5 7+( )2n+1+ (z ) Yn >0



