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Uniform Fermi gas (I)

The non-interacting uniform Fermi gas is obtained setting to zero the
confining potential, i.e.

U(r) = 0 , (1)

and imposing periodicity conditions on the single-particle wavefunctions,
which are plane waves with a spinor

φ(x) =
1√
V

e ik·r χσ , (2)

where χσ is the spinor for spin-up and spin-down along a chosen z asis:

χ↑ =

(
1
0

)
, χ↓ =

(
0
1

)
. (3)

At the boundaries of a cube having volume V and side L one has

e ikx (x+L) = e ikxx , e iky (y+L) = e iky y , e ikz (z+L) = e ikzz . (4)



Uniform Fermi gas (II)

It follows that the linear momentum k can only take on the values

kx =
2π

L
nx , ky =

2π

L
ny , kz =

2π

L
nz , (5)

where nx , ny , nz are integer quantum numbers. The single-particle
energies are given by

εk =
~2k2

2m
=

~2

2m

4π2

L2
(n2

x + n2
y + n2

z) . (6)

In the thermodynamic limit L→∞, the allowed values are closely spaced
and one can use the continuum approximation∑

nx ,ny ,nz

→
∫

dnx dny dnz , (7)

which implies ∑
k

→ L3

(2π)3

∫
d3k = V

∫
d3k

(2π)3
. (8)

The total number N of fermionic particles is given by

N =
∑
σ

∑
k

Θ (εF − εk) , (9)

where the Heaviside step function Θ(x), such that Θ(x) = 0 for x < 0
and Θ(x) = 1 for x > 0, takes into account the fact that fermions are
occupied only up to the Fermi energy εF , which is determined by fixing N.



Fermi energy of non-interacting electrons (I)

In the continuum limit and choosing spin 1/2 fermions one finds

N =
∑
σ=↑,↓

V

∫
d3k

(2π)3
Θ

(
εF −

~2k2

2m

)
, (10)

from which one gets (the sum of spins gives simply a factor 2) the
uniform density

ρ =
N

V
=

1

3π2

(
2mεF
~2

)3/2

. (11)

The formula can be inverted giving the Fermi energy εF as a function of
the density ρ, namely

εF =
~2

2m

(
3π2ρ

)2/3
. (12)

In many applications the Fermi energy εF is written as

εF =
~2k2

F

2m
, (13)

where kF is the so-called Fermi wave-number, given by

kF =
(
3π2ρ

)1/3
. (14)



Total energy of non-interacting electrons (I)

The total energy E of the uniform and non-interacting Fermi system is
given by

E =
∑
σ

∑
k

εk Θ (εF − εk) , (15)

and using again the continuum limit with spin 1/2 fermions it becomes

E =
∑
σ=↑,↓

V

∫
d3k

(2π)3

~2k2

2m
Θ

(
εF −

~2k2

2m

)
, (16)

from which one gets the energy density

E =
E

V
=

3

5
ρ εF =

3

5

~2

2m

(
3π2
)2/3

ρ5/3 (17)

in terms of the Fermi energy εF and the uniform density ρ.


