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Hamiltonian in second quantization (1)

By using the number operators A, = &+ é,, the quantum Hamiltonian of
the matter field can be written as

H=> €Ny, (1)
«

after removing the puzzling zero-point energy. This is the
second-quantization Hamiltonian of non-interacting matter.
The same Hamiltonian can also be written in the elegant form

H= / d3r Pt (r, t) {ZW - U(r)] O(r, t) . (2)

This quantum Hamiltonian can be directly obtained from the classical
SAchr('jdinger energy by promoting the complex classical field ¥ (r, t) and
¥(r, t) to quantum field operators:

Urt) ), ()
Ve o B, 4)

satisfying the commutation relations of bosons or the anti-commutation
relations of fermions.



Hamiltonian in second quantization (I1)

It is straightforward to show that the bosonic field operator satisfies the
following equal-time commutation rules

[, ), " ()] = 6(r = ¥') (5)
while for the fermionic field operator one gets
{’(L\(ra t)7 1;+(r/7 t)} = 6([’ - I’,) . (6)

A remarkable property of the field operator @*(r, t), which works for
bosons and fermions, is the following:

G (r,0)[0) = Ir. t) (7)

that is the operator 12+(r, t) creates a particle in the state |r, t) from the
vacuum state |0).



Second quantization at finite temperature (I)

Let us consider the non-interacting matter field in thermal equilibrium
with a bath at the temperature T. The relevant quantity to calculate all
the thermodynamical properties of the system is the grand-canonical
partition function Z, given by

Z = Tre PH-ul)] (8)

where 8 =1/(kgT) with kg the Boltzmann constant,

A=Y, (9)

«

is the quantum Hamiltonian,
M= A, (10)

is total number operator, and p is the chemical potential, fixed by the
conservation of the average particle number.



Second quantization at finite temperature (II)

This implies that
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for bosons (11)

for fermions (12)



Second quantization at finite temperature (lII)

Quantum statistical mechanics dictates that the thermal average of any
operator A is obtained as

(A7 = %Tr[ﬁ\ e PH-kR)] (13)

Let us suppose that A = H — ,uN, it is then quite easy to show that

1 A A Y 0 5 b
il _ —B(H-pN)] — _ ~ —B(A—ph — _ 9
S Tl(H = uht)e I=—55" (Tr[e ]) 55 "(2)
(14)
By using Eq. (11) or Eq. (12) we immediately obtain
In(2) = $Z In (1 T e_B(Ea_”)) , (15)

where — is for bosons and + for fermions, and finally from Eq. (14) we
get
1

<H>T = Z €a <Na>T with <NQ>T = m .

[e3

(16)



Second quantization at finite temperature (V)

The one-body local density operator is defined as

ﬁ(r7 t) = 1[}4-(',, t) ’L/I;(I’, t) ) (17)
and it is such that
/d3rﬁ(r, )= e (0ea(t) = > o =V, (18)
taking into account the expansion
12("7 t) = Z Ea(t) Palr) - (19)
Moreover, one immediately finds the following thermal average
N _ 2Ry |a(r)?
(p(r.t))T = Z |9a(r)[*(Na) T = Z Bl 71 (20)

that is the local density at temperature T for identical bosons (—) or
identical fermions (+).



