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Figure 1:  (TOP) A plot of several trajectories for the case with no nonlinear dependence.  The trajectories start with P0 = π/4, 
3/4, π/6, ½, ¼, π/15, 1/5.  Notice the fixed period-N orbits. (BOTTOM)  A plot of many quasiperiodic orbits 

If K is slightly perturbed from 0, we can see that the basic structure is maintained.  It seems that 
the orbits still traverse horizontally and densely fill the torus.  For small K, (1) can be 
approximated well by derivative, and thus the dynamics are still integrable and most of the 
invariant tori remain for sufficiently small K. 



 

Figure 2:  A plot of many trajectories for K=0.2 and K=0.4.  Notice the nonlinear resonances begin to form and grow with K. 

Nonlinear Resonance 

We notice that not all of the orbits are part of invariant tori.  In fact, we actually some ellipses 
encircling the period-1 fixed point at (0.5, 0).  I will refer to such circles as “islands”.  These 
circles don’t rotate the torus and are bounded by a separatrix curve that segregates the 
different types of orbits. 

We can see that Figure 2 closely resembles the phase space of a pendulum.  For small K the size 
of the island increases with K.  Also, for increasing K, the island seams to disfigure into an 
almost increasingly sinusoidal stretching, if it can be called that.   



 

Figure 6: We can see that much of the invariant tori in the top image have been destroyed in the bottom.  In fact, there are 
almost no invariant tori left in the bottom figure. 

KAM Theory 

The Kolmogorov-Arnold-Moser theorem declares that if the Hamiltonian of a system is 
nonintegrable, then the only orbits that are not destroyed are orbits with irrational winding 
numbers that are quasiperiodic.  In the 2-D mapping of the Poincaré plane, these trajectories 
show up as continuous orbits around fixed points.  The quasiperiodicity of the trajectories tells 
that the mapping will never land on the same point the 2D  Poincaré plane.  This results in a 
smooth curve (if sufficient quantities of iterations are computed).  These orbits are called 
invariant (KAM) tori. 


