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TULLIO LEVI-CIVITA

He was born on 29 March 1873 in Padova, via Daniele Manin, 7.

Later, until the end of 1918, he lived in via Altinate, 14.

Anche a Padova le leggi razziali colpirono Tullio Levi Civita e 

la sua famiglia. All’università il suo nome venne depennato 
dall’elenco dei professori emeriti. Nella sede del tribunale 
fu staccata (e mai più ricollocata) la lapide a ricordo del 

padre, Giacomo. 

Morta la madre nel 1927, dei familiari di Tullio rimaneva 

solo la sorella minore Ida (1875-1964) con il marito Enrico 

Senigaglia, avvocato: il loro unico figlio Renato, volontario 

nella Prima guerra mondiale, era morto nel 1920. Quando, 

alla fine di novembre del 1943, scattò per gli ebrei l’ordine 
di arresto e di confisca dei beni, Ida e il marito si salvarono 

nascondendosi a Bologna. In dicembre la casa di via 

Altinate 14 venne  sequestrata e svuotata del suo 

contenuto, benché i beni fossero in comune con la vedova 

di Tullio, non ebrea, che nelle carte della questura è 

definita «tale Libera Trevisani». Poco dopo l’intero palazzo 
fu distrutto dal bombardamento del 30 dicembre 1943.

La casa di via Altinate 14 (oggi 46). Della struttura 
originaria è rimasto solo l’arco d’entrata. 

via Daniele Manin, 7 via Altinate, 14
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His father should be remembered: Giacomo Levi-Civita,

1846-1922. ‘Garibaldino’ in Aspromonte at 16, with Garibaldi

again in 1866 in Trentino.

Memorable fact: Giacomo is a young lawyer, in 1880 he

definitively claimed for the city of Padova the Giotto frescoes

of the Scrovegni Chapel (at that time property of Gradenigo

family), which were about to be detached and sold to a british

museum.

He will be a beloved Mayor of Padova from 1904 to 1910,

Senator of the Kingdom of Italy from 1908.
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Tullio Levi-Civita attends the Liceo Tito Livio.

As professor of Mathematics: Paolo Gazzaniga, a very

effective teacher and skilled on Number Theory.

The young Tullio feels himself “ready” to demonstrate the

independence, or otherwise, of Euclid’s 5o Postulate from the

other 4!

Gazzaniga does not discourage him, he follows him as a tutor

and teacher, aware that the important ’disappointment’ will

become a growth for his pupil.

Gazzaniga will still be his professor at the University!
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High school graduation, July 1890: Tullio was one of the

very few students who opted for the writing of Mathematics!
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Tullio Levi-Civita studies Mathematics in Padova

Here, the great meeting of his scientific life, under the direction

of

Gregorio Ricci Curbastro

he graduated in Mathematics in 1894

Title of his thesis: “Sugli Invarianti Assoluti”
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Gregorio Ricci Curbastro

(Lugo di Romagna, 12 Jan 1853 - Bologna, 6 Aug 1925):
Student at the S. Normale di Pisa of Enrico Betti, Eugenio Beltrami, Ulisse Dini.
As soon as he graduated, he goes on a study trip to Munich (a kind of Post-doc!):
There, he meets Felix Klein, learns the new recent geometric theory on

CURVATURE
introduced by Bernhard Riemann, who was the great pupil of Carl Friedrich
Gauss.
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Here a list of the papers by Levi-Civita in the first two years,

1894-96, after his Math Graduation:

Tullio Levi-Civita, Sugli infiniti ed infinitesimi attuali quali elementi analitici, Atti del R.
Istituto Veneto, 1893.
Tullio Levi-Civita, Sugli invarianti assoluti [Dissertazione di laurea] Atti del R. Istituto Veneto,
1893-94.
Tullio Levi-Civita, Sui gruppi di operazioni funzionali, Rendiconti del R. Istituto lombardo di
scienze e lettere,1895.
Tullio Levi-Civita, Alcune osservazioni alla nota Sui gruppi di operazioni funzionali, Rendiconti
del R. Istituto lombardo di scienze e lettere,1895.
Tullio Levi-Civita, I gruppi di operazioni funzionali e l’inversione degli integrali definiti
(Rendiconti del R. Istituto lombardo di scienze e lettere, 1895.
Tullio Levi-Civita, Di una espressione analitica atta a rappresentare il numero dei numeri primi
compresi in un determinato intervallo (Atti della R. Accademia dei Lincei. Rendiconti della
Classe di scienze fisiche, matematiche e naturali, 1895.
Tullio Levi-Civita, Sull’inversione degli integrali definiti nel campo reale (Atti della R.
Accademia delle scienze di Torino, 1895-96.
Tullio Levi-Civita, Sulla distribuzione indotta in un cilindro indefinito da un sistema
simmetrico di masse, Atti della R. Accademia dei Lincei. Rendiconti della Classe di scienze
fisiche, matematiche e naturali, 1895.
Tullio Levi-Civita, Sugli integrali algebrici delle equazioni dinamiche (Atti della R. Accademia
delle scienze di Torino, 1895-96.
Tullio Levi-Civita, Sulle trasformazioni delle equazioni dinamiche (Annali di Mat. pura ed
applicata, 1896.
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In 1898, at age of 25, Levi-Civita became the holder of the chair

of Rational Mechanics in Padova.

The team Ricci & Levi-Civita is wonderful !

there is a flourishing of modern Differential Geometry, Tensor

Calculus, Theory of Invariants ... they called all this the

Absolute Differential Calculus

Covariante Derivative : it was introduced by Gregorio Ricci

Curbastro in 1888, later developed with Tullio Levi-Civita in

Riemannian metric theory, up to the definitive arrangement in

the important review article, a booklet of 76 pages, requested by

Felix Klein:

G. Ricci Curbastro, T. Levi-Civita : Methodes de calcul

differentiel absolu et leurs applications,

Mathematische Annalen 54 (1-2): 125-201, 1901.
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Ricci and Levi-Civita (following the ideas of Elwin Bruno

Christoffel) observed in fact that Christoffel’s symbols, which

they used to define curvature, could have provided a notion of

differentiation that generalized

the classical derivative of a vector field Y along the direction

of another vector field X,

• Classically:
d
dtY

α(x(t)) = ∂Y α

∂xβ
dxβ

dt = ∂Y α

∂xβ
Xβ︸ ︷︷ ︸,

dxβ(t)
dt = Xβ(x(t))
• Covariant Derivative:

(DXY )α =
(
D ∂

∂xβ
Y α
)
Xβ :=

∑
β

 ∂Y α

∂xβ︸ ︷︷ ︸
standard term

+ Γ α
βγ Y

γ︸ ︷︷ ︸
new term

Xβ

Γ α
βγ︸︷︷︸

Christoffel’s symbols of 20 kind

=
∑
ρ

1
2 (gρβ,γ + gγρ,β − gβγ,ρ)︸ ︷︷ ︸

[βγ,ρ]: Christoffel’s symbols of 10 kind

gρα

(here above, gαβ is the Riemann metric)
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This new derivative turned out to be covariant, in the sense

that it satisfied Riemann’s requirement that objects in

geometry must be independent of their description in a

particular coordinate system.
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But there was a problem.

That wonderful theory was received (very) coldly by the math

community :

Tullio Levi-Civita, from that year 1901, stopped researching

Differential Geometry,

and substantially, so did his master Gregorio Ricci Curbastro.

Tullio L-C came back to dealing with Differential Geometry

precisely with his mail correspondence with Einstein, in 1915,

arriving after at the general definition of Parallel Transport in

1916. (Sketched later)
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In those first 15 years of the new century Tullio studied and

published admirable researches in

• theory of stability,

• analytical mechanics

and mainly in

• celestial mechanics, the Newtonian Three-Body Problem.

He anticipates, in 1899, although restricted to the

finite-dimensional case only,

the well-known Theorem by Emmy Noether of 1918:

SYMMETRIES =⇒ FIRST INTEGRALS
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But 1915 is coming:

Albert Einstein, Berlin
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General Relativity , before Levi-Civita:
Einstein A., 1912, Zur Theorie des statischen Gravitationsfeldes Annalen der Physik, 38
(1912), pp. 443–458 (Reprinted as Vol. 4, Doc. 4 CPAE)

Einstein A., 1913, Zum gegenwrtigen Stande des Gravitationsproblems Physikalische
Zeitschrift, 14 (1913), pp. 124–1266 (Reprinted as Vol. 4, Doc. 17 CPAE)

Einstein, A., & Grossmann, M. (1913). Entwurf einer verallgemeinerten Relativittstheorie
und einer Theorie der Gravitation. Leipzig: Teubner (Reprinted in CPAE, Vol. 4, Doc. 13).

Einstein A., 1914, Die formale Grundlage der allgemeinen Relativittstheorie. Sitzungsberichte

der Koniglich Preussischen Akademie der Wissenschaften (pp. 79–801) (Reprinted as Vol. 6,

Document 9 CPAE).

Entwurf : draft, sketch
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Another character:

Max Abraham, Politecnico di Milano
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Max Abraham, Polytechnic University of Milano, is a

’classical physicist’,

he had been a strong supporter of the existence of the ether

and that the electron was a perfectly rigid sphere with a charge

uniformly distributed on its surface.

At the beginning of 1915, in a meeting with Tullio Levi-Civita,

old friend of him, Max invites Tullio to read and then to

‘criticize’ the Entwurf.
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But for Tullio Levi-Civita is instead a shock:

He is now reading the theory of his teacher Ricci Curbastro and

himself,

that theory ‘becomes physics’ !

Tullio immediately writes to Einstein (we are in March):

“It’s a beautiful theory, but there is a mistake!”

Einstein denies, the correspondence is very dense.

At the end, Einstein admits (it’s May 5), and thanks Tullio,

but the correspondence broke off dramatically:

On May 7 Italy left the ‘Triple Alliance’

and on May 24 it declared war on Austria.

But now, the gravitational equations are finally correct !
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Relatività Generale, After Levi-Civita:

Einstein A., 1916a, Die Grundlage der allgemeinen Relativittstheorie Annalen der Physik, 49
(7) (1916), pp. 769–822 (Reprinted as Vol. 6, Doc. 30 CPAE)

Einstein A., 1916b, Uber Friedrich Kottlers Abhandlung ber Einsteins quivalenzhypothese und

die Gravitation Annalen der Physik, 356 (22) (1916), pp. 639–642 (Reprinted as Vol. 6, Doc.

40 CPAE)

Einstein warmly expresses his gratitude to Levi Civita !

Einstein, to the question “what does he love about Italy?”

will always answer: “spaghetti and Levi-Civita”.
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Equations of General Relativity:

Aαβ︸︷︷︸
“Levi-Civita” curvature tensor

= 8πγ
c4 U

αβ︸︷︷︸
matter

(Aαβ = Aαβ(gρσ , gρσ,γ , gρσ,γδ))

December 1916: Tullio Levi-Civita introduces the

Parallel Transport Theory
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Francesco Severi,

a master of italian algebraic geometry
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There was a friendship between Francesco Severi and Tullio

Levi Civita.

But Severi changed sides, became a fascist, attended scientific

conferences in a black shirt and orbace.

Severi suggested to Minister Gentile to oblige

university professors to take an oath of allegiance to

the regime, 1931
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The fascist racial laws against Jews arrived in 1938.

By explicit intervention of Francesco Severi,

it was forbidden to Castelnuovo, Enriques e Levi-Civita, the

day after the promulgation of the racial laws, to enter the

library of the Mathematical Institute of Rome.

from: Giorgio Israel e Pietro Nastasi, Scienza e razza nell’Italia fascista (Bologna, Il Mulino,

1998), see p. 258

In the next slide, the letter of dismissal of Levi-Civita.
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46 Capitolo 2. Cenni sulla vita e le opere degli autori U. Amaldi - U.I. Amaldi

Infine un episodio che mi è rimasto impresso. Una decina di anni dopo la sua
scomparsa viaggiavo in treno e rileggevo un rapporto che portava il mio nome.
Un signore ben vestito di cui non ricordo il volto mi interruppe chiedendo “Lei
conosce Ugo Amaldi?”. Alla risposta “Sono io” seguirono le spiegazioni del caso e
cos̀ı venni a sapere che l’Ingegnere aveva avuto come insegnante il Nonno per un
solo corso e ne era stato tanto colpito da aver dato, molti anni dopo, il nome Ugo
al primo figlio.

E qual era il suo atteggiamento verso l’insegnamento? A me basta ricordare
che una volta, oramai in pensione, mi disse: “Quando ero ancora all’Università e
mi svegliavo la mattina, ricordando che dovevo fare lezione, ero più felice.”

4 Lettera di “licenziamento” di Tullio Levi-Civita
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Levi-Civita dies in 1941 December 29 in Roma.
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November 21, 2016:

The Department of Mathematics was

intitolated to Tullio Levi-Civita
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Now, some ideas about
the

Parallel Transport
Theory
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In an Euclidean 2-space E, a plane, take a point A and an

applied vector V attached to A.

Naturally, we describe the straight line:

A+ RV ! "
#

$

% &%

Now, take another point B:

! "
#

$

% &%
, by the 5o Postulate

we can consider the unique straight line through B which is

parallel to the above straight line A+ RV

! "
#

$

% &%
! "

#

$

% &%

We speak of equivalent (equipollenti) vectors and we can

write this parallel straight line through B, simply by: B + RV
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Look: we are really using the same symbol V for two

equivalent vectors, but rigorously they are different, because

attached to different points !

We will say: the vector V, attached to B, is the parallelly

transported of the vector V, attached to A:

(A,V) ∈ TAE︸︷︷︸
tangent space at A

 (B,V) ∈ TBE︸ ︷︷ ︸
tangent space at B

! "
#

$

% &%
! "

#

$

% &%
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The above discussion could seem a little trivial,

but all becomes cumbersome and intriguing

when we try to extend these arguments

from the Euclidean 2-plane, or Euclidean 3-space, to a generic,

fully non linear, 2-surface Σ !
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Let consider a 2-surface Σ ⊂ R3 by parametric equation:

R2 ⊃ U 3 (u1, u2) 7−→ OP (u1, u2) ∈ R3, rank dOP
∣∣
U

= max(= 2) ,

the triple of vectors:∂OP
∂u1 ,

∂OP

∂u2 , n :=
∂OP
∂u1 × ∂OP

∂u2∥∥∥∂OP∂u1 × ∂OP
∂u2

∥∥∥


is linearly independent in R3,

the pair
(
∂OP
∂u1 ,

∂OP
∂u2

)
is a basis of the tangent space TOPΣ
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Main Problem:

Given

(i) a curve over Σ, ` : [0, 1] 3 λ→ `(λ) = uα(λ)|α=1,2 ∈ Σ,

and

(ii) a vector V0 ∈ T`(0)Σ,

what is the ‘reasonable’ curve of vectors

˜̀ : [0, 1] 3 λ→ ˜̀(λ) = (`(λ), V (λ)) ∈ TΣ V (0) = V0

parallelly transporting V0 along `?
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A first ‘naive’ trial (rem: we want V · n ≡ 0, that is, V ∈ TΣ )

V (λ) : V (λ) = V0 −
(
V0 · n(λ)

)
n(λ), (0.1)

(
n(λ) means n(`(λ))

)
in other words, we are transporting V0

along the curve ` by using the ‘Euclidean’ structure of R3,

removing, point after point, the normal component of V0.

The derivative with respect to λ is

V̇ = −(V0 · ṅ)n− (V0 · n)ṅ

Since n · ṅ ≡ 0, by multiplying (0.1) by ṅ, we have

V · ṅ = V0 · ṅ, so that

V̇ = −(V · ṅ)n− (V0 · n)ṅ (0.2)
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V̇ = −(V · ṅ)n− (V0 · n)ṅ
Drawbacks:

i) we are using heavily the Euclidean environment R3 in which

Σ is embedded,

ii) the term −(V0 · n)ṅ is definitely non local.

The solution proposal by Levi-Civita will be exactly that of

neglecting

that last term −(V0 · n)ṅ, that is, just considering

V̇ = −(V · ṅ)n or : 0 = V̇ · ∂OP
∂uβ

(0.3)

Multiplying by n each member:

V̇ · n+ V · ṅ = d

dλ
(V · n) = 0

we restore again the main expected features :

V · n ≡ 0 since V (0) · n(0) = 0
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Now we restart, by arriving to give an intrinsic formulation of

the parallel transport, just using geometric objects related to Σ,

forgetting R3, involving purely the Riemannian metric on Σ,

even though it is inherited from the Euclidean metric by

pull-back:

gαβ := ∂OP

∂uα
· ∂OP
∂uβ

, (0.4)

V = vα
∂OP

∂uα
, V · ∂OP

∂uβ
= vα

∂OP

∂uα
· ∂OP
∂uβ

= vαgαβ = vβ

On the basis of (0.3), i.e.:

V̇ = −(V · ṅ)n

avoiding any links to the environment R3 of Σ, following Levi

Civita1:

V (λ) : 0 = V̇ · ∂OP
∂uβ

, β = 1, 2. (0.5)

1Tullio Levi-Civita: Nozione di parallelismo in una varietà qualunque,

Rend. Circ. Mat. Palermo 42 (1917), 173-205.
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V (λ) : 0 = V̇ · ∂OP
∂uβ

, β = 1, 2.

Rewriting the latter one ‘by parts’,

0 = d

dλ

(
V · ∂OP

∂uβ

)
− V · d

dλ

∂OP

∂uβ
,

recalling the representation V = vα ∂OP∂uα and vβ = V · ∂OP
∂uβ

,

0 = dvβ
dλ
− vα ∂OP

∂uα
· ∂

2OP

∂uγ∂uβ︸ ︷︷ ︸
??

d`γ

dλ
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This last term ∂OP
∂uα ·

∂2OP
∂uγ∂uβ

is fully intrinsic, it forgets the

embedding of Σ in R3 !

Indeed, from (0.4) gαβ = ∂OP
∂uα ·

∂OP
∂uβ

, and writing : gαβ,γ = ∂gαβ
∂uγ ,

gαβ,γ = ∂2OP

∂uγ∂uα
· ∂OP
∂uβ

+ ∂OP

∂uα
· ∂

2OP

∂uγ∂uβ

gβγ,α = ∂2OP

∂uα∂uβ
· ∂OP
∂uγ

+ ∂OP

∂uβ
· ∂

2OP

∂uα∂uγ

gγα,β = ∂2OP

∂uβ∂uγ
· ∂OP
∂uα

+ ∂OP

∂uγ
· ∂

2OP

∂uβ∂uα

finally,

∂OP

∂uα
· ∂

2OP

∂uγ∂uβ︸ ︷︷ ︸
!!

= 1
2 (gαβ,γ + gγα,β − gβγ,α) =: [γβ, α]
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∂OP

∂uα
· ∂

2OP

∂uγ∂uβ
= 1

2 (gαβ,γ + gγα,β − gβγ,α) =: [γβ, α]

The three-index objects [γβ, α] are precisely the

symbols of Christoffel of first kind !

We have seen, at the end, the condition 0 = V̇ · ∂OP
∂uβ

becomes

0 = dvβ
dλ
− vα[γβ, α] d`

γ

dλ
or : Dvβ

Dλ
= 0 (0.6)

which is exactly the vanishing condition for the

Covariant Derivative 2

of the searched vector v along the assigned curve `.
2A notion in advance introduced by Gregorio Ricci Curbastro e Tullio

Levi-Civita at the end of the XIX century.
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Self-parallel curves

Our last problem now is a little different:

we would like to characterize the curves λ 7→ `α(λ) on Σ such

that their tangent vectors are parallel transported second the

above recipe.

0 = dvβ
dλ
− vα[γβ, α] d`

γ

dλ︸ ︷︷ ︸
∗

, where : vβ = d`β

dλ
(0.7)

by introducing the symbols of Christoffel of second kind:

Γ σ
γβ := 1

2g
σα (gαβ,γ + gγα,β − gβγ,α) = gσα[γβ, α]

d2`σ

dλ2 + Γ σ
βγ(`)d`

β

dλ

d`γ

dλ
= 0︸ ︷︷ ︸

∗∗

(geodesic equation) (0.8)
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It is a nice exercise to discover the above equation are the

Euler-Lagrange equation related to a Variational Problem:

Look for the stationary curves of the energy functional

between two fixed points x0 and x1 on a smooth manifold and

without active forces:

E : Vx0,x1
0,T −→ R (0.9)

x(·) 7−→
∫ T

0

1
2 gαβ(x(λ))dx

α

dλ
(λ)dx

β

dλ
(λ)︸ ︷︷ ︸

L(x,ẋ) = 1
2 gαβ(x)ẋαẋβ = Kinetic Energy, for m= 1

dλ

A popular fact:

if a curve x(t) stationarizes the energy functional,

then it stationarizes the length functional:

L : Vx0,x1
0,T −→ R (0.10)

x(·) 7−→
∫ T

0

√
gαβ(x(λ))dx

α

dλ
(λ)dx

β

dλ
(λ)︸ ︷︷ ︸

Euclidean Norm of the ‘Velocity’

dλ
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Compute d
dλ

∂L
∂ẋα −

∂L
∂xα = 0, for L = 1

2 gαβ(x)ẋαẋβ,

d

dλ

(
gαβ(x)dx

β

dλ

)
− 1

2
∂gβγ
∂xα

(x)dx
β

dλ

dxγ

dλ
= 0,

∂gαβ
∂xγ

dxβ

dλ

dxγ

dλ︸ ︷︷ ︸
?

+gαβ
d2xβ

dλ2 −
1
2
∂gβγ
∂xα

dxβ

dλ

dxγ

dλ
= 0,

gαβ
d2xβ

dλ2 +1
2
∂gαβ
∂xγ

dxβ

dλ

dxγ

dλ
+ 1

2
∂gγα
∂xβ

dxβ

dλ

dxγ

dλ︸ ︷︷ ︸
?

−1
2
∂gβγ
∂xα

dxβ

dλ

dxγ

dλ
= 0,

d2xσ

dλ2 + 1
2g

σα
(
∂gαβ
∂xγ

+ ∂gγα
∂xβ

− ∂gβγ
∂xα

)
dxβ

dλ

dxγ

dλ
= 0,

(rem: gαβ := (g−1)αβ , gσαgαβ = δσβ )

d2xσ

dλ2 + Γ σ
βγ(x)dx

β

dλ

dxγ

dλ
= 0 (geodesic equation!)
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