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Minimal coupling (I)

Let us consider the hydrogen atom with Hamiltonian

Ĥmatt =
p̂2

2m
− e2

4πε0|r|
, (1)

where p̂ = −i~∇ is the linear momentum operator of the electron in the
state |p〉, and e > 0 is the modulus of the electric charge of the electron.
The minimal coupling with the electromagnetic field is obtained with the
substitution

p̂→ p̂ + eÂ(r, t) (2)

where A(r, t) is the vector potential of the electromagnetic field.
In this way we have

Ĥmatt,shift =

(
p̂ + eÂ(r, t)

)2

2m
− e2

4πε0|r|

= Ĥmatt +
e

m
Â(r, t) · p̂ +

e2

2m
Â(r, t)2 . (3)



Dipole approximation (I)

The dipole approximation means

Ĥmatt,shift ' Ĥmatt + ĤD , (4)

where
HD =

e

m
Â(0, 0) · p̂ . (5)

This means that one neglects the term (e2/2m)Â(r, t)2 because it is
quadratic correction with respect to the weak vector potential and one
uses Â(0, 0) instead of Â(r, t).
The latter assumption, which corresponds to

e ik·r = 1 + ik · r +
1

2
(ik · r)2 + ... ' 1 , (6)

is reliable if k · r� 1, namely if the electromagnetic radiation has a
wavelength λ = 2π/|k| very large compared to the linear dimension R of
the atom. Indeed, the approximation is fully justified in atomic physics
where λ ' 10−7 m and R ' 10−10 m.



Quantum electrodynamics (I)

The total Hamiltonian of the matter-radiation system in the dipole
approximation is then given by

Ĥ = Ĥ0 + ĤD , (7)

where
Ĥ0 = Ĥmatt + Ĥrad (8)

is the unperturbed Hamiltonian, such that

Ĥmatt =
p̂2

2m
− e2

4πε0|r|
, (9)

is the matter Hamiltonian, while the radiation Hamiltonian reads

Ĥrad =
∑
k

∑
s

~ωk â
+
ks âks , (10)

where âks and âks are the annihilation and creation operators of the
photon in the state |ks〉.



Quantum electrodynamics (II)

The eigenstates of the unperturbed Hamiltonian Ĥ0 are of the form

|a〉| ... nks ... 〉 = |a〉 ⊗ | ... nks ... 〉 (11)

where |a〉 is the eigenstate of Ĥmatt with eigenvalue Ea and | ... nks ... 〉 it
the eigenstate of Ĥrad with eigenvalue

∑
ks ~ωknks , i.e.

Ĥ0|a〉| ... nkr ... 〉 =
(
Ĥmatt + Ĥrad

)
|a〉| ... nks ... 〉

=

(
Ea +

∑
ks

~ωknks

)
|a〉| ... nks ... 〉 . (12)


