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= DPARTIVENTO Linear Predictors
= DI INGEGNERIA

—  DELLINFORMAZIONE

The design of a ML strategy requires 2 main steps:
* Select a hypothesis class

e Select an algorithm to find the predictor

Hypotheses Classes
» Halfspaces (classification)
e Linear Regression (regression)

* Logistic Regression (classification modeled as a regression problem)

Algorithms

* Perceptron (for halfspaces)
e Least Squares (for regression)



= DPRTMENTO Affine Function Model

—  DELLINFORMAZIONE

Class of Affine Functions:
Lg = {hwpw € R b € R}

d
hyp = (W,x) + b = (2 wix; ) +b
i=1

Each member of L, is a function x - (w,x) + b, w € R%, b € R
* Itis alinear function followed by a sum

 Two parameters: b (scalar, called bias) and w (vector)

* Dimensionality of parameters space: d+1

B

Hypothesis class: o L; ¢p:R—-> Y
* Binary classification Y = {—1,1} - ¢(2) = sign(z)
* RegressionY =R - ¢p(z) =z

where
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The bias is proportional to the offset of the line from the origin
 The weights determine the slope of the line

 The weight vector is perpendicular to the line



® Homogeneous

= DIPARTIMENTO
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~ DELLINFORMAZIONE Linear Functions

Homogeneous coordinates:

* |dea: incorporateb into w as an extra dimension/coordinate

« Add an extradimensiontow: w - w' = (b,w;,w,, ..., wy)

« Add an extra element to each vectorx: x — x'=(1,x1,x5, ..., X3)

Homogeneous linear function:

Rewrite affine functions: Ly = {h,, ,,w € R%, b € R} using homogeneous coord.
d
hwp =W, x)+b = wix; |+b=b+wix;+ - +wyxy
i=1
d+1

<w, x' >= wix's |=b*1+wix;+ -+ wgxy
i=1
e (w,x)+ b =<w, x" >, rewrite affine function as a linear model

e Getrid of bias (incorporated in the weights vector)
* The affine function becomes a linear function !



= il Halfspaces Hypotheses Class

—  DELLINFORMAZIONE

Halfspace hypothesis class [ X _» _Z> Y ]

Q Input: X = R? (for each sample a vector of features)

= Using homogeneous coordinates: x — x'= (1,x4,x5,...,x5) € R¢*1
O Output: Y = {—1,1} (binary classification)
 Loss: 0-1 loss

Halfspace Model:
HS,; =signo Ly = {x - sign({(w,x)+b)}, we€ R% b € R

Using homogeneous coordinates:
HS; = {x - sign((w’,x"))}, w' € R%*1



g S Linear Classification:

= DI INGEGNERIA

— ELLINORMATONE Halfspaces Hypotheses Class

X =04 ¥=1-11} 01 loss

Hypothesis class = halfspaces

HSq = signo Ly = {x — sign(hw.b(X)) : hwb € La}  (2)

Example: X = R?




= DIPARTIMENTO
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—  DELLINFORMAZIONE

X = R? (d=2) X = R3 (d=3)

(2D space divided by a line) (3D space divided by a plane)

v

Y Halfspace >0
WwVy




g — Realizability:

= DI INGEGNERIA

—— DELLINFORMAZIONE Linea rly Separa ble

Linearly Separable Not Linearly Separable



g S Linear Programming

= DI INGEGNERIA

—  DELLINFORMAZIONE ( n Ot pa rt Of th € cou rse)

Linear Program (LP): maximize a linear function subject to linear
inequalities

Target: find max < u,w >  subjectto AwW = v
weR4

w € R? : vector of unknowns, u € R4, A € R™¥% p ¢ R™

0 Empirical Risk Minimization (ERM) for halfspaces in the realizable
case can be expressed as a linear program (LP)
o The ERM predictoris Lg(hy) = 0 — sign({w,x;)) = y; Vi = y;{w,x;) > 0 Vi
o Need some math to adapt “>” to “>"

0 All solutions satisfying constraints are ok for us (—see SVM later...)

0 There exist efficient | P solvers (e.o.. simnlex alesorithm)



® Find ERM Halfspace:

= DIPARTIMENTO
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— DELLINFORMAZIONE Perceptron

a lterative algorithm (introduce by Rosenblatt in 1958)
Target: find separating hyperplane

U

Q Find vector w representing separating hyperplane (in homogeneous
coordinates)

Q At each step focus on a misclassified sample and guide the algorithm
to be "more correct” on it

2 In the realizable case always converge to a (ERM) solution correctly
classifying all points

2 Simple and fast in most cases (but there exists critical situations)



® e Find ERM Halfspace:

= DI INGEGNERIA

— DELLINFORMAZIONE Perceptron

Input: training set (x1.y1),.... o - ERM.predictor: Lg(hy) = 0
initialize w'') = (0. .. .. 0):; - sign((w, x;)) = y; Vi
fort=1.2.... do - yi(w,x;) >0 Vi

if 3i s.t. y;(wl), x;) <0 then witt1) « wlt) 4 yx;:
else return w'):

Interpretation of update: At each iteration find a

misclassified sample and add
Note that: the sample multiplied by its label

(t+1)

yiw ™ ox) = yi(wl + yixi, x;)

= Yi<W(t)- Xi) -+ HXfHQ

— update guides w to be “mor
correct” on (X;, y;i).

lx;[|* > 0 and target is y,-(w(t),xl-) > 0 : from
step t to t+1 "more correct"” on i-th sample
Termination? Depends on the realizability assumption!




® Perceptron on Linearly
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Halfspaces: realizability assumption corresponds to linearly
separable data

Theorem:

e (x1,¥1), -, (X;m, Yim) is linearly separable
e B =min{|lw|:y;{w,x;) =1 Vi=1,..,m}
* R = max||x;l|

* The perceptron algorithm stops after at most (RB)? iterations

* When it stops, it holds that Vi € {1,..,m}: yi(w(t),x,-) >0

* Notice: by design the algorithm stops when there are no more
wrongly classified samples



= DIPARTIMENTO

= R Theorem: proof

—  DELLINFORMAZIONE

=~

Define:

o W~ :vector achieving the min in definition of B
o T :number of iterations before stopping

. (w*wT+1) s .
2. Consider: W [[wa D] —> it is smaller than 1 (cosine of angle)

3.  We need to demonstrate that:
\/T T w, wT+1)
( T+1> <1=T < (RB)?*
RB \/_RB lw|[[[w(T+1]]
4. Proceed in 2 parts:

a) Numerator: demonstrate that (w*, w(T*1) >T
b)




® .
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—  DELLINFORMAZIONE ( N ume rato r)

) Numerator: demonstrate that (w*, w(T*1) >T

o First iteration : w) = (0,..,0) » (w*,wD) =0

o Ateach step (w*, w1} — (w*, w)) > 1 (using perceptron
update rule and recalling definition of w™, see *)

o After T iterations: (w*,w(T+1)) > T (see *)

(*) (W*%W(T—I_l)) — I:l((w*yw(t;_l)) . (W*,W(t)>)

(perceptron update rule) (definition of w*and B )
> (why:x;)=>1
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T RB

a) ||W(T+1)||2§TR2—>||W(T+1)|| <\TR (*
b) |lw*|| = B (by definition)

() [w ™) = 5L ([lwe O = we])

Z [w® + yox,||* = [Jw®|*) = ezl

y(wh, x;) + lIx;]1*) < TR?
) T

(perceptron update condition: (definition of R)
select missclassified sample)

R = max||x;|



> DPARTHENTO Perceptron: Notes
= DI INGEGNERIA

—  DELLINFORMAZIONE

It is simple to implement |

On separable data:
 Convergence is guaranteed

1 Convergence depends on B, which can be exponential in d

* |f the input vectors are not normalized and arranged in some unfavorable
ways the running time can be very long

A Linear Programming (LP) approach may be better to find ERM solution in
some cases

] Potentially multiple solutions, which one is picked depends on
starting values

On non separable data:

(1 Run for some time and keep best solution found up to that point
(pocket algorithm)



Learning Example

Initial Values:

ue

2 green:correct

1 red: error
Learning rate i i
n=0.2 (also denoted with A)
() 1 ()
/ 0 \ Initial line
=1 1 position
\0.5} =, 5 1 3 ey
&
o &
— &)
0 ee— WO+ Wl xl + M)z .XZ 2o _of 2 '/,—'5\|
= 0+x,+0.5x,
= Xy = —2R,

Perceptron with learning rate: w1 = w(® 41y x;




Learning Example

;s +: class 1

- o: class -1

=02
| ; r e
w = |
0.5/ =2 L 1 o Ty
+
O -1

X,=1,x,=1 T
w'x >0 o

-2 o
Correct classification,
no action



Learning Example

ols

n=0.2

=
|

o
[

X,=2,X,=-2

W, = w,—0.2x%1

w, = w;—0.2%2
w,=w,—0.2%(-2)

—-0.2
neww =1\ 0.6
0.9 1 -




Learning Example

4

=02
—0.2)
W=10.6 [peon
0.9 | -\,




Learning Example

4

=02

—0.2) t T 8
w=1 06
0.9 ) 3 5 >

X, =-1,X%,=-1.9 o B
w'x <0

Correct classificatior = S
no action




Learning Example

4

=02

—0.2) t T ®
w=1 06
0.9 ) 3 5

X, = -2, %, = ~1 ©)
Wx <0

Correct classificatior = ©
no action




Learning Example

4

n=0.2 1
—0.2) ® i
w=1 0.6
0.9 | %, 5
X, =-2, X,=1 o
w, = w,+0.2%1 0
w, = w,;+0.2%(=2)neww = lO.Z]
w, =w,+0.2x*l 1.1




Learning Example

w=10.2 previf:szw \
1.1} W=(0-5) - |

0.9

X, =-2,%,=1

w,= w,+0.2%x1

w, =w,+02%(-2)
w, =w,+0.2x*1




Learning Example

4

—_—

O

x,=1.5x,=-0.5
W, = w,+0.2x%1

w, = W1+02*15
w, = w,+0.2%(—=0.5)

0.2
neww = 0.5
1




Learning Example

=02

0.2) \ mw ™
W =10.5 | previousw

L/ S ’
X, = 1.9.%,=-0.5
w,= w,+0.2%x1

w, =w,;+0.2%1.5
w, =w,+0.2x(=0.5)

O

All samples correctly classified —perceptron algorithm
stops !




= DIPARTIMENTO

= DIINGEGNER VC Dimension of Halfspaces

== DELL'INFORMAZIONE
For the halfspace hypothesis class: Example: in the 2D case
* The VC dimension of the class of * |j.e., the hyperplaneis a line
homogenous halfspaces in Rd iS d * d=2 in non-homogeneous. or d+1=3 in homogeneous coord.

% VCdim(H) = 3| (see example)
o[ VCdim(H) < 4] (no set of size 4

can be s‘ﬁttered)

o..i. %’
i %

of non- _

homogenous
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——  DELLINFORMAZIONE D emohnstrat | on ( 1 )

The VC dimension of the class of homogenous halfspaces in R? is d

Demonstration (homogenous case):

a) VCdim(HS,;) = d

1. Consider the set e, ..., e4 where Vi: e; = (0,...,0,1,0,...,0)
* i.e., all “O0“except “1” in the i-th coordinate
2. The set is shattered by the homogeneous halfspaces: to obtain
the labeling e4, ...,e  set w = (y1,...,yq) =@ <w,e; >=7y; Vi

» for each vector only the multiplication with the corresponding
label is # 0
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——  DELLINFORMAZIONE D emohnstrat | on ( 2 )

2

b) VCdim(HS,) < d + 1
1.

X1, ...,Xg+1 generic set of d+1 vectors in R%

. They must be linearly dependent:
d+1

Ja,, ...,a43+1 € R (not all zero): z a;ix; =0
i=1

. Definel ={i:a; >0}, | = {j: @ = O} : either / or J are non-empty
. Assume both non-empty: ).,y a;x; = Z]-E]|aj|x]-

By contradiction: assume that the set is shattered: 3 a vector w
such that (w,x;) >0Vi €[ and (w, xj) <0Vvje]J

. It follows a contradiction :

0 <Ljer ailxp, W) = (Ljey ;X1 W)= (Zje] |aj|x',W> = Djej Iajl(x]-,w> <0

. If  or J are empty just replace one of the two inequalities with "="

but still contradiction!!
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Linear regression: estimate the relation between some explanatory
variables and some real valued outcome

0 Domain set: X € Rd,[label set: Y = R]

W Find h € Hreg: R% — R that best approximates the relation
between input and output
1 Hypothesis class (linear regression):

Hyeg =Lg ={x><w,x>+b: weR%beR}

U Loss function: squared loss (L2) is commonly used but other
functions are possible (e.g., mean absolute error)

£(h, (x,y)) & (h(x) — y)*
O Empirical Risk function: Mean Squared Error on training set

1
Le(h) = — ) (h(x) - 1)’



= DIPARTIMENTO

= e Linear Regression

—  DELLINFORMAZIONE

X=R!Y=R

NTCHEDED)
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Online  Monthly Sales  Online Advertising
Store  (in 1000 3) Dollars (1000 3)

1 368 1.7

2 340 1.5

3 665 2.8

4 954 5.0

5 331 1.3

6 556 2.2

7 376 1.3

Example:

Linear Regression (1)

Monthly Sales

1000 —

A
800 —
1]
9
o
11}
2 600 -
F
—
c
[=]
=
400 — ~
L 4
200 T T T T T T T T |
1.5 2 2.5 3 3.5 4 4.5 5 5.5
Online Advertising Dollars
1000 —
L~ g
f)“
800 — 7
l“é"y‘
fi)’;/
&"'f
600 — -
A
f"«p‘o
4:"*“"‘1}
7
400 — ‘{,J’:
-~
<
200 T T T T T T T T 1
1.5 2 2.5 3 3.5 4 4.5 5 5.5

Online Advertising Dollars



® Example:
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= lneonnnon Linear Regression (2)

4 5800
5 5700
5 4500 mm
7 4500 6000 ‘§\\\
7 4200 5000 \
@ A
8 4100 E 5 e
9 3100 ° \\\\\
3000
10 2100 \s\\
A @
11 2500 200 e

12 2200 1000




‘ [
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—  DELLINFORMAZIONE Linear RegreSSiOn (3)

o YCRY, YVCR H={xr{(w.x):weRY}
@ Example: d = 1, predict weight of a child based on his age.

18 -

16 -

Weight (Kg.)

14 |

Age (years)
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1. Linear regression gets us a
good prediction

2. We have a good prediction Yy ~
of the average, but a high A f.’,.:ﬁ:-. '
error variance Kt W
3. E[Y|X]=E[Y] (linear SR T
regression does not tell us . e
much...) . N0
. . . . 8 ® 2 )
4. Linear regression is . ‘."ﬁ:}.‘ . . =
. . & o*
misleading S s o % 3
We Can intUitively See the nul :'ro:Ia:‘..:msl-‘ p “ strong, non-linear

good candidates for (simple)
linear regression

36
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= il Least Squares

—  DELLINFORMAZIONE

m
1
arg min Lg(h,,) = arg min— z«w, xy) — y1)°
v L =

1 The least squares algorithm solves the ERM problem
for linear regression predictors with the squared loss

1 Find the parameters vector that minimize the MSE
between the estimated and training values

] To solve the problem: calculate gradient w.r.t vector w
and setto O
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— DELLINFORMAZIONE

1
arg min Lg(h,,) = arg min—Z((W, X)) — y)*
w w L =
. =

Compute gradient w.r.t wand setto O

aW mZ(< W, X; > yz)xz =0- Z<W X)X = Zylxl

e Set

Dy B s S R O

: | _ym_

e The solution is:

m
X(W, X;)X; = Z yix; > Aw=b -w=A"1b
i=1 =

The unknown is w, A: dxd matrix, b and w: d-dimensional vectors

The case in which A is not invertible requires a special handling (not
part of the course)
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0 Polynomial regression: find the one dimensional polynomial of
degree n that better predicts the data

o p(x)=ay+a;x+ax*+ -+ a,x"

Marginal projection onto the 2D X,Y plane

668l

o Needto estimate the coefficient vector a

o 1D polynomial pred. deg. n: H},;, = {x = p(x)}, X = R, Y =R

0O Reduce the problem to a n-dimensional linear regression using

the mapping:
PY:R - R*"™1 y(x) = (1,x,x2, ..., x™)
O We obtain:
<aP(x) >=ay+ a;x + ax®+ -+ a,x"
0 Find the vector of coefficients a using the Least Square
algorithm

0 Non-linear relation becomes linear in the higher dimensional =~ | .=~
space il

0 Notice that the variables are not independent
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Probability of passing exam versus hours of studying

ooooo

pass _—

/_,.

Pl

%
i

1 Reframe a classification problem
as a regression one

Probability of passing exam

[ Target as in regression: ///
1 » not pass
e learn a function h: R% - [0; 1] == P
* the output of his a real number : i

O Used for classification:
* interpret the output of h as the probability that the label is 1

e regression-like output for classification !
1 We'll deal with binary classification but the approach can be
extended to the multi-class setting
U Hypothesis class H: ¢4 © Ly where ¢p: R — [0,1] is the sigmoid
function and L, a linear function



|
=) L Sigmoid Function
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0.5+ A3 43
+1 +1
= 4) -
m; mi
| — | o) | 1 | "

Q Bigger than % for positive values and smaller for negative ones
2 Tends to 1 for large positive values and to -1 for negative ones
2 Can be viewed as a scaled and shifted "soft" sign function
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0 Instead of hard choice = use probability of correct label being O or 1

Q Hgjg = Psig ©Lg = {x — ¢sig(< W, x>):WwE Rd}
1
1+e~ (W)

0 Hypothesis class : h,, (x) =
O Loss function: 'g(hw , (x, y)) = log(l + e—y<w,x>)

: 1 —viw X
QO ERM Problem: argmin, ,_pd EZ{Zl log(1+e yl(w’x‘>)
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Loss function:£(h,, , (x,y)) = log(1 + e™Y<"*>), why ?

Consider hy,(x) = 1+;<w’x> oy € {+1,—-1}
/0 Case y=1:need h,(x) — 1 )
1 1
haw(X) = 1= = 15 gy
» If denominator small h,,(x) — 1 good case
\_ » |f denominatorlarge h,,(x) — 0 error

/0 Case y=-I:need h,(x) >0=>1—h,(x) -1

AN

1 1+e~ WX —1 1 1
1 o hw(x) T 1 B 1+e—(w,x) o 1+e—(W,X) _ e<w'x)+1 - 1+e—y(w,x)

> Same as before:

» If denominatorsmall 1 — h,,(x) — 1 good case
\_ ~» ifdenominatorlarge 1 — h,,(x) — 0 error

0 Loss need to increase with 1 + e ~Y{WX) and log function is monotonic

/
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1 Maximum Likelihood Estimation (MLE) is a statistical approach for
finding the parameters that maximize the joint probability of a given
dataset assuming a specific parametric probability function

Not part of
the course

O MLE essentially assumes a generative model for the data
O MLE solution is equivalent to ERM solution for logistic regression

MLE approach:

1. Given training set S = ((x1,¥1), .., (X;m, Ym)), assume each (x;, y;)
is i.i.d. from some probability distribution (that is characterized by
some parameters)

2. Consider P[S5|0] (likelihood of data given parameters)
3. log likelihood: L(S; 0) = log(P[S|6])

o log: monotonic - same maximum, but simpler to differentiate

4. Maximum Likelihood Estimator (MLE): 8 = argmaxyL(S; 6)
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IMILE solution is equivalent to ERM solution for logistic regression

Logistic Regression: Not pal’t of the

1. Assumetrainingset S = ((x1,71), ) (X Ym)) course
1 1 . _
2 Ply;=1] =h,(x;) = PR o e o (since y; = 1)
3 Plyy,=-1]=1-h,(x;) = 1 - ! (first equality recall logistic loss, 2"

1+ewxi) — 14e=vilwxi)
sincey; = —1)

I - .- . m 1
4. Likelihood of training set (joint probability P[S|w] ) : []iZ, (1+e—yi(wm> )

5. Log likelihood : log(P[S|w]) = log[]Z, (1 ! ) = — Y™ log(1 + e~ Yilwxd)

e Vilwxi)

—>corresponds to (-1)*logistic loss

Maximum Likelihood Estimator:

m
argmax,,L(S; w) = argmax,, log(P[S|w]) = argminwz: log(1 + e Yilwxi)
i=1
Recall: argmax(-x)=argmin(x) They have the same target !!!
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Example: MLE for
Gaussian PDF (1)

Not part of the
course

y 0 o eoU® O @

15

0.8

0.6

0.4

0.2

0.0

v 4

——/ZZQ~¢Q/<(Q>\ \o ¥~

5 6 100 11 12 13 14 15

X

Assume that the data is produced
by a Gaussian distribution

Pt )= Lo (-5

)

f1~ N (10, 2.25) f2~N (10, 9),
f3 ~ N (10, 0.25) f4 ~ N (8, 2.25)

find u, 0 maximizing the joint
probability of data
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Example: MLE for
Gaussian PDF (2)

P(9,9.5,11; u, o) l X O —n) X l Xp (99— 24) A
Iy ' Jet)s I == CxXp | — ( —
Joint : o2r ' 202 Y 292 ssume
robabilit 1 1 \2 3 samples:
P y X exp (— ( _,’I ) 9,695, 11
oV 2w 20°
G log
1 o Y 1 95 ¥ Recall
s = s | — J.0 — 4 log(ab)=log(a)+log(b)
Log In(P(z; p, o)) = In (rr\/;) 52 + In (0 F) 552
likelihood anll 1 (11 — p)?
E oV 2m 202
% Differentiate w.r.t u and set to 0
Get :
) onl Plx; 1,0 1 The same can
optimal ( ( #,9)) = — 94+9.5+11—3u] =0 be done for o
mean o g
% set derivative to O
Not part of

9+9.5+ 11 N
w= 3 = 9.833 the course




