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* SVM is a powerful algorithm, but still limited to linear models...
e ... and linear models cannot always be used (directly!)

Example (recall VC-dim of threshold is 1!)

- —- 6—0—9o - — —
|dea: 0

* Apply a nonlinear transformation to each point in the training set
* Learn a linear predictor in the transformed space

* Make a prediction for a new instance

A \ Z = Xz ;}
Z /

Example (continued) LS x
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2 features x,y : new feature z The separating
find separating z=x*+7y? hyperplane
hyperplane ? Now data is corresponds to a circle
linearly separable! In the original space !
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Define a non-linear mapping Y from the input space to a new
(typically larger) space

1. Given a domain set X and a learning task, find a mapping to a new
feature space F Y : X - F
Fis usually R™ for some n but can be an arbitrary Hilbert
space (even of infinite size)
2. Given a sequence of labeled examples S = ((x1, V1), -, (X, Vin))
map themto § = (((x1),y1), ., W (Xm), Ym))
Train a linear predictor h over S
4. Predict the label of x as h(y¥(x))

w
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A good idea but.... there's a problem
M The learning over the new highly dimensional space makes halfspaces more
expressive
[X] On the other side the computational complexity can become huge
» typically the new space has a much larger dimensionality

The solution: Kernel-based learning

* Kernel:inner product in the feature space

* Kernel function K(x, x") =< ¢Y(x),Y(x") >

* K() represent similarity of the samples in a space where the similarities are
realized as inner products

* Key Result: machine learning algorithms for halfspaces can be carried out just on
the basis of the values of the kernel function without explicitly representing the
points in the feature space

* Sometimes we can compute K (x, x") (faster) without computing ¥ (x) and Y (x")
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Consider x € R¢

Example with 2nd
degree polynomial

The dimension of ¥/(x) is 1 + d + d°.

g
((X), v —1+Zx,x —l—ZZX,XJXX @(dZ)
=1 =1
Note that
d d d
Z'Zx,xjxx = (ZX, ) ijxf = ((X.x’>)2
=i = | |
therefore

Ky (x.x') = ((x), (x)) = 1+ (x,x') + ({(x,x))? 0(d)
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Ku(x,x') = (@ (x), (X)) = 1+ (x. x') + ({x,x))’

Computing ¢(x) requires © (d?) time; computing K, (x.x") from
the last formula requires © (d) time

When K, (x,x") is efficiently computable, we don't need to
explicitly compute 1(x)
— kernel trick




= DIPARTIMENTO

— Kernel Trick: Apply to SVM

—  DELLINFORMAZIONE

SVM: the minimizationin feature space can be rewritten as

rrvlvin(f(< w, P (xq) >, ..., <w,P(xp,) >) + R(Iwl))

Where f: R™ — Ris a generic function and R: R, — R is a monotonic not
decreasing function

Hard-SVM: (W, by) = argming, ) |lw/|?
subject to Vi: y;(<w,x; > +b) =1

HARD-SVM (non-homogeneous): use

R(a) = a?
0 lf Hb:yi(ai + b) >1Vi
Aq, ey Q) = ,
fla m) {oo otherwise
SOFT-SVM (homogeneous): use » L |sofesvm: min (AIIWIIZ 4 [hinge (W))
R(a) = Aa -

1
flaq,...,a,) = EE max{0,1 — y;a;}
i
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SVM: the minimization in feature space can be rewritten as

min(f (< w, Y(x1) >, .., < W, P () >) + R(UIWID)
Representer Theorem:

Assume that Y is a mapping from X to a Hilbert space.
Then, there exist a vector &« € R™ such thatw =}, a; 9 (x;) is an optimal

solution of mui’n(f(< w,(xq) >, ..., < w,P(x,,) >) + R(||w||))

Consequence:

We can optimize the problem w.r.t. the coefficients «; getting a problem that
dependsonlyon K(x, x") =<y (x),(x") > without explicitly
computing Y(x) ory(x’)

(recall "dual” SVM problem)
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ﬁepresenter Theorem:

O Assume that Y is a mapping from X to a Hilbert space.

0 Then, there exist a vector &« € R™ such thatw =} | a; Y (x;) is an optimal
solution of mui’n(f(< w,p(xq) >, ..., <w,YP(x,,) >) + R(IIwII)) (*)

1. Let w”* be an optimal solution of (*): recall that w* belongs to an Hilbert space

2. We can decompose w* in the part into the linear span of ¥ (x;) and what’s
outside, i.e.: w* =3 o (x;) + u with (w, P (x;)) = 0 (**)

. Setw =w' —u:|[w|® = [lwll® + [[ull® - [Iwl]l < [lw*]l

2. Since Ris not decreasing R(|lw||) < R(llw*|])

5. Viiy;(w,p(x;)) = yi{iw* —u, ¥(x;)) = y;(w*, Y (x;)) (using **)

6.  fi1w,Y(x1)), o, YW, 0 (X)) = f W™, Y (x)), oo, YW, 0 (26,)))

7. From 4. + 6. : the objective of (*) at wis < than the objective at w*: wis also an
optimal solution and since w = 2", ;1 (x;) we conclude the proof
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Note that: (recall from Representer Theoremw = Y% ;1 (x;))
(w,(x;)) = (Zj ajlp(xj),lp(xi)) = Zj aj(lp(xj)»llf(xi)> = Zj a;K(xj, x;)
lw||? = (Zj aﬂ/}(xj) Zj aﬂ/)(xj)) = Zi,j ai“j<l/)(xi)»l/)(xj)> = Zi,j aiajK(xirxj)

Rewrite objective function min(f(< w(xq) >, ..., <w,P(x,,) >) + R(IIwII)) as
w

ma}n f(z a;iK(xj,x1), ,Z ajK(x-,xm)> + R (\/Z aiajK(xilxj)>

J J L,j

Notice: only kernel function K{() is used without explicit constructing feature space

For the SOFT-SVM: using Gram matrix G : G; j = K(x;, X;)

m
1
min (AaTGa -+ EZ max{0,1 — y; (Ga)i})
a
i=1
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n: dimensionality of input space

K(x' x,) — (1 + <X; x’))K K: degree of polynomial
O Itis a Kernel function, i.e., K(x,x") = (Y(x), Y (x"))

Demonstration (define xy = xo = 1):

K, x)=0+&xxNDeE=>04+(x,x)).. 1+ {(x,x') =

(Zn:xjx;)...(ixjx;): zn: ﬁx,-ix;; Zn: )lklxji!klx;i

‘ j=0 Jj=0 J€{0,1,..n}k i=1 Je{0,1,..n}k i=

K-tilnes

By defining 1: R® = RV sych that for each J € {0,1, ..., n}* there is an
element of 1 that equals ]_[i-‘=1 Xj,, We obtain K(x,x") = (Y (x),p(x"))

J€{0,1,...,n}¢ : select k elements from the 0,..,n set
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K(x,x') =1+ (x,x')¥

It is a Kernel function, i.e., K(x,x") = (Y(x), Y (x"))

P R® —» RM*+DK contains all the monomials up to degree k
Halfspace over 1 corresponds to a polynomial predictor of order k
in the original space

Complexity of computation is O(n) while the dimension of feature
space is O(nk)

O OO0
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Gaussian Kernel

— wneewoe  (Radial Basis Function, RBF) (1)

Recall:

=T *
Kx,x')=e 202

A Itis a Kernel function, i.e., K(x,x") = (Y (x), ¥ (x"))

Demonstration (on 1D case x € R):
x2

Consider the mapping Y (x), = \%_'e_Tx"

n

W@ =Y (e ) (e ey
Y(x),Yx')) = Z —e 2Xx —e 2x"|=
4 Vn! Vn!
_x%+x'? . (xx")n _x%4x'? _x2%+x'2-2xx’ _||9€—9C'||2
— e 2 Z ' — 2 e =e 2 = 7
n.:

n=0
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JE=all
K(x,x'))=e 20

It is a Kernel function, i.e., K(x, x") = (Y (x), Y (x"))

The feature space is of infinite dimension

» but computing the Kernel is simple and fast !

Product is close to 0 if instances are far and close to 1 if they are
close

Parameter o controls what we mean by “close”

We can learn any polynomial predictor in the original space by
using a Gaussian kernel

VC-dimension is infinite (sample complexity depends on the
margin in the feature space)

U 00 O OO
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X2 X, o %o X o %O X
o O X 0O X 0 5% XX 0 0° |%X
o [ X o [ 00| XX PO |xX
000 [o) X 00O lo) X
(o] X o X X X
e-.\x (@) -3¢ Ooolo o000
° o X ©o X 2of° il -
X X X % | X4 X1
X X lowe (large A) largee (small A)
O cq X o X o
Xl Xl OOOOOX)(X OOOOO XX
low ¢ (large A) large c (small A) oo Oo Xx;: oo 00 ><>><<
(o] (o]
- 8. X% o, %% x
Training Set © ofx X © oxX
(o] O
| xl I X
lowe (large A) largee (small A)

Examples on 2 different test sets

min ()\HWH2 + Lginge(w))

The parameter A controls the trade-off between a solution with a large
margin that makes some errors or one with a lower margin but with less
errors

(the parameter C in sklearn, libsvm and other ML tools has the same role but weights the loss term, i.e., works in the opposite direction)

images from stackexchange
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['Decision Boundary:', 'linear’] ['Decision Boundary:', ‘poly’] ['Decision Boundary:', 'rbf']

o ©®
o ® -
Linear 2nd polynomial  3rd polynomial
o/ 8/

variable 2

variable 2
variable 2

| basis

// .\\
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7
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5| oo o:af; ° &
= P =

g [C-X4 \ g ) .
i ® ¢ i images from towardsdatascience
o. /

and R-Bloggers
variable 1 variable 1
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SVC with linear kernel

SVC with rbf kernel
|
5k 5|
7 }
o 2 :
a4l
o o °
3 =
2 'z
g oo —g_ 3l
o o o &
o
2EF
1f
8 4 5 6 7 8

Sepal length Sepal length

From: https://www.analyticsvidhya.com/blog/2017/09/understaing-support-vector-machine-example-code/



https://www.analyticsvidhya.com/blog/2017/09/understaing-support-vector-machine-example-code/
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gamma=0 (0 — ) gamma=10 (0 = 0.1) gamma=100 (o = 0.01)

SVC with rbf kernel SVC with rbf kernel SVC with rbf kernel

Sepal width

Sepal length Sepal length Sepal length

[ The standard deviation 0 of the Gaussian/RBF kernel controls the concept or "close"
and "far" in the kernel function

(It corresponds to the trade-off between precisely fit the training set (with risk of
overfitting) or finding a less accurate but more general solution
d The gamma parameter of sklearn correspond to the inverse of O

Images from: https://www.analyticsvidhya.com/blog/2017/09/understaing-support-vector-machine-example-code/
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gamma=10~"-1, C=10"-2 gamma=10"0, C=10"-2 gamma=10"1, C=10"-2
9 | |
° ®
_® o
° e
N r ( N
“od of
2] @
gamma=10"0, C=10"0 gamma=10"1, C=10"0

gamma=10"0, C=10"2

images from sklearn documentation
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Assume we have the dataset in the table (x; € R“) and by solving the SVM for classification we
get the corresponding a coefficients (recall that w = }; a;x; while in the dual optimization
W =2, yiX;):

2 I O N
0

1 [02-14] -1 0

2 [2117] 1 0

3 [0.9 1] 1 05 0.5
4  [1-31] 1 0 0
5 [-0.2 -1] 1 -0.25 0.25
6 [0213] 1 0 0
7 [2.0 -1] 1 -0.25 0.25
8 [0521] 1 0 0

Answer to the following:

(A) Which are the support vectors?

(B) Draw a schematic picture reporting the data points (approximately) and the optimal
separating hyperplane, and mark the support vectors.

(C) Would it be possible, by moving only two data points, to obtain the SAME separating
hyperplane with only 2 support vectors? Draw the modified configuration (approximately)
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Multi-class Classification

* Classify each class vs the union of all
the others

* For each sample select the class with
highest classification score, i.e.
argmax < w;, x >

* Requires 1n,;,s50s COMparisons

Visualizing One-vs-all
A @
PS e From the full dataset, construct three
o X “ binary classifiers, one for each class
S X green
=] o Vs
{red,blue}
J (o}
L) o] o &)
[ Bl ) (o g o] o) K
o 000 o ©99° 950 \ese
O \o\ L
5% 00 e® oo o -
o © blue e o 0. 00
Vs red
w, x >0
u:.;:';lue {red,green} WX >0 Vs W, .., x>0
Inputs for red {green,blue fox Germen
inputs ¥ Inputs

One-vs-One (OVO)
o3
o AD /
Ta e Ll
A/

o A
OO/AA
Fay
N
O

Classify each class vs each other class
For each sample select the class that has
"won" the largest number of
classifications

Neiasses Melasses—1)
2

Requires comparisons

Used by sklearn
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Notebook released on

16/11

Lab 2 on 23/11
IDelivervy on /17

/e Qe g
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DELLINFORMAZIONE
a Classify ancient cursive Japanese ( Kuzushiji Jwriting

a Use Support Vector Machines (SVM)
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The KMNIST Dataset

Hiragana

Unicode

Samples

Sample Images

& (0)

U+304A

/000

& (ki)

U+304D

/7000

9 (su)

U+3059

/7000

2 (tsu)

U+3064

/7000

74 (na)

U+306A

7000

I A N E

Hiragang

Unicode

Samples

Sample Images

I& (ha)

U+306F

/7000

% (ma)

U+307E

7000

* (ya)

U+3084

/7000

1 (re)

U+308C

/7000

Z (wo)

U+3092

7000

10 classes corresponding to 10 different characters
70’000 samples (7’000 for each class)
Divided into 60’000 for training and 10’000 for testing

Recent deep learning schemes can reach an accuracy of 99%

Expect an accuracy around 80% for a «baseline» SVM classification
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LAB2: Classification of
Kuzushiji characters with SVM

T T e LR e L Th B
eIt L TRAE s LIAL LT EERLE N8
St SIS UGB RIN e
] TR L) e g e e T
nLpL % 4:1%% éﬁé;%?léﬂ &Mtzﬂuu?
Z| ¥ %ﬁi%*(“r”k kA28 %Y'K%%‘i&f‘(%’%‘i“ﬁxir KA X"

U U U

U U 0 U

Classify images of characters
Use Support Vector Machines (SVM)

Dataset of small pictures of characters: multi-class °
classification problem

Use Support Vector Machines

Try different Kernels

Estimate parameters with cross validation
Visualize the results with confusion matrices




